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Introduction
Problem formulation

Let (Ω,A,P) be a probability space, S be a linear space and Θ be
a given set.
Let χn : Θ× Ω→ S, n ∈ N∗, be a given sequence of

A-measurable maps and P(n)
f be the corresponding sequence of

probability laws, parameterized by f ∈ F.
Let Ψ : S→ R+ be a given sub-additive functional.

Goal: find non-random positive function on Θ which would
be uniform upper bound for Ψ(χn,θ) in the sense

P(n)
f

{
supθ∈Θ

[
Ψ
(
χn,θ

)
− Un(y, θ)

]
≥ 0

}
≤ Pn(y, f);

E(n)
f

(
supθ∈Θ

[
Ψ
(
χn,θ

)
− Un(y, θ)

])q

+
≤ En(y, f, q).

The quantities Pn(y, f) and En(y, f, q) should possess several
properties discussed later. In particular for any fixed y > yq

En(y, f, q)→ 0, n→∞ uniformly w.r.t. f.

Oleg Lepski Upper functions. Density estimation



Statistical models. Adaptive estimation.

Regression model

Yi = f(zi) + ξi, i = 1, n

ξi, i ∈ N∗ are i.i.d.: Eξ1 = 0, or med(ξ1) = 0;

The design points zi ∈ Rd, i = 1, n are supposed to be either
fixed real vectors or i.i.d. random vectors.
We observe X(n) =

{(
Y1, z1

)
, . . . ,

(
Yn, zn

)}
.

Density model

X(n) ∼ pn(x) =
n∏

i=1

f(xi), x = (x1, . . . , xd) ∈ Rd

X(n) =
(
X1, . . . ,Xn

)
, n ∈ N∗, where Xi ∈ Rd, i ∈ N∗, are i.i.d.

random vectors having the density f.

Goal: to estimate the function f from the observation X(n).
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General case
Problem formulation

Let (Ω,A,P) be a probability space, S be a linear space and Θ be
a given set.
Let χn : Θ× Ω→ S, n ∈ N∗, be a given sequence of

A-measurable maps and P(n)
f be the corresponding sequence of

probability laws.
Let Ψ : S→ R+ be a given sub-additive functional.
Goal: find non-random positive function on θ which would
be uniform upper bound for Ψ(χn,θ) in the sense

P(n)
f

{
supθ∈Θ

[
Ψ
(
χn,θ

)
− Un(y, θ)

]
≥ 0

}
≤ Pn(y, f);

E(n)
f

(
supθ∈Θ

[
Ψ
(
χn,θ

)
− Un(y, θ)

])q

+
≤ En(y, f, q).

To realize this program we impose the Bernstein-type assumption
on the tail probability for Ψ

(
χn,θ

)
for any given θ ∈ Θ and

Ψ
(
χn,θ1 − χn,θ2

)
, θ1, θ2 ∈ Θ.
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General case
Assumptions. Bound for a given trajectory.

Furthermore P = P(n)
f , E = E(n)

f and χθ = χn,θ.

Assumption (1)

1 There exist A,B : Θ→ R+ such that ∀θ ∈ Θ and ∀z > 0

P {Ψ(χθ) ≥ z} ≤ G

{
z2

A2(θ) + B(θ)z

}
2 There exist a, b : Θ×Θ→ R+ s.t. ∀θ1, θ2 ∈ Θ, ∀z > 0

P
{

Ψ(χθ1 − χθ2) ≥ z
}
≤ G

{
z2

a2(θ1, θ2) + b(θ1, θ2)z

}

G(x) = c exp {−x}, c > 0.
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General case
Assumptions. Bound for a given trajectory. G(x) = c exp {−x}, c > 0.

Assumption (1)

1 There exist A,B : Θ→ R+ such that ∀θ ∈ Θ and ∀z > 0

P {Ψ(χθ) ≥ z} ≤ G

{
z2

A2(θ) + B(θ)z

}
2 There exist a, b : Θ×Θ→ R+ s.t. ∀θ1, θ2 ∈ Θ, ∀z > 0

P
{

Ψ(χθ1 − χθ2) ≥ z
}
≤ G

{
z2

a2(θ1, θ2) + b(θ1, θ2)z

}

Assumption (2)

1 The mappings a and b are semi-metrics on Θ and χ• is
stochastically continuous in the topology generated by a ∨ b.

2 Θ is totally bounded with respect to the semi-metric a ∨ b
and Aθ := supθ∈Θ A(θ) <∞, Bθ := supθ∈Θ B(θ) <∞.
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General case
Assumptions. Bound for a given trajectory. Examples.

