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© Probabilistic study of statistical objects

e Upper functions. Special cases

e Comparison with asymptotical results
© Sup-norm oracle inequality in density estimation

e Selection from the family of kernel estimators

o Adaptation over anisotropic Holder classes
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Introduction

Problem formulation

Let (Q,2(, P) be a probability space, & be a linear space and © be
a given set.

Let xn: ® X Q — S,n € N* be a given sequence of
2A-measurable maps and ]P’gn) be the corresponding sequence of
probability laws, parameterized by f € F.

Let W : & — R, be a given sub-additive functional.

Goal: find non-random positive function on © which would
be uniform upper bound for W(x, ) in the sense

P{"{ supgeo [W(xn0) — Un(y, )] > 0} < Puly,f);
n q
E{ )<SUP960 [W(xn,0) — Un(y,G)])+ < &y, f,q).

The quantities Py(y,f) and E,(y, f, q) should possess several
properties discussed later. In particular for any fixed y > yq
En(y;f,q) — 0, n — oo uniformly w.r.t. f.
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Statistical models. Adaptive estimation.

Regression model

Yi= f(zi) +&, i=1n

&, i € N*areiid.: E& =0, or med(&1) = 0;

The design points z; € RY, i = 1, n are supposed to be either
fixed real vectors or i.i.d. random vectors.
We observe X(" = {(Y1,21),..., (Yn;zn) }-

Goal: to estimate the function f from the observation X(".
o = = =
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Statistical models. Adaptive estimation.

Regression model

Yi= f(zi) +&, i=1n

&, i € N*areiid.: E& =0, or med(&1) = 0;

The design points z; € RY, i = 1, n are supposed to be either
fixed real vectors or i.i.d. random vectors.

We observe X(" = {(Y1,21),..., (Yn;zn) }-

Density model

XM~ Pn(x) = Hf(xi)a x = (x1,...,%d) € R
i=1

XM = (Xq,...,Xn),n € N*, where X; € RY, i € N*, are i.i.d.
random vectors having the density f.

Goal: to estimate the function f from the observation X(".

] (w1 =
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General case

Problem formulation

Let (Q,2(, P) be a probability space, & be a linear space and © be
a given set.

Let xn: ® X Q — S, n € N* be a given sequence of
2l-measurable maps and Pgn) be the corresponding sequence of
probability laws.

Let W : & — Ry be a given sub-additive functional.

Goal: find non-random positive function on ¢ which would
be uniform upper bound for W(x,¢) in the sense

P{"{ supgce [V (xno) — Un(y, )] > 0} < Pu(y, f);
n q
E§ )<sup9€@ [W(XH,G) - Un(y’e)]>+ < gn(Yafv q)'

To realize this program we impose the Bernstein-type assumption
on the tail probability for W(xn,g) for any given 6 € © and
W(Xn,0, — Xn,6;)s 01,02 € ©.
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General case

Assumptions. Bound for a given trajectory.

Furthermore P = P(f"), E = Eﬁ") and X6 = Xn,0-

Assumption (1)
© There exist A,B : © — R such that VO € © and Vz > 0

22
P{w > <G
{W(xo) 2 2} < {A2(9) T B(9)z}
© There exista,b: @ X @ — Ry s.t. V01,0, € O,Vz >0

P{W(xo, — Xx6,) > 2z} <G {

52
a2(01,62) + b(61,02)z
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General case

Assumptions. Bound for a given trajectory.

Furthermore P = P(f"), E = Eﬁ") and X6 = Xn,0-

Assumption (1)
© There exist A,B : © — R such that VO € © and Vz > 0

22
P{w > <G
{W(xo) 2 2} < {A2(9) T B(9)z}
© There exista,b: @ X @ — Ry s.t. V01,0, € O,Vz >0

P{W(xo, — Xx6,) > 2z} <G {

52
a2(01,62) + b(61,02)z

G(x) = cexp{—x}, c> 0.
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General case

Assumptions. Bound for a given trajectory. G(x) = cexp {—x}, ¢ > 0.

Assumption (1)
© There exist A,B : © — R such that VO € © and Vz > 0

22
P{W(xs) > 2} <G {Az(g) + B(B)z}

© There exista,b: 0 X @ — Ry s.t. V01,0, € O,Vz >0

22
P{W(xe, — x0,) > 2} <G {a2(01,02) + b(91,02)z}

Assumption (2)

© The mappings a and b are semi-metrics on © and x¢ Is
stochastically continuous in the topology generated by a V b.

Q 0 is totally bounded with respect to the semi-metric a vV b
and Ag := supgce A(0) < oo, Bg := supgeg B(0) < co.

Oleg Lepski Upper functions. Density estimation



General case

Assumptions. Bound for a given trajectory. Examples.

Let X be X-valued random vector defined on (€2,2, P) and let
X;,i = 1,n be independent copies of X.
Let W be a given set of functions w : X — R.

n

Example: W(x6) = |[Duw(:)|, 6 =w, @ =W

i=1

Dw =Y _ [w(X;) — Ew(X)].

If W is a subset of the set of bounded functions then Assumption
1 follows from Bernstein inequality. Here
2
A(w) = \/E[w(X)]",  B(w) = sup,cx |w(x)|;
a(wl,wz) = A(wl — w2),

b(wl,wz) = B(w1 — wz).
We remark that Assumption 2 (1) is also fulfilled.
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General case

Assumptions. Bound for a given trajectory. Examples.

Example: W(xo) = |xo| . Xxo is zero mean gaussian function

The Assumptions 1 and 2 (1) are obviously fulfilled with

A(0) = \/E(Xa)z, a(61,02) = \/E(xe, — X0,)
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General case: bounds under Assumptions 1 and 2.

Assumption (1)
© There exist A,B : © — R such that VO € © and Vz > 0

22
P{W(xe) > 2} <G {Az(g) + B(B)z}

© There exista,b:© X @ — Ry s.t. V01,0, € O,Vz >0
22
P{W(X91 - X92) 2 Z} S G {

a%(61,02) + b(01,62)z

Assumption (2)
© The mappings a and b are semi-metrics on © and ¢ is
stochastically continuous in the topology generated by a V b.

Q 0 is totally bounded with respect to the semi-metric a VV b
and Ag := supgce A(0) < oo, Bg := supgcg B(0) < oo.
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General case: bounds under Assumptions 1 and 2.

The most important elements of our construction are:
Oa(t) = {o €O: A®M) < t}, t> 0;
Os(t) = {0 cO: B(O) < t}, t>0;
For any x > 0, any(:)geand any s € S
ega)(x, ©) = supssg 6_293@’ . (x(486)~1s(5))

el (x,8) = supssg o7 1€g |, (x(480)7's(9))

o &5 4(v), v > 0, - entropy of © measured in semi-metric d;

o S={s:R—Ry\{0}: >2,s(2¥%) <1}.
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General case: bounds under Assumptions 1 and 2.

Introduced quantities
Oa(t) = {0 cO: A®) < t}, t>0;
Op(t) = {0 €0: B(O) <L t}, t>0;
el (x,©) = supgg &~ 2@3@,, . (x(486)~1s(4))

el (x,©) = supgsg 6_16@), , (x(486)71s(9))

allow us to define for any u,v > 1 and any § = (s1, s2)

Es(u,v) = eSl (Au,@/_\ (Au)) +el )(Bv, @B(EV)>

A= infge@ A(0)> 0; E = infge@ B(0)> 0.
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General case: bounds under Assumptions 1 and 2.

Introduced quantities
Oa(t) = {0 cO: A®) < t}, t>0;
Op(t) = {0 €0: B(O) <L t}, t>0;
~ga)(x, ©) = supssg 6_26(:)’ . (x(486)~1s(4))
el (x,©) = supgsg 6‘16@), , (x(486)71s(9))

allow us to define for any u,v > 1 and any § = (s1, s2)

Es(u,v) = eSl (Au, Oa (Au)) + egz) (Bv, @B(Ev)>

A= il’lf@e@) A(0)> 0; B = il’lf@e@) B(0)> 0.

