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Context, Objectives of the study

@ French National Research Agency (ANR) "MAXWELL" project :

Objective : development of a complete microwave imaging system of
subsurfaces

@ Imaging of a subsurface
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Context, Objectives of the study

@ Imaging of a subsurface : solve an inverse problem based in minimizing an
objective function

@ The minimization = solution of sereval direct problems at each optimization
iteration

@ Numerical modeling of electromagnetic wave propagation in heterogeneous
media

= Solution of first order time-harmonic Maxwell equations with damping

Discontinuous Galerkin method for the Time-Harmonic Maxwell
equations (DGTH) + Domain decomposition method
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Equations and discontinuous Galerkin discretization method Equations de Maxwell

Discontinuous Galerkin discretization method

@ Time-harmonic Maxwell equations in Q C R? (d =2, 3) :

(iwe +0)E—curl (H) = -—J
< iwQW+V - F(W)=S
iwuH 4+ curl (E) = 0

where :

@ E : the electric field, H : the magnetic field
o ¢ the electric permittivity, p the magnetic permeability
9 0o is the electric conductivity, J is the applied current density

o W= {E, H),S= {(-J, 0)

@ Boundary conditionson 0Q =T =T2ulm:
2OnIm:nxE=0
s ONT :nx(E-—E™)+znx(nx (H-H"™))=0
@ n : unitary outwards normal, z = \/,u_/e
@ E™, H'™ incident fields
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Equations and discontinuous Galerkin discretization method Equations de Ma |

Discontinuous Galerkin discretization method

Discontinuous Galerkin method

U(x) Ul

X; Xint X Xist

Continuous P1 interpolation Discontinuous P1 interpolation
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Equations and discontinuous Galerkin discretization method Equations de Maxwell

Discontinuous Galerkin discretization method

Formulation

@ Triangulation : 7, = LA_IJT,-
i=1
@ Approximation space :
Vi = {W € 12(Q)* | W,,, € {PP[r], V7 € T}
PP[1;] = {polynomial function on 7; of degree < p;}

@ Variational formulation :

/inngdx+/ (V-F(W))godx:/ Spdx

i

& /inWgodx—/Vgo~F(W)dx+ :/Sgodx
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Equations and discontinuous Galerkin discretization method Equations de M |

Discontinuous Galerkin discretization method

d;
@ (i1, @iz, ,Pig;) a basis of P (1;) : W;(x) = ZWU%(X)

j=1
@ W;; € C° are the degrees of freedom on 7; and d; = dim(P™(7;))

wQ [ Wiggde + 5 [ (7 FOW) g~ Vi FW)) o

Z/ ) - njj) ,Jdaf/Sgp,de

JEV

‘ Linear system : AX = b ‘

@ A is of very large dimension, with complex coefficients, sparse and
non-hermitian
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Domain decomposition method

Domain decomposition method : Motivations

@ Each subdomains is assigned to a processor.

@ Local problems on the subdomains are solved in parallel : £(X') = b; on Q;
9 Conditionon ;7

@ Schwarz method (iterative process) :

n_ (yln N.n X" solution on Q;
{X - (X 7...7X )}|{ B,’(X”n) — B;(Xj’n_l) on rlJ
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Optimized Schwarz Methods

Domain decomposition method

Classical Schwarz Method for Maxwell's Equations

s=B. Després, P. Joly and J.E. Roberts, A domain decomposition method for the
harmonic Maxwell equations, Iterative methods in linear algebra, 1992

Perform for n = 1,2... the following subdomain iteration

—jweEM + curl HY" — gEM = in Q1

iwqu’” +curl E¥" = 0 in

Bnl(El,n’ Hl,n) — Bnl(E2,n71’ H2,n71) on r12
—iweE?®" + curl H>" — gE>" = in Qb
iwuHZ’” +curl E>" = 0 in

an(E2,n’ H2,n) — an(El,nfl’ Hl,nfl) on r21

with : Ba(E,H) :=n X E -+ n x (H x n), n : unitary outwards normal, z = \/p/e
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Domain decomposition method

Convergence analysis
@ We consider the domain Q = R? with the Silver-Muller radiation condition

lim r(Hxn—E)=0, r=|x|, n=x/|x|

@ Decomposition :
Ql :] — 0Q, L] X R, Qz = [0, OO[XR
@ Taking a Fourier transform in the y variable of

—

W(x, k) = (FW)(x, k) = /R W(x, y)e ™ dy

we obtain :
Ein 0 wp Ejn Ein .
ax ( oL ) = K—wleutiwpc ) ( I~ ) = M< I~ ) y J = 172
Hj,’” < # 0 Hj,’” Hj,’”

@ The eigenvalues of the matrix M, and their corresponding eigenvectors are

M = VR TTEZ = A (f;u) (%)
y V1= , V2= .