Let X be X -valued random vector defined on (Ω,A,P) and let
Xi, i = 1,n be independent copies of X.
Let W be a given set of functions w : X → R.

Example: Ψ(χθ) =
∣∣Dw(·)

∣∣, θ = w, Θ = W

Dw =
n∑

i=1

[
w
(
Xi

)
− Ew(X)

]
.

If W is a subset of the set of bounded functions then Assumption
1 follows from Bernstein inequality. Here

A(w) =
√

E
[
w(X)

]2
, B(w) = supx∈X

∣∣w(x)
∣∣;

a
(
w1,w2

)
= A

(
w1 − w2

)
, b

(
w1,w2

)
= B

(
w1 − w2

)
.

We remark that Assumption 2 (1) is also fulfilled.
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General case
Assumptions. Bound for a given trajectory. Examples.

Example: Ψ(χθ) =
∣∣χθ∣∣ , χθ is zero mean gaussian function

The Assumptions 1 and 2 (1) are obviously fulfilled with
B = b ≡ 0

A(θ) =
√

E
(
χθ
)2
, a(θ1, θ2) =

√
E
(
χθ1 − χθ2

)2
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General case: bounds under Assumptions 1 and 2.

Assumption (1)

1 There exist A,B : Θ→ R+ such that ∀θ ∈ Θ and ∀z > 0

P {Ψ(χθ) ≥ z} ≤ G

{
z2

A2(θ) + B(θ)z

}
2 There exist a, b : Θ×Θ→ R+ s.t. ∀θ1, θ2 ∈ Θ, ∀z > 0

P
{

Ψ(χθ1 − χθ2) ≥ z
}
≤ G

{
z2

a2(θ1, θ2) + b(θ1, θ2)z

}

Assumption (2)

1 The mappings a and b are semi-metrics on Θ and χ• is
stochastically continuous in the topology generated by a ∨ b.

2 Θ is totally bounded with respect to the semi-metric a ∨ b
and Aθ := supθ∈Θ A(θ) <∞, Bθ := supθ∈Θ B(θ) <∞.

Oleg Lepski Upper functions. Density estimation



General case: bounds under Assumptions 1 and 2.

The most important elements of our construction are:

ΘA(t) =
{
θ ∈ Θ : A(θ) ≤ t

}
, t > 0;

ΘB(t) =
{
θ ∈ Θ : B(θ) ≤ t

}
, t > 0;

For any x > 0, any Θ̃ ⊆ Θ and any s ∈ S

e
(a)
s

(
x, Θ̃

)
= supδ>0 δ

−2EΘ̃, a

(
x(48δ)−1s(δ)

)
e

(b)
s

(
x, Θ̃

)
= supδ>0 δ

−1EΘ̃, b

(
x(48δ)−1s(δ)

)
EΘ̃, d(ν), ν > 0, - entropy of Θ̃ measured in semi-metric d;

S =
{

s : R→ R+ \ {0} :
∑∞

k=0 s
(
2k/2

)
≤ 1

}
.
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General case: bounds under Assumptions 1 and 2.

Introduced quantities

ΘA(t) =
{
θ ∈ Θ : A(θ) ≤ t

}
, t > 0;

ΘB(t) =
{
θ ∈ Θ : B(θ) ≤ t

}
, t > 0;

e
(a)
s

(
x, Θ̃

)
= supδ>0 δ

−2EΘ̃, a

(
x(48δ)−1s(δ)

)
e

(b)
s

(
x, Θ̃

)
= supδ>0 δ

−1EΘ̃, b

(
x(48δ)−1s(δ)

)
allow us to define for any u, v ≥ 1 and any ~s = (s1, s2)

Ẽ~s(u, v) = e
(a)
s1

(
Au,ΘA

(
Au
))

+ e
(b)
s2

(
Bv,ΘB

(
Bv
))

A = infθ∈Θ A(θ)> 0; B = infθ∈Θ B(θ)> 0.

