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IntrodutionContinuous problem
◮ Euler (Navier-Stokes) equations:

∂t̺ + div(̺u) = 0,
∂t(̺u) + div(̺u ⊗ u)−divτ + ∇p = 0,
∂t(̺E) + divˆ

(̺E + p)u˜

= div(τu),p = (γ − 1) ̺e, E =
12 |u|2 + e.

◮ For regular funtions, taking the inner produt of the momentum balane equation by uand using the mass balane equation yields the kineti energy balane equation:
∂t(̺E ) + div(̺Eu) + ∇p · u = div(τ) · u, E =

12 |u|2.Subtrating to the total energy balane yields the internal energy balane:
∂t(̺e) + div(̺eu) + p divu = τ : ∇u,and, from this equation, we get e ≥ 0.

◮ Estimates satis�ed by the solution: ̺ ≥ 0, e ≥ 0, Z

Ω
̺ =

Z

Ω
̺0, Z

Ω
̺E =

Z

Ω
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IntrodutionObjetives (1/2)Derive a sheme for Euler (or Navier-Stokes) equations:
(i) unonditionnally stable (i.e. same estimates as in the ontinuous ase),
(ii) aurate at all Mah numbers,
(iii) whih onverges to the orret weak (disontinuous) solutions.

◮ (ii) suggests to use a staggered disretization (iv), and to performupwinding (if any) with respet to the material veloity.
◮ (i) and (iv) suggest to solve the internal energy balane:

◮ keep e positive,
◮ e and 12 |u|2 are not disretized at the same plae.

◮ (i) will be a onstraint for the hoie of the time-stepping algorithm: impliit sheme orpressure orretion method.So a staggered sheme, solving the internal energy balane, upwind/u .ISIS: https://gforge.irsn.fr/gf/projet/isisPELICANS: https://gforge.irsn.fr/gf/projet/pelians
̺, p, e
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IntrodutionObjetives (2/2)
σ=K |LxK xL

◮ Let us onsider the equation:
· · · + ∂xu = . . .The entered sheme reads:

∀K , · · · +
X

σ=K |L 12 (uK + uL) · nσ = . . .Let ϕ ∈ C∞, ϕK = ϕ(xK ), multiply eah equation by ϕK and sum over K . This yields:
· · · +

X

σ=K |L |K |2 uK ϕL − ϕK
||xL − xK ||

+
|L|2 uL ϕL − ϕK

||xL − xK ||
= . . .i.e.:

. . .

Z

Ω
u ∇hϕ dx = . . .

◮ Morality: "Consider a onservative sheme. Suppose that a sequene of disretesolutions onverges. Then the limit is a weak solution."
◮ So how to obtain the orret weak solutions of Euler equations while solving the internalenergy balane ?(IRSN/LATP) Pressure orr. shemes and all speed �ows Guidel, May 2011 4 / 21



A oloated shemeA oloated sheme (1/7)
xK xLσ

= K
|L

◮ Mass balane (∂t(̺) + div(̺u) = 0):
◮ Veloity at the fae σ = K |L:uσ =

dL,σdσ
uK +

dK ,σdσ
uL, dK ,σ = d(xK , σ), dL,σ = d(xL, σ), dσ = d(xK , xL).

◮ Mass �ux : FK ,σ = |σ| ̺σ uσ · nK ,σ, with ̺σ the upwind value of the density atthe fae.
◮ Mass balane: |K |

δt (̺K − ̺∗K ) +
X

σ=K |LFK ,σ = 0.(IRSN/LATP) Pressure orr. shemes and all speed �ows Guidel, May 2011 5 / 21



A oloated shemeA oloated sheme (2/7)
◮ Building onvetion operators z 7→ ∂t(̺z) + div(̺zu) from the mass balane:

◮ Let:
|K |

δt (̺K − ̺∗K ) +
X

σ=K |LFK ,σ = 0.
◮ Then (1) the entered operator:

(Cu)K =
1
δt (̺KuK − ̺∗Ku∗K ) +

1
|K |

X

σ=K |LFK ,σuσ , uK |L =
12 (uK + uL)satis�es:

(Cu)K ·uK =
|K |2δt (̺K |uK |2−̺∗K |u∗K |2)+ 12 X

σ=K |LFK ,σuKuL+
|K |2δt ̺∗K |uK−u∗K |2.

◮ Then (2) the upwind operator:
(Ce)K =

1
δt (̺K eK − ̺∗K e∗K ) +

1
|K |

X

σ=K |L FK ,σeσ ,with an upwind hoie for eσ satis�es a disrete maximum priniple.(IRSN/LATP) Pressure orr. shemes and all speed �ows Guidel, May 2011 6 / 21



A oloated shemeA oloated sheme (3/7)
◮ Momentum balane (∂t(̺u) + div(̺u ⊗ u) + ∇p = 0):

|K |
h

(Cu)K + (∇p)K − (ε∆u)Ki

= 0.
◮ Centered onvetion term.
◮ Pressure gradient designed to be the dual operator of the divergene:

(∇p)K =
1
|K |

X

σ=K |L |σ| pσ nK ,σ, pK |L =
dK ,σdσ

pK +
dL,σdσ

pL.