XA = —Vk2—302+i0oZ 1 1
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Optimized Schwarz Methods

Domain decomposition method

Convergence analysis

@ The solutions of ordinary differential systems are given by :
(Ezlﬁn’ ,ﬁl}%,n) _ a{'vle)‘(X’L)—kange”\x, (EZZn7 /ﬁ/}%,n) _ ﬁfvle)‘x+5QV2e”\X.

@ Using the Silver-Muller radiation condition we have af = 8 = 0, and
inserting the solutions into the interface conditions in we get

A— i A— i
o = - nflef)\L no_ —,,_,04”71 —AL
Lo +io™ » P2 A+ i 1
Therefore the convergence factor is :

ool N it N — i 1
af |? — WA — 1w 2

koo L) = || = |20 72N

plk,@,0,L) a2 ‘/\+/w/\—|—/w ’
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Optimized Schwarz Methods

Domain decomposition method
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F1G.: Convergence factor pg, of the classical Schwarz method as a function of k, for
L=0,w=2m0c=2andpu=¢c=1
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Domain decomposition method O] el ez Wi

Better Transmission Conditions Between Subdomains

=V, Dolean, L. Gerardo-Giorda and M. J. Gander, Optimized Schwarz methods
for Maxwell equations, SIAM J. Scient. Comp., 2009

@ We propose to modify the algorithm in one aspect only :

—iweEL" 4 curl HY" — gEL = ) in €
iwpHY" + curl EL" =0 in g

(Ba, + S180,)(EY", HY) = (Bg, + S180,)(E>"~ 1 H>"~1) on T,
—iweE2M + curl H2”—UE2”_J in Qo
iwpH?*" + curl E2" =0 in {2y

(Buy + S2By, J(E2", H2M) = (By, + SoBy, )(EL"1, HL=1) on [y,

where S;, j = 1,2 are tangential, possibly pseudo-differential operators.
9 How to Choose the operators S; 7

M. EL BOUAJAJI Optimized Schwarz methods for the Maxwell equations



Domain decomposition method O] el ez Wi

Optimal convergence

@ Taking a Fourier transform in the y variable, we get :

—

A= i+ F(S)A+i0) A~ i + F(S)A+7D) i
A+ i@+ F(S)(A — id) A+ i@ + F(S2) (A — i)

plk,o,0,L) = ’

@ Note that if we choose F(S1) = F(S,) =
algorithm converges in two iterations.

= 0 and the

A+lw'

@ Unfortunately, it is difficult to use these operators in practice. The symbols
F(S;) contain square roots ()\ =Vk> -2+ iLDUZ)

@ This choice of F(S;) corresponds to nonlocal operators S;.
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Domain decomposition method O] el ez Wi

Approximation of optimal conditions

@ Local operators : if we approximate A by polynomial in ik, we will get
differential operators in physical space.
@ The symbols F(S;) can be written in several forms :

A — i k2 + ieZ
Fe)=-3Fiz = ~

k? — 202 + iwoZ 4 2i0A
k% — 202 + ioZ — 2 O

k? + iboZ
@ Approximation of A by a constant polynomial s € C.
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Domain decomposition method

Optimized Schwarz Methods

. . s— i@
@ IfS;, j =1,2, have the Fourier symbols o; = F(S;) = ———

—, s eC,
. S+ Iw
then the Schwarz algorithm has the convergence factor

) =P ez —
pz(k,w,a,z,L,s):‘( S
Vk?2 -2+ joZ + s

) e Vk2—@2+idoZL .

2 0o
@ IfS;, j = 1,2 have the Fourier symbols o; = — i i 24

k2 — 202 + iGoZ + 2ids’
then the Schwarz algorithm has the convergence factor

o G0 — i
pitino 209 = (T )
k2 — Q2+ i0oZ + i&

palk, 3,0, 2, L,s).

9 IfSj, j=1,2,, have the Fourier symbols o; = F(S;) = e

. i~ 2 € C:
S+ 1w
then the Schwarz algorithm has the convergence factor

_ /K2 =02 F _
pa(k,@,0,Z,L,51,%) = H Gt ibaZ s,

K2 — 2 +

—24/ k2 —w2+lwo'ZL

+ i0oZ + s/
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Domain decomposition method Oz Selver VEdies

Hierarchy of Schwarz algorithms

Algorithm 1 F(S1)=F(S)=0
Algorithm 2 F(S1) =F(S) = z;_ :g
. k? + ivoZ
Algorithm 3 | F(81) = (%) — 17507 1 me7 £ 2i0s
s1— 1w
FS) =21+
Algorithm 4 2 T %
S)=2""
F(52) 522 + ik
ke + ivocZ
F(&)=- = —
Algorithm 5 k2 — 2w;2—|—+u;ygazz—|— 2iis;
P& = o ez 1 2ios,
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Domain decomposition method O] el ez Wi