Example: s1 = s2 = (6/π2)
(
1 + [ln x]2

)−1
, x ≥ 0
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General case: bounds under Assumptions 1 and 2.

Denote `(u) = ln {1 + ln (u)}+ 2 ln {1 + ln {1 + ln (u)}} and
set for any θ ∈ Θ and ε > 0, q ≥ 0

”Probability payment”

Pε(θ) = 2
[
1 + ε−1

]2E(Aε(θ),Bε(θ)
)

+
[
`
(
Aε(θ)

)
+ `

(
Bε(θ)

)]
Aε(θ) = (1 + ε)

[
A(θ)

/
A
]
, Bε(θ) = (1 + ε)

[
B(θ)

/
B
]

”Moment payment”

Mε,q(θ) = 2
[
1 + ε−1

]2E(Aε(θ),Bε(θ)
)

+ (ε + q) ln
[
Aε(θ)Bε(θ)

]
Remark: E is an arbitrary function satisfying Ẽ~s(·, ·) ≤ E(·, ·).

Remark: ε and ~s are turning parameters.
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Remark: ε and ~s are turning parameters.

Oleg Lepski Upper functions. Density estimation



General case: bounds under Assumptions 1 and 2.

UPPER FUNCTIONS OF THE FIRST TYPE (A,B > 0)

1 ”Probability upper function” ! V(z,ε)(θ)

(1 + ε)4
(

A(θ)
√

Pε(θ) + (1 + ε)2z + B(θ)
[
Pε(θ) + (1 + ε)2z

])

2 ”Moment’s upper function” ! U(z,ε)
q (θ)

(1 + ε)4
(

A(θ)
√

Mε,q(θ) + (1 + ε)2z + B(θ)
[
Mε,q(θ) + (1 + ε)2z

])

Oleg Lepski Upper functions. Density estimation



General case: bounds under Assumptions 1 and 2.

V(z,ε)(θ) =

(1 + ε)4
(

A(θ)
√

Pε(θ) + (1 + ε)2z + B(θ)
[
Pε(θ) + (1 + ε)2z

])
U(z,ε)

q (θ) =

(1 + ε)4
(

A(θ)
√

Mε,q(θ) + (1 + ε)2z + B(θ)
[
Mε,r(θ) + (1 + ε)2z

])
Proposition 1. ∀~s ∈ S× S, ∀ε ∈

(
0,
√

2− 1
]
, ∀z ≥ 1

P
{

supθ∈Θ

[
Ψ (χθ)−V(z,ε)(θ)

]
≥ 0

}
≤ Cε exp {−z};

E
{

supθ∈Θ

[
Ψ (χθ)−U(z,ε)

q (θ)
]}q

+
≤ Cε,q

[
A ∨ B

]q
exp {−z}.

Cε = 2c
[

1 +
[

ln {1 + ln (1 + ε)}
]−2

]2

;

Cε,q = c2(5q/2)+2Γ(q + 1) ε−q−4.
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Bounds in general case: Payment for uniformity

Assumption (1)

1 There exist A,B : Θ→ R+ such that ∀θ ∈ Θ and ∀z > 0

P {Ψ(χθ) ≥ z} ≤ c exp

{
−

z2

A2(θ) + B(θ)z

}

It is equivalent to: ∀θ ∈ Θ,∀z ≥ 0 and ∀q ≥ 0

P
{

Ψ(χθ) ≥ A(θ)
√

z + B(θ)z
}
≤ c exp {−z},

E
{

Ψ(χθ)−
[
A(θ)
√

z + B(θ)z
]}q

+
≤ cq

[
A(θ) ∨ B(θ)

]q
exp {−z}

cq = c2qΓ(q + 1).