◮ A di�usion term is added for stabilisation:
−(ε∆u)K =

1
|K |

X

σ=K |L εσ
|σ|dσ

(uK − uL).Upwind disretization of the onvetion term: εσ =
dσ2 |uσ · nK ,σ|.(IRSN/LATP) Pressure orr. shemes and all speed �ows Guidel, May 2011 7 / 21



A oloated shemeA oloated sheme (4/7)
◮ Internal energy balane (∂t(̺e) + div(̺eu) + p divu = 0):

|K | (Ce)K + (γ − 1)̺K e+K X

σ=K |L |σ| uσ · nK ,σ = SK ,with e+K = max (eK , 0) and SK is a numerial soure term.
◮ Upwind onvetion term.
◮ If the solutions exists, and if SK ≥ 0, e > 0.
◮ ∃ at least a solution (topologial degree argument), and, for this solution, e+ = e(the sheme is onsistent).
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A oloated shemeA oloated sheme (5/7)SK ?
◮ Strategy: try to build a (onservative) disrete total energy balane equation.
◮ Kineti energy balane, without di�usion (ε = 0):(∂t (̺E ) + div(̺Eu) + u · ∇p = 0, E = 12 |u|2)

◮ Multiply the momentum balane equation by uK and use the mass balane:
|K |2δt (̺K |uK |2 − ̺∗K |u∗K |2) +

12 X

σ=K |L FK ,σuKuL + (∇p)K · uK = RK .

◮ Then, adding to the internal energy balane yields a total energy balane(∂t (̺E) + div(̺Eu) + div(pu) = 0):
|K |

δt (̺KEK − ̺∗KE∗K ) +
X

σ=K |L FK ,σEσ +
X

σ=K |L |σ| (pu)σ · nK ,σ = RK + SK ,with: EK = eK +
12 |uK |2,Eσ = eσ +
12 uK · uL,

(pu)K |L =
dK ,σdσ

pK uL +
dL,σdσ

pL uK .(IRSN/LATP) Pressure orr. shemes and all speed �ows Guidel, May 2011 9 / 21



A oloated shemeA oloated sheme (6/7)
◮ SK and total energy balane, without di�usion (ontinued):

◮ Rest term: RK = −
|K |2δt ̺∗K |uK − u∗K |2.For a regular funtion (|uK − u∗K | ≤ C δt):

Xn XK∈M

δt|RK | ≤ Cδt. . . but for a disontinuous funtion:
Xn XK∈M

δt|RK | ≃ |Ω|. u = 1u = 0 x
t

=> hoose SK = −RK .(IRSN/LATP) Pressure orr. shemes and all speed �ows Guidel, May 2011 10 / 21



A oloated shemeA oloated sheme (7/7)
◮ Kineti energy balane, SK and total energy balane, with di�usion (ε 6= 0):

◮ With a dissipation term:RK+ = −
h

X

σ=K |L εσ
|σ|dσ

(uK − uL)
i

·uK ,SK+ =
12 X

σ=K |L εσ
|σ|dσ

|uK − uL|2.
◮ Then: RK + SK =

12 X

σ=K |L εσ
|σ|dσ

(uK − uL) · (uK + uL).At the ontinuous level, the visous term at the right-hand side of the total energybalane reads div(ε∇tu u), so we need an approximation on the fae of
(∇tu u) · n = (∇u n) · u =

P3i=1 u i ∇u i · n . . . whih is what we get.
◮ RK + SK is onservative: onservation of Z

Ω
̺E .

◮ Let ϕ ∈ C∞ (Ω × (0,T )), and ϕK be an approximation of ϕ on K at the urrenttime step. Then :
Xn XK∈M

δt (RK + SK ) ϕK =
12 X

σ=K |L εσ
|σ|dσ

(uK − uL) · (uK + uL)(ϕK − ϕL)

≤ Cϕ ||ε||L∞ ||u||L∞ ||u||BV .(IRSN/LATP) Pressure orr. shemes and all speed �ows Guidel, May 2011 11 / 21



A staggered shemeA staggered sheme (1/2)
σ

DK ,σ

DL,σ

σ
′ǫ

=
σ|σ ′

◮ The veloity is now de�ned at the enter of the faes.
◮ The approximation of uσ beomes natural.
◮ Up to this hange, the mass mass balane and the left-hand side of the internal energybalane are left unhanged.
◮ Build mass �uxes at the dual faes in suh a way that the mass balane is ensured onthe diamond ells†, and write the momentum balane equation on the diamond ells,following the same guidelines⋆ as for the oloated sheme.