Example: s; = s, = (6/7%) (1 + [Inx]?) x>0 J
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General case: bounds under Assumptions 1 and 2.

Denote £(u) =In{1 +In(u)} +2In{1 4+ In{1 4+ In(u)}} and
set forany 8 € @ ande > 0,9 >0

P(6) = 2[1+ e71]’£(A(6), B=(0)) + [£(A(6)) + £(B.(6))]

Ac(0) = (1+e)[A(0)/A],  Be(6) = (1 +¢)[B(6)/B]

Meq(0) = 2[1+ e 71%£(A(6), B.(9)) + (€ + a) In [A=(6)B(6)]

Remark: £ is an arbitrary function satisfying (-, ) < (-, -).
Remark: € and § are turning parameters.
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General case: bounds under Assumptions 1 and 2.

Denote £(u) =In{1 +In(u)} +2In{1 4+ In{1 4+ In(u)}} and
set forany 8 € @ ande > 0,9 >0

” Probability payment”
P(0) = 2[1 + e71]’£(A(6), B=(0)) + [£(A(6)) + £(B.(6))]

A:(60) = (1+)[A(B)/A],  B.(6) = (1+¢)[B(6)/B]
” Moment payment”

Meq(0) = 21+ e71%£(A(6), B.(9)) + (€ + a) In [A=(6)B(6)]

Remark: £ is an arbitrary function satisfying (-, ) < (-, -).
Remark: € and § are turning parameters.

Oleg Lepski Upper functions. Density estimation



General case: bounds under Assumptions 1 and 2.

UPPER FUNCTIONS OF THE FIRST TYPE (A,B > 0)

© " Probability upper function” «w V(Z’e)(H)

1+ ¢) (A(O)\/PE(O) + (1 + €)2z + B(9) [Ps(e) + 1+ 5)22]) ’

@ "Moment’s upper function” «~ U (9)

(1+€)* (A0)Meg(8) + (1 + )% + B(6) [Meg(0) + (1 +)%] |
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General case: bounds under Assumptions 1 and 2.

V(z,e)(g) =

(1+2)* (A(6)\/Pe(8) + (1 + €)%z + B(6) [P<(6) + (1 + )2 )
(z)¢) —
Uq™(0) =

(1 +€)* (A(0)VMeq(0) + (1+ €)%z + B(6) Mcr(6) + (1 + €)%z )

Proposition 1. V§&€ S x S, Ve € (0, V2 — 1], vz > 1

P {supgeo [V (xo) = VE9(8)] > 0} < C.exp{~2};

E {supsco [V (x0) = US9(0)] | < Ceq [AVB|"exp {—2}.

512
Co=2c |1+ [In{l+In(1+e)}] ] ;

Ce,q = c2059/2+2r(q + 1) e—974.

] (w1 =
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Bounds in general case: Payment for uniformity

Assumption (1)
© There exist A,B : © — R such that VO € © and Vz > 0

z2
P{W(xo) = 2} < cexp {_AZ(G) + B(O)Z}

It is equivalent to: VO € ©@,Vz > 0 and Vq > 0

P{W(xe) > A(0)V7 + B(0)z} < cexp {2},

E{w(xo) — [A(6)vZ + B(6)7] }1 < co[A@©) v B(e)r' exp {—2}
cq = c29r(q + 1).

Thus, the function U®)(0) := A(8)+/z + B(0)z can be viewed as
" pointwise upper function” for W, i.e. for fixed 6.
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Bounds in general case: Payment for uniformity
P{W(xo) > A(0)vz + B(0)z} < cexp{—z},

E{W(xo) = [A(0)VZ+B(0)z]} < cqA6) V B(8)| exp{—2}

Proposition 1. VS€S xS, Ve € (0,v2—1], Vz > 1
3 {supeee [\u (xo) — V<z’€)(a)} >0 < Coexp{—z};

E {supsco [V (x0) ~ US9(0)] | < Ceq [AVB|"exp {—2}.