Thus, the function U(z)(θ) := A(θ)
√

z + B(θ)z can be viewed as
”pointwise upper function” for Ψ, i.e. for fixed θ.
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Bounds in general case: Payment for uniformity

P
{

Ψ(χθ) ≥ A(θ)
√

z + B(θ)z
}
≤ c exp {−z},

E
{

Ψ(χθ)−
[
A(θ)
√

z + B(θ)z
]}q

+
≤ cq

[
A(θ) ∨ B(θ)

]q
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(
0,
√

2− 1
]
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q (θ)
]}q
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√
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Bounds in general case: Payment for uniformity

Payment for uniformity: may ”disappear”, i.e. in some cases

Pε(θ) = const, Mε,q(θ) = const, θ ∈ Θmin

Θmin = {θ ∈ Θ : A(θ) = A, B(θ) = B}

Aε(θ) = (1 + ε)
[
A(θ)

/
A
]
, Bε(θ) = (1 + ε)

[
B(θ)

/
B
]

Pε(θ) = 2
[
1 + ε−1

]2E(Aε(θ),Bε(θ)
)

+
[
`
(
Aε(θ)

)
+ `

(
Bε(θ)

)]
Mε,q(θ) = 2

[
1 + ε−1

]2E(Aε(θ),Bε(θ)
)

+ (ε + q) ln
[
Aε(θ)Bε(θ)

]
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Bounds in general case: Payment for uniformity

Payment for uniformity may ”disappear”, i.e. in some cases

Pε(θ) = const, Mε,q(θ) = const, θ ∈ Θmin

Θmin = {θ ∈ Θ : A(θ) = A, B(θ) = B}

This is used in:

very sophisticated criteria of optimality of adaptive
procedures, related to the geometry of the parameter set Θ;

the application of pointwise adaptive procedures in global
estimation e.g. estimation of functions possessing
inhomogeneous smoothness (Nikolski, Besov classes).
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Part II

Probabilistic studies of statistical objects
Non-asymptotical point of view
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Empirical processes. Special cases

Let X be d-dimensional random vector defined on (Ω,A,P) and let
Xi, i = 1,n be independent copies of X.

Let W be a given set of bounded functions w : Rd → R.

ξw(t) =
1

n

n∑
i=1

[
w
(
Xi − t

)
− Ew(X− t)

]
, w ∈ W, t ∈ Rd.

We will be interested in funding an upper function for

‖ξw‖∞ := supt∈Rd

∣∣ξw(t)
∣∣, w ∈ W.

Remark: The idea is to exploit the fact that Assumption 1 is
verified on Θ = W × Rd with Ψ(·) = | · |, i.e. for∣∣χθ| =

∣∣ξw(t)
∣∣, θ = (w, t).
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Bounds for empirical processes. Special cases

K =
{

K : Rd → R
}
, H = ⊗d

i=1[hmin
i , hmax

i ], hmin,hmax ∈ Rd

Kh(·) = V−1
h K(·/h) Vh :=

∏d
i=1 hi

WK,H = {w = Kh, (K, h) ∈ K×H}

W⊗K,H = {w = Kh ? Qh, (K, h), (Q, h) ∈ K×H}

Kernel density estimation process:

ξKh(t) = 1
n

∑n
i=1

[
Kh(Xi − t)− EKh(X− t)

]
Convoluted kernel density estimation process:

ξKh?Qh(t) = 1
n

∑n
i=1

{[
Kh ? Qh

]
(Xi − t)− E

[
Kh ? Qh

]
(X− t)

}
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Bounds for empirical processes. Special cases
Assumptions

Assumption (K)

1 K ⊂ Hd(α, L), for some α > 0, L > 0.

2 supδ∈(0,1) δ
βEK < Cβ <∞, for some β ∈ (0, 1).

3

∣∣ ∫ K
∣∣ ≥ CK > 0, supp(K) ∈ [−1/2, 1/2]d, ∀K ∈ K.

Assumption (F)

f ∈ F :=
{

g : Rd → R : g ≥ 0,
∫

g = 1, ||g||∞ ≤ f∞
}
.

Important quantity:

fH(t)= sup
h∈H

(Vh)−1

∫
I⊗d

i=1[−hi,hi]
(x− t)f(x)dx ≤ f∞
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Bounds for empirical processes
Kernel density estimation process. Sup-norm case.