How to Choose the Complex Constants s, s; and s,

@ In order to obtain some effecient algorithms, we choose o}, j = 1,2, such
that p, is minimum over a range of frequencies

@ We need to solve some min-max problem

minmax p(k,©0,0,Z,L,s min maxp(k,0,0,Z,L,s1,%), K = [knin, k
scC ker( s Wy Uy s by )7 51,52€Ck€Kp( y Wy Uy ) by ) ); [mlm max]

@ Solution of min-max problem is based on equioscillation

p(ria‘:jao-a Za L,S) = p(rla‘:jao-a Za L,S)
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Domain decomposition method O] el ez Wi

How to Choose the Complex Constants s, s; and s,

Theorem

For o > 0, treating all frequencies k, we find for the optimal s = p(1 + i) based on
equioscillation :

@ Non-overlapping case

1 3 1
o (wop)3VC xo— 1 24 (wop)4 Vh L=0
P 2%\/E e P2 VC 9
@ Overlapping case
pro= Leow® 1 2l (wop)O ks, L=h
2h3

where Kmax = %
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Optimized Schwarz Methods

Domain decomposition method

with overlap, L = h

Algorithm p parameters
13
1 - % (9w402,u35)8 h4 none
7 1 1/3
2 125 (wop)/® b p= s
17 1 3 2 1
210 (wep?0?) 20 H10 25 (wep?s?) 10
3 1— (w su;) p= (w Zu;)
310 35h% ,
11 5 5
4 1—4V2(wop) hs pr= L p = op)t
3 2h5 2h5 .
4_ 3 2 16 4 3 2\ 4_.3 _2\§
5 1 28 (w s,u; )32 h16 pL = (w i,u;-gw P2 = \/E(wiaulo- )8
316 2438 h8 34h4

C3 none
3 I T
2 1_24(w0u)4\/ﬁ p= (wop)3VC
- 1
1T \/? 1 3 Z 21 h 1 [
3 1 27 (weplo?) 1 n7 _ 27 (w*epdo)TiCT
- 33 pP= D
37 C71 T —3 37h7
(Qwop)8ha (RQwopu)sCsa (2&14:)';;)3/8(:1/4
4 11— —=—HF— pr = 3 . P2 T
34 — 1 3 8 h4 1 10 11 2ht 3 4
5 1 213 (wiepd0?)26 h13 213 (Wteudo?)26 13 _ 213 (wtepd0?)%6 CT3
- 3z 3 | A= I 0 P2 = I 4
313 C13 313 41 313 13
M. EL Optimized Schwarz methods for the Maxwell equations




Domain decomposition method O] el ez Wi

Convergence factor for the optimazed Schwarz algorithms
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—Algorithm 2
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Two Subdomain Decomposition

Applications

Numerical Experiments

Performance for a Two Subdomain Decomposition

Q:(O,1)2,£:,u:1,a:5,w:27r

z H_wv 1w

k= (ke, ky) = (wy /e — ig,O). x = (x,y)

1 1
Q= (0,5) % (0,1).2: = (5.1) x (0.1).T =2 N

Winc — (H)I;HC’ H}l;nc7 Einc) _ (ky —Kx 1) efik-x
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Two Subdomain Decomposition

Applications

Numerical Experiments

Performance for a Two Subdomain Decomposition

] Non-overlapping case Overlapping case
10 < \ w
102, +A|gO 1 |
IR
5 10° : o ¥
= = ——Algo 2
g g -113
g g o)
- B ——Algo 3
- ,O(h-3/10)
2
107 ——Algo 4
-1/5
‘ 10" B
10° 107 10° 10°
h h
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Two Subdomain Decomposition

Applications

Numerical Experiments

Electromagnetic wave propagation in heterogeneous
subsurface
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Two Subdomain Dec

Applications

Numerical Exi

Electromagnetic wave propagation in heterogeneous
subsurface

S

o
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Two Subdomain Decomposition

Applications

Numerical Experiments

Electromagnetic wave propagation in heterogeneous
subsurface

# processor | 2 | 4 | 8 | 16
Algorithm 1 | 59 | 72 | 80 | 85
Algorithm 2 | 39 | 47 | 53 | 61
Algorithm 4 | 35 | 41 | 49 | 57
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Two Subdomain Decomposition

Applications
Numerical Experiments

9 Imaging of a subsurface : solve an inverse problem based in minimizing an
objective function

@ The minimization = solution of sereval direct problems at each optimization
iteration

Relative permittivity
2.5
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