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Introduction

&) When M= ;’—: < 1 and when the initial conditions are well-prepared in the sense

p(t = 0,x) = pu + O(M?),

{ plt = 0,x) = pu (),
u(t =0,x) =u(x) + O(M) with V -u(x)=0,

the solution (p, u, p) of the (dimensionless) compressible Euler system
O0tp+V - (pu) =0,
Du(pw) + V(o w)+ 2 £ =0,
O:(pE) + V - [(pE + p)u] = 0
is close to (p, u, p) which satisfies the incompressible Euler system
Oip+u-Vp=0, p(t=0,x)=px«(x),
V.u=0 and u(t=0,x)=u(x),
p(t,x)(0u +u - Vu) = =V

(with variable density when p’ (x) # 0) and p = p...

Idem for the Navier-Stokes syst. when the thermal fluxes are not high.
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Introduction

Nevertheless, when we apply a (2D or 3D) Godunov type scheme

on a mesh that is not triangular, the discrete compressible Euler solution:

P converges with high difficulties to an incompressible solution when Ax — 0
(M < 1 is given);

P does not converge to an incompressible solution when M — 0 (Ax is given).
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For example, we find in [Guillard et al., 1999] when the mesh is not triangular:

O the behavior af upwind schemes in the low Mach number

I 7

o Mol | [ Vit Mol | [ Gadani e

o | o&

¢

FIRISSURE : MIN<TLO920 MAX=709260

FRESSURE : MIN<TI 3575 MAX=7130.33

e achaii 1]

FRISSURE

PRICSSURI | MINTLIN 0 MAX=713234

PRISSURS | MIN-TLEE.75 MAX=7130.33

Ve hachvet 1

PRICSSURE | MINaT1344 MAN=T1dds

PRISEURE : MIN<TL 119 MAX=73.5208

PRISEURY : MIN<T| 5,78 MAX=713033

ot hacheit 01

FRICSEURE : MIN=T 4344 MAX= 14446

Flguro 1: Tsovalues of the pressure, on & 3114 node mesh for M = 0.1 (top), Ma = 0.01 (middle),
Mo = 0001 (bottem) and for Roe scheme (left), VFRoe scheme (middle), Godunov seheme
(right).
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Nevertheless, when the mesh is TRIANGULAR, the results seem to remain accurate:

Iso-Mach, VFRoe scheme, M = 1072 Iso-press., VFRoe scheme, M = 1072

WHAT HAPPENS 71?7
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| - The low Mach number problem and the linear wave equation
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.1 - From the non-linear case to the linear case

CE with p(t,x) = pufl + L (e, 0] (p. = O(1), 2. = V/p(p2)).

the (dimensionless) barotropic Euler system

Vp(p)

M2

{ 8p+ V- (pu) =0,
=0.

Or(pu) + V(pu ® u) +

is equivalent to
L
0tq + H(q) + ﬁ(q) =0

a=(5).
H(q)=< (ﬂjg)’u >:= (u-V)g,

(ax + Mr)V -u

with

La) =1 plo-(1+ 20
a.(1+ %r)

» 7 = non-linear transport operator (time scale = 1);

» L£/M = non-linear acoustic operator (time scale = M).
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.1 - From the non-linear case to the linear case

e Linearization without convection: Let us define the linearization of £(q) with

a=( 0 ).

where a,, = ;' such that O(a,) = 1.

» [ /M = linear acoustic operator (time scale = M).
So, we replace the (dimensionless) barotropic Euler system

L
9eq + H(q) + 4 (q) =0
with the linear wave equation
L
0rq + Mq =0.

Let us note that (1) may be seen as a linearization of the comp. Euler system
(without convection) with

M
r(t,x) such that p(t,x) := ps |:1 + —r(t, X):| .
Ax

In the sequel, r will be considered as a pressure perturbation.