ξKh(t) = 1
n

∑n
i=1

[
Kh(Xi − t)− EKh(X− t)

]
Theorem (Corollary of Proposition)

Pf

{
sup

(K,h)∈K×H

(∥∥ξKh

∥∥
∞ − Un

[
Kh

])
≥ 0

}
≤

95

ln (n)

Un

[
Kh

]
= µ

∥∥fH
∥∥
∞ ||K||2

√
`n(h)

nVh
+ µ2 ||K||∞

[
`n(h)

nVh

]
`n(h) = ln (1/Vh) ∨ ln ln (n).

The uniform bound Un(·) depends on the density f via
‖fH‖∞ only. Note also that ‖fH‖∞ ≤ ‖f‖∞ ≤ f∞.

Explicit expression for µ = µ
(
α, L, β,Cβ,CK

)
is available.
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Bounds for empirical processes
Kernel density estimation process. Sup-norm case.

Theorem (Corollary of Proposition)

Pf

{
sup

(K,h)∈K×H

(∥∥ξKh

∥∥
∞ − Un

[
Kh

])
≥ 0

}
≤

95

ln (n)

Un

[
Kh

]
= µ

∥∥fH
∥∥
∞ ||K||2

√
`n(h)

nVh
+ µ2 ||K||∞

[
`n(h)

nVh

]
Theorem [Einmahl and Mason (2005)]

Let K be given and let nhd
min = O

(
ln n
)
. Then

lim sup
n→∞

sup
h∈H

√
nhd
∥∥ξKh

∥∥
∞√

ln (1/h) ∨ ln ln (n)
<∞ a.s.

Key words: uniform in bandwidth consistency, LL for kernel
estimators.
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Bounds for empirical processes
Kernel density estimation process. Sup-norm case.

Theorem (Corollary of Proposition)

Pf

{
sup

(K,h)∈K×H

(∥∥ξKh

∥∥
∞ − Un

[
Kh

])
≥ 0

}
≤

95

ln (n)

Un

[
Kh

]
= µ̃ f∞ L

√
ln (1/Vh) ∨ ln ln (n)

nVh

Theorem [Einmahl and Mason (2005)]

Let K be given and let nhd
min = O

(
ln n
)
. Then

lim sup
n→∞

sup
h∈H

√
nhd
∥∥ξKh

∥∥
∞√

ln (1/h) ∨ ln ln (n)
<∞ a.s.
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Bounds for empirical processes
Kernel density estimation process. Sup-norm case.

Theorem (Corollary of Proposition) nVhmin = O
(

ln n
)

Pf

{
sup

(K,h)∈K×H

√
nVh

∥∥ξKh

∥∥
∞√

ln (1/Vh) ∨ ln ln (n)
≥ µ̃ f∞

}
≤

95

ln (n)

Explicit expression for µ̃ = µ̃
(
α, L, β,Cβ,CK

)
is available.

Theorem [Einmahl and Mason (2005)]

Let K be given and let nhd
min = O

(
ln n
)
. Then

lim sup
n→∞

sup
h∈H

√
nhd
∥∥ξKh

∥∥
∞√

ln (1/h) ∨ ln ln (n)
<∞ a.s.
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Bounds for empirical processes
Kernel density estimation process. Sup-norm case. Moment’s bound.

ξKh(t) = 1
n

∑n
i=1

[
Kh(Xi − t)− EKh(X− t)

]
Remark: `n(h) ≤ ln n ⇒

Un

(
Kh

)
= ‖fH‖∞ τ ||K||2

√
ln (n)

nVh
+ τ 2 ||K||∞

[
ln (n)

nVh

]
fH(t) = sup

h∈H
(Vh)−1

∫
I⊗d

i=1[−hi,hi]
(x− t)f(x)dx

Theorem (Corollary of Proposition)

Ef

{
sup

WK,H

[∥∥ξKh

∥∥
∞ − Un

(
Kh

)]}q

+

≤ c

[
f∞√

n

]q
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Bounds for empirical processes
Convoluted kernel density estimation process. Sup-norm case. Moment’s bound.

ξKh?Qh(t) = 1
n

∑n
i=1

{[
Kh ? Qh

]
(Xi − t)− E

[
Kh ? Qh

]
(X− t)

}

U⊗n
(
Kh ? Qh

)
= ‖fH‖∞ γK,Q

√
ln (n)

nVh∨h
+ γ2

K,Q

[
ln (n)

nVh∨h

]
Theorem (Corollary of Proposition)

Ef

 sup
W⊗K,H

[∥∥ξKh?Qh

∥∥
∞ − U⊗n

(
Kh ? Qh

)]
q

+

≤ c̄

[
f∞√

n

]q

γK,Q = τ̄ ||K||∞||Q||∞.

