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Free energy computation techniques are very important in molecular dynamics computations, in or-
der to obtain a coarse-grained description of a high-dimensional complex physical system. We study
an adaptive biasing method to compute the free energy associated to the Boltzmann-Gibbs measure
µ(dx) = Z−1µ e−βV (x)dx and the reaction coordinate function ξ : (x1, . . . , xn) ∈ Tn 7→ (x1, x2) ∈ T2.

The free energy is defined by A(x1, x2) = −β−1 ln
∫
Tn−2 e

−βV (x)dx3 . . . dxn. More precisely, we study the
following projected adaptive biasing force (PABF) method:

dXt = −∇
(
V −At ◦ ξ

)
(Xt)dt+

√
2β−1dWt,

∇x2
1
At = Pψξ(Ft),

F it (x1, x2) = E[∂iV (Xt)|ξ(Xt) = (x1, x2)], i = 1, 2,

(1)

where Pψξ : Hψξ(div;T2) → H1(T2) × H1(T2) is a linear operator defined by the following Helmholtz
decomposition:

Ftψ
ξ = ∇Atψξ +Rt on T2, (2)

with div(Rt) = 0. Here, ψξ(t, ·) denotes the density of the random variables ξ(Xt). In practice, At is
obtained from Ft by solving the Poisson problem:

div(∇Atψξ(t, .)) = div(Ftψ
ξ(t, .)) on T2 (3)

which is the Euler equation associated to the minimization problem:

At = argmin
g∈H1(M)/R

∫
M
|∇g − Ft|2. (4)

The interest of this projected ABF method compared to the original ABF approach (see for example [?,
?, ?, ?]) is that the variance of ∇At is typically smaller than the variance of Ft. Moreover, At yields an
estimate of the free energy at all time t.
Using entropy techniques, we study the longtime behavior of the nonlinear Fokker-Planck equation which
rules the evolution of the density of Xt solution to (??). We prove exponential convergence to equilibrium
of At to A, with a precise rate of convergence in terms of the Logarithmic Sobolev inequality constants
of the conditional measures µ(dx | ξ).

This is a joint work with Tony Lelièvre.
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