®
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[.1 - From the non-linear case to the linear case
Let us now introduce the sets

(L2(T) = {q = ( Lr‘ ) : /Td Pdx + /Td lulfdx < +oo}
equipped with the inner product (g1, q2) = /ﬂ‘d gq1g2dx and

&= {q € (LT : Vr=0and V - u :o},

et = {q € (L3(TY))* . /Td rdx = 0,3¢ € H'(T?),u = w}

(T is the torus in RY, d € {1,2,3}). Let us recall that:
Lemma 2.1 (Hodge decomposition)
e@et = (T and e L et

In other words, any q € (L?(T%))**? can be decomposed into

a=G4+q" where  (G:=Pq,q") € & x ET.
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[.1 - From the non-linear case to the linear case

e The low Mach asymptotics and the linear wave equation:

Lemma 2.2
Let q(t, x) be solution of the linear wave equation

L
Orq + ﬂq =0,
)
q(t = 0,x) = ¢°(x).
Thus, we have g = q1 + g2 with g1 = Pq° and q» = (1 — P)g =: g where gz is

solution of (2) with the initial condition q»(t = 0, x) = (1 — P)q°(x).
Moreover, we have

16° = Be’l| = O(M) = |lq — Be"||(t = 0) = O(M). 3)

TP
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[.2 - The perturbed linear wave equation

The previous results are obtained by using the properties:

> Conservation of the energy E(t) := (q,q) = C*.
> & = Kerl.

e We can relax these two properties with:

Theorem 2.3
Let q(t, x) be solution of the linear PDE

L
atq‘l'ﬁq:()a
q(t=0)=¢°

supposed to be well-posed in such a way ||q||(t > 0) < C||q°|| where C does not
depend on M. Then, when L is such that

& C Kerl,

the solution q(t, x) of (4) verifies

ll® —Pe°|| = O(M) = |lqg—Pq||(t > 0) = O(M).

4
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[.2 - The perturbed linear wave equation

Definition 2.4 c
otq+ —q =0,

The solution q(t, x) of M is said to be accurate at low Mach
q(t=0)=¢°

number in the incompressible regime if and only if the estimate
llg” =P = O(M) = |lq — Bg"[|(t > 0) = O(M) (5)

is satisfied.

&L,

L
¥ e,

_ = a0 -
Paco) Pa € -
Pat “ 1P(>0) e 1Pa0) [

(5) is verified (5) is NOT verified (5) is NOT verified

e We deduce from Theorem 2.3 that:
& C KerL is a sufficient condition to be accurate in the sense of Definition 2.4.

e The low Mach problem can be explained by replacing L with
L=L+dL

where 6L = perturbation due to the spatial discretization.
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[.3 - The Godunov scheme applied to the linear wave equation

The Godunov scheme applied to the linear wave equation is given by

d EM 1
o r. . Y n; - —r]=0,
dtr'+ M 2] r-.CEaQ.‘ gll(ui +u) - ny + 1 — 1]

ij i
d EM 1
—uit+ — - E Figllri + 1 i — uj) - njln; =0
ar + M 2|Q;] r’_jc{mil jllri + rj + K(ui — uj) - nglnj

with k := 1. This scheme can be written in the compact form

d L Lew  _o

—-an gn =Y, ,

dt M with gy = ( ;’A ) (6)
1

an(t =0) = qj

Lemma 2.5

KerL,—1,n = {qh = ( "h ) erRM st Je, Vi: ri=cand (uj —u;) - n; = 0}

KerL—o,n = { qn := ( h > erR? st Jde, Vi: rp=c and Z [Tyl ! > J -n; =0
r;CoQ;
ujtu;
Do we have &, C KerlL,, , 777 Let us note that >, |[j|—52 -nj =~ [, V - udx.
r;Co%; i
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[.3 - The Godunov scheme applied to the linear wave equation

In the cartesian and triangular cases: Let us define

q:= ( r ) € RN such that  3(a, b, c, () € R® x RNy

u
ed _ Yij+1—Vij—1
h = a 20y
rij = ¢, ujj= b +
_Yiv1,i—%i-1,j
20X

and in the triangular case

q:= < l: ) e RN suchthat  3(a, b,c,¢n) €R3 X V-

n=c, u,-:( Z >+(V><7J)h)|r,-

where Vj, := {d);, € Go(T9), vy periodic on T9 such that VT; : (¥n)7; € Pl(T,-)}.