] (w1 =
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Bounds in general case: Payment for uniformity

P{W(xo) > A(0)vz + B(0)z} < cexp{—z},

E{W(xo) = [A(0)VZ+B(0)z]} < cqA6) V B(8)| exp{—2}

Proposition 1. VS€S xS, Ve € (0,v2—1], Vz > 1
3 {supeee [\u (xo) — V<z’€>(a)} >0 < Coexp{—z};

E {supsco [V (x0) ~ US9(0)] | < Ceq [AVB|"exp {—2}.

v(=e)(9) =
1+ ¢)* (A(G)\/ (1+e)2%z + B(a)[ 1+ 5)22})
ul9(e) =

(1+¢)* (A(O)\/ (1 +¢)2z + B(9) [ 1+ s)zzD

o =
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Bounds in general case: Payment for uniformity

P{W(xo) > A(0)vz + B(0)z} < cexp{—z},

E{W(xo) = [A(0)VZ+B(0)z]} < cqA6) V B(8)| exp{—2}

Proposition 1. VS€S xS, Ve € (0,v2—1], Vz > 1
P {supgee W (xo) — VEI(0)| > 0} < C.exp{—z};

E {supsco [V (x0) ~ US9(0)] | < Ceq [AVB|"exp {—2}.

V) (9) =
(1+2)* (A(0)\/P(O)+(1 + €)?z + B(6) |Pe(6)+(1 + €)%z )
ui9(0) =

(1 +€)* (A(0)\Meq(O)+(1 + €)%z + B(6) Mey (0)+(1 + )%z )

=] =
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Bounds in general case: Payment for uniformity

P{W(xo) > A(0)vz + B(0)z} < cexp{—z},

E{W(xo) = [A0)VZ+B(0)z]} < cq|A0) V B(O)] exp{—2}

Proposition 1. VS€S xS, Ve € (0,v2—1], Vz > 1
P {supgee W (xo) — VEI(0)| > 0} < C.exp{—z};

E {supoco [V (x0) ~ UF9(0)] | < Ceq [AVB]"exp {—2}.

V) (9) =
(1+2)* (A(0)\/P(O)+(1 + €)?z + B(6) |Pe(6)+(1 + €)%z )
ui9(0) =

(1 +€)* (A(0)\Meq(O)+(1 + €)%z + B(6) Mey (0)+(1 + )%z )

=] =
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Bounds in general case: Payment for uniformity

Payment for uniformity: may "disappear”, i.e. in some cases

P.(0) = const, M. q(0) = const, 8 € Omin ]

Omin = {0 €O : A(0) =A, B(9) =B}

A(0) = (1 +€)[A(0)/A],  B.(6) = (1+¢)[B(9)/8]

P.(6) = 2[1 + 71| (A(6), B<(6)) + [£(A(0)) + £(B(6))]
M. q(6) = 2[1 + e=1)%£(A(6), B-(6)) + (€ + q) In [A(0)B<(6)]
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Bounds in general case: Payment for uniformity

Payment for uniformity may "disappear”, i.e. in some cases

P.(0) = const, M. 4(0) = const, 0 € Omin

Omn={0€0O: A(§) =A, B(9) =B}

This is used in:

@ very sophisticated criteria of optimality of adaptive
procedures, related to the geometry of the parameter set ©;

@ the application of pointwise adaptive procedures in global
estimation e.g. estimation of functions possessing
inhomogeneous smoothness (Nikolski, Besov classes).
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Empirical processes. Special cases

Let X be d-dimensional random vector defined on (£2,2l, P) and let
X;,i = 1,n be independent copies of X.

Let W be a given set of bounded functions w : R9 — R.

n

Ew(t) = :.Z [w(X; —t) —Ew(X —t)], we W, teR%.
i=1

We will be interested in funding an upper function for

|€wlloo := supycpa [Ew(t)]|, w € W.

Remark: The idea is to exploit the fact that Assumption 1 is
verified on @ = W x RY with W(.) = | - |, i.e. for

|X9| = ’£W(t)}’ 0 = (w,t).
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Bounds for empirical processes. Special cases

K={K:R!—> R}, H=g~L[a"" h"*], h™" hm ¢ R
Kn(-) = Vi 'K(-/h) V=L b
Wicw = {w = Kp, (K,h) € K X H}
W2, = {w =Ky *Qy, (K,h),(Q,b) € K x H}

Kernel density estimation process:

&k, (t) = £ 300 [Kn(Xi — t) — EKp(X — t)] ]

Convoluted kernel density estimation process:

€ruran (8) = & S0 { [Kux Qo)X — 1) — E[Kn x Q)X — 1)}
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Bounds for empirical processes. Special cases

Assumptions

Assumption (K)
Q@ K C Hy(a,L), forsomea >0, L > 0.
© supsc(o,1) 0PEx < Cg < oo, for some B € (0,1).
@ | [K| > Cx >0, supp(K) € [-1/2,1/2]4, VK e K.

Assumption (F)
FeF:={g:R'>R: >0, [g=1, [lglloo < fo -

Important quantity:

fru(t)= sup (Vi)™ / Tgs g (x — DF()dx < foo

Oleg Lepski Upper functions. Density estimation



Bounds for empirical processes
Kernel density estimation process. Sup-norm case
1
&, (1) = 3 2itq [Kn(Xi —t)

Theorem (Corollary of Proposition)

EKn(X — t)]

(Ksh)eEXXH

Pf{ wp (el

— Up[Kn] ) > 0} %

~ In(n)

1] = ] KTl 2 +

£n(h)
2 IKllee | 200
th
@ Ly(h) =In(1/Vy) Vinin (n)
@ The uniform bound Uy, () depends on the density f via

||f+¢||co Only. Note also that ||fr]lco < [|f]loo < f

— foo-
o Explicit expression for p = p(a, L,3,Cg, C;c) is available

] (w1 =
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Bounds for empirical processes
Kernel density estimation process. Sup-norm case.

Theorem (Corollary of Proposition)

Ps { sup

(K,h)EICXH

95
<

~ In(n)

(NS = 0}

Un[Kn] = 1 [[f2]| o IKI]2

£n(h)

£n(h)

2 n

hLA S Klloo
(Kl |
Theorem [Einmahl and Mason (2005)]

Let K be given and let nh¢

min

= (’)(In n). Then

li \ nhngKh”oo
im sup sup
n—oo heH +/In(1/h) VInin (n)

a.s.
Key words: uniform in bandwidth consistency, LL for kernel
estimators.

Oleg Lepski
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Bounds for empirical processes
Kernel density estimation process. Sup-norm case.

Theorem (Corollary of Proposition)

Ps { sup

(K,h)EXXH

(lléxal o — Un[Kn] ) > 0} < %

~ In(n)
UalKe] = i oo L\/In (1/Vy) V Inln (n)

th
Theorem [Einmahl and Mason (2005)]

Let K be given and let nhd, = O(Inn). Then

Vnh |k, |oo

lim sup sup

o e i @/h) v inin() O

] (w1 =
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Bounds for empirical processes
Kernel density estimation process. Sup-norm case.

Theorem (Corollary of Proposition) nVj
Pf{

win = O(Inn)
VVi [k o
(Khyexxr /In(1/Vh) Vinin(n) —

- 95
> pfeop <

In (n)
Explicit expression for i = ﬁ(a, L,3,Cg, C;c) is available.

Theorem [Einmahl and Mason (2005)]

Let K be given and let nhd

min

= O(Inn). Then
Vnhd||gk, || o

lim sup sup

n—oo her /In(1/h) VInin (n)

a.s.

Oleg Lepski
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Bounds for empirical processes

Kernel density estimation process. Sup-norm case. Moment’s bound.

€k, (t) = 3 2y [Kn(Xi — ) — EKy(X — 1)]
Remark: £,(h) <Inn

=

In (n)
Un(Kn) = [Ifslloo 7 [IK]2 e

In(n)
it
o 7 Koo |
Fre(t) = sup (Vi)™ [ Ty (= OF()

Theorem (Corollary of Proposition)

Oleg Lepski
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Bounds for empirical processes

Convoluted kernel density estimation process. Sup-norm case. Moment’s bound.

ﬁKh*Qb (t) = % Zi"=1 {[Kh * Qf)] (Xi = t) = E[Kh * Q‘)] (X = t)}J

UZ (Kn * Qp) = [Iflloo 7,0

In(n)

In(n)
+ 7% [ ]
I‘IVh\/h K.Q
Theorem (Corollary of Proposition)

th\/h

[Ef 4 sup [HﬁKh*Qh ||oo - U?(Kh * Qb)]
W 5

c —
v/n
+
° 7k,Q =T [|K]||oo||Qlfoo-

@ The explicit expressions for 7 and € are available.

Oleg Lepski
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Part “I




Density estimation.

PP is a probability law on Borel o-algebra of RY possessing the
density f with respect to the Lebesgue measure.

XM = (Xq,...,Xn),n € N*, where X;, i € N*, are i.i.d.
random vectors distributed on RY in accordance to P.

Density model

XM~ pa(x) = Hf(xi), X = (X1,.-.,%Xq) € RY
i=1

Goal: to estimate the density f from the
observation X(™.

] (w1 =
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Sup-norm oracle inequality in density estimation
Selection from the family of kernel estimators

family of kernel estimators

Objective: to propose a data-driven selection rule from the

FreH = {

o 10
f()=—> Kn(Xi—"), KEK, heH
i=1

With any (K, h), (Q, h) € I X H we associate the estimator

n

i=1
and consider the following selection rule.

fiony () = %Z [Kh * Q] (Xi — +)

Oleg Lepski
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Sup-norm oracle inequality in density estimation.

Selection rule

AK,h) = sup  [[fimay — fayllo, —» 0(Q,b)]
(Q;p)EXXH
(K,h) = arg(K,h)lgifCXHA(K, h) + v U(K, h)
N ~ n(n) 9 9 [In(n)]
M, n) = ||fx||oo T |IM]]oo M
O(Mm) = [IFdoe 7 [IMlloe) [0 472 IMIEZ, |5

o fa( is the pilot estimator of fy:
f — —15d
f2(t) = suppeqpy (Vi)™ > oiny Hcga;’zl[—hj,h,-](Xi —t)
@ The constants v and T (whose explicit expressions are
available) are completely determined by the constants from
Assumption K, q and d.
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Sup-norm oracle inequality in density estimation.
Selection rule
A(K,h) = sup

(Q,h)EXCXH

(Ra F‘) = arg

[Hth*Qh —fa, [l —» 0(Q, b)}
inf
(Ksh)eXxH

A(K,h) +v U(K, h)
Theorem (Oracle inequality)

A q . . .
Ef[“ Kh ™ fHoo] S €1 ’ér):f’_‘Ef[HfK,h — f||ooi| =+ co |:

foo 19
%]
@ The theorem is proved under Assumptions K, F and
nVmin 2 la

|hmax‘ < oo.
@ The explicit expressions of c; and ¢y are available.

Oleg Lepski
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Adaptive estimation over anisotropic Holder classes

Let {H(¥,L), ¥ € (0,b]%,L > 0} be the collection of
anisotropic Holder classes on RY. Here b > 0 is an arbitrary but a
priori chosen integer.

Let M : RY — R be a given compactly supported lipschitz
continuous function such that [ M =1 and

d
/M(x) [[x"dxj =0, VP e N': 1 <pi+---+pa<bh
=1

Let fM,ﬁ be the estimator chosen in accordance with the proposed
selection rule, where IC = {M}.

Theorem (Adaptation). ¥~ € (0,b]Y, L >0, q> 0

" q 2 [Inn % 1 d.1
sup B[ = o] <17 (20)7T, 2%

fFEH(7,L) n
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