†: L. Gastaldo, R. Herbin, W. Kheriji, JCL, FVCA 6.
⋆: onvetion term buit from the mass balane, pressure gradient built by duality.(IRSN/LATP) Pressure orr. shemes and all speed �ows Guidel, May 2011 12 / 21



A staggered shemeA staggered sheme (2/2)
◮ A kineti energy balane is still available, but is assoiated to faes, and an no more beombined to the internal energy equation (de�ned on primal meshes) to obtain a totalenergy balane equation.
◮ Strategy:1- Suppose bounds and onvergene for a sequene of disrete solutions, ompatiblewith the regularity of the sought ontinuous solutions: ontrol in BV and L∞,onvergene in Lp , for p ≥ 1.3- Let ϕ a regular funtion, (ϕσ) an interpolate on the faes and (ϕK ) an interpolateon the ells, at the urrent time step. Multiply the kineti energy balane by ϕσ ,the internal energy balane by ϕK , sum over the time steps, i , σ and K and passto the limit in the sheme.SK is hosen in suh a way to reover, at the limit, the weak form of the totalenergy equation.
◮ SK : SK =

X

σ∈E(K)

|DK ,σ|

δt ̺∗K |uσ − u∗
σ |

2 +
X

ǫ⊂K , ǫ=σ|σ′

εǫ
|ǫ|dǫ

|uσ − uσ′ |2.(IRSN/LATP) Pressure orr. shemes and all speed �ows Guidel, May 2011 13 / 21



Various time disretizationsAn expliit time disretization
◮ Sheme (time semi-disrete setting):1

δt (̺ − ̺∗) + div(̺∗u∗) = 0,1
δt (̺u − ̺∗u∗) + div(̺∗u∗ ⊗ u∗)−divτ(u∗) + ∇p∗ = 0,1
δt (̺e − ̺∗e∗) + div(̺∗e∗u∗) + p∗divu∗ = τ(u∗) : ∇u∗,p = (γ − 1) ̺e.

◮ SK : SK = −
X

σ∈E(K)

|DK ,σ|

δt ̺K |uσ − u∗
σ |

2 +
X

ǫ⊂K , ǫ=σ|σ′

εǫ
|ǫ|dǫ

|u∗
σ − u∗

σ′ |
2.
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Various time disretizationsA pressure orretion sheme
◮ Sheme (time semi-disrete setting):1

δt (̺∗ũ − ̺∗∗u∗) + div(̺∗ũ ⊗ u∗)−divτ(ũ) + ∇p∗ = 0,
˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

̺∗

δt (u − ũ) + ∇(p − p∗) = 0,1
δt (̺ − ̺∗) + div(̺u) = 0,1
δt (̺e − ̺∗e∗) + div(̺eu) + pdivu = τ(ũ) : ∇ũ,p = (γ − 1) ̺e.

◮ SK : SK =
X

σ∈E(K)

|DK ,σ|

δt ̺∗K |ũσ − u∗
σ |

2 +
X

ǫ⊂K , ǫ=σ|σ′

εǫ
|ǫ|dǫ

|ũσ − ũσ′ |2.
◮ If a pressure renormalization step is added, this sheme is unonditionnally stable(̺ > 0, e > 0, ̺ and ̺E ontrolled in L∞(0,T ;L1)).In addition, the time splitting yields a ontrol on δt ∇p in L∞(0,T ;L2).(IRSN/LATP) Pressure orr. shemes and all speed �ows Guidel, May 2011 15 / 21



Numerial testsA Riemann Problem
◮ [P. Woodward, P. Collela, JCP 1984℄[E. Toro, Riemann solvers andnumerial methods for �uid dynamis,third edition, test 5 of hapter 4℄.Two shoks travelling to the right,ontat disontinuity.
◮ Computation performed with theupwind expliit sheme.
◮ δt = h/50, so a � number lose to1/2.
◮ An additional di�usion term is added inthe momentum balane equation, inthe range of ̺uh/2.  5
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Numerial testsA Riemann Problem
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Numerial testsA Riemann Problem
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◮ Di�erene between the numerial andanalytial solution (L1 norm), as afuntion of the time and spae step(� ≈ 0.4).
◮ First order onvergene for thequantities whih remain onstantthrough the ontat disontinuity (u,p).Convergene as h1/2 for ̺.

(IRSN/LATP) Pressure orr. shemes and all speed �ows Guidel, May 2011 18 / 21



Numerial testsA Riemann Problem
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Numerial testsA Riemann Problem
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ConlusionConlusion
◮ A lass of naive shemes for Euler equations:

◮ staggered mesh,
◮ upwinding with respet to the (material) veloity, entered approximation of thepressure gradient,
◮ total energy equation →֒ internal energy equation + soure term,
◮ a reasonably deoupled (?) unonditionally stable time disretization (?).

◮ Convergene ?1. estimates: ̺ > 0, e > 0, ̺ and ̺E ontrolled in L∞(0,T ;L1), entropy ?2. Compatness: far from being su�ient !(no ontrol on the translations)3. Passage to the limit in the sheme: OK.
◮ Tests under progress.
◮ Further developments: less di�usive versions (entropy visosity tehnique ?)(IRSN/LATP) Pressure orr. shemes and all speed �ows Guidel, May 2011 21 / 21
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