The explicit expressions for τ̄ and c̄ are available.
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Part III

Sup-norm oracle inequality in density
estimation

(Joint work with A. Goldenshluger)
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Density estimation.

P is a probability law on Borel σ-algebra of Rd possessing the
density f with respect to the Lebesgue measure.

X(n) =
(
X1, . . . ,Xn

)
, n ∈ N∗, where Xi, i ∈ N∗, are i.i.d.

random vectors distributed on Rd in accordance to P.

Density model

X(n) ∼ pn(x) =
n∏

i=1

f(xi), x = (x1, . . . , xd) ∈ Rd

Goal: to estimate the density f from the
observation X(n).
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Sup-norm oracle inequality in density estimation.
Selection from the family of kernel estimators

Objective: to propose a data-driven selection rule from the
family of kernel estimators

FK,H =

{
f̂Kh(·) =

1

n

n∑
i=1

Kh(Xi − ·), K ∈ K, h ∈ H
}

With any (K, h), (Q, h) ∈ K×H we associate the estimator

f̂Kh?Qh(·) =
1

n

n∑
i=1

[
Kh ? Qh

]
(Xi − ·)

and consider the following selection rule.
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Sup-norm oracle inequality in density estimation.

Selection rule

∆̂(K, h) = sup
(Q,h)∈K×H

[∥∥f̂Kh?Qh − f̂Qh

∥∥
∞ − ν Û

(
Q, h

)]
(K̂, ĥ) = arg inf

(K,h)∈K×H
∆̂(K, h) + ν Û

(
K, h

)

Û
(
M, η

)
= ||̃fH||∞ τ ||M||∞

√
ln (n)

nVη
+ τ 2 ||M||2∞

[
ln (n)

nVη

]
f̃H is the pilot estimator of fH:

f̃H(t) = suph∈H (nVh)−1
∑d

i=1 I⊗d
j=1[−hj,hj]

(Xi − t)

The constants ν and τ (whose explicit expressions are
available) are completely determined by the constants from
Assumption K, q and d.

Oleg Lepski Upper functions. Density estimation



Sup-norm oracle inequality in density estimation.

Selection rule

∆(K, h) = sup
(Q,h)∈K×H

[∥∥f̂Kh?Qh − f̂Qh

∥∥
∞ − ν Û

(
Q, h

)]
(K̂, ĥ) = arg inf

(K,h)∈K×H
∆(K, h) + ν Û

(
K, h

)

Theorem (Oracle inequality)

Ef

[∥∥f̂K̂,ĥ − f
∥∥
∞

]q
≤ c1 inf

K×H
Ef

[∥∥f̂K,h − f
∥∥
∞

]q
+ c2

[
f∞√

n

]q

The theorem is proved under Assumptions K, F and

nVmin ≥ 1,
∣∣hmax

∣∣ <∞.

The explicit expressions of c1 and c2 are available.
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Adaptive estimation over anisotropic Hölder classes

Let
{
H(~γ, L), ~γ ∈ (0, b]d, L > 0

}
be the collection of

anisotropic Hölder classes on Rd . Here b > 0 is an arbitrary but a
priori chosen integer.

Let M : Rd → R be a given compactly supported lipschitz
continuous function such that

∫
M = 1 and∫

M(x)
d∏

j=1

x
pj

j dxj = 0, ∀~p ∈ Nd : 1 ≤ p1 + · · ·+ pd ≤ b

Let f̂M,ĥ be the estimator chosen in accordance with the proposed
selection rule, where K = {M}.

Theorem (Adaptation). ∀ ~γ ∈ (0, b]d, L > 0, q > 0

sup
f∈H(~γ,L)

Ef

[∥∥f̂M,ĥ − f
∥∥
∞

]q
� L

2q
2γ+1

(
ln n

n

) 2qγ
2γ+1

,
1

γ
=

d∑
j=1

1

γj
.
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