We can prove that:
On a triangular mesh : KerLiy—1,n = EhA C KerL—o,h,
On a 1D cartesian mesh: ~ KerlL,—1 » = E,‘,:I C KerlLL—o,n,

On a 2D cartesian mesh:  KerlL,—1,n & 8,'7:' C KerL—o,h-
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[.3 - The Godunov scheme applied to the linear wave equation
(€SP

These results show that at low Mach number':

» The Godunov scheme is accurate on a triangular mesh.

» The Godunov scheme modified in such a way the pressure gradient is centered is
accurate on cartesian and triangular meshes.

» The Godunov scheme should not be accurate at low Mach number:

— It should transfer energy from & to £ in a time t = O(M) !

Lwith periodic boundary conditions.
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[.4 - Numerical results

ey e Linear Godunov scheme on a 2D CARTESIAN mesh:
—_— > a2, =land M=10""
o » Explicit Godunov scheme.
> Cartesian mesh with Ax = Ay = O(1072) > M.
» Continuous initial condition: r® =1 and u® = V x % with
P(x,y) = L [sin®(nx)sin®(2my) — 1]. Thus: ¢° € €.

™

P Discrete initial condition: qg € EhD that is to say
fij==%4
. rij Yijr1 — Pij-1
9y = where w = 20y
uji,; " Wi — i

2Ax

P> Results: g(t"), # q2 since KerlL,—1 5 C éhD Moreover, we numerically verify
that: 37 = O(M) : |[gn — P qnl|(T) = O(Ax) — spurious acoustic waves.
h
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Il - The linear case at any Mach number
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[I.1 - The continuous case

(€S9 o We introduce the new definition:

Definition 3.1
The solution q(t, x) of

L
0tq + ﬁq:&

q(t=0)=¢°

is said to be accurate at low Mach number in the incompressible regime iff the estimate

0 0 0
llg" =Pq’|| = O(M) = |[lg—Pq||(t =O(M)) = O(M) (7)
is satisfied.
el el el
q(t=0(M))
q(t=0{M) — o)
| Pac=otn) IPae © ‘ IPa(E=0(M) P ! IPa=0(M) P
(7) is verified (7) is NOT verified (7) is NOT verified
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[I.1 - The continuous case

ey e 15t order modified equation associated to the Godunov scheme:

L, =L — MB,,
v, Ar
8u
B.a=| "ox2
v
vy —
Oy?
We define v := (v, vy) with vy == (v, vy).

Godunov scheme: v, = v, = v, = a, £ (for the sake of simplicity: Ax = Ay).

Godunov . _ Ax
vy, = aw gy (1,1).

o QUESTION: What can we say about the equation

v

0tq + va= 0,
q(t=0)=¢"
when v, = l/uG"d”"“V or when v, # Vf“d“"ov 77
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[I.1 - The continuous case

e We have the following results:

Lemma 3.2
1) In 1D: KerL, = €.
2) In 2D/3D with v, = 0: KerL, = &.

3) In 2D/3D with vy = (Vuy, - - -, uud) # 0 such that v, > 0:

KerLl, = {q = ( ; ) € (L(T)"Y such that Vr=0 and O ux= o} G E.

Remember that € C KerL,, is only a sufficient condition to be accurate !
— We have to be more precise ! What we have to proove:

L
Orq + ﬁ"q =0,

q(t=0)=¢°

i) When |vu| = O(%) (e.g. va = &%), q(t, x) is not accurate at low Mach numb.

Let q(t, x) be solution of . In 2D/3D:

ii) When |vy| = O(1), q(t, x) is accurate at low Mach number that is to say

16° =B’ = O(M) = |lq — B"||(t = O(M)) = O(M).

[Work in progress: OK for 8:q = B, q knowing that £, := L — MB, ]
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[1.2 - The discrete case

e The previous results incite us to propose the All Mach linear scheme

d / r 1 v
@ (o) X, miei =0 ©

rjjCoQ;

with the two following expressions for ¢§M which are equivalent in this linear case:

1 - All Mach Godunov scheme = Godunov scheme + pressure correction:

AM _ 4 Godunov ax 0 .
¢ = oy +(1- 0)2I\/I ( [(uj — u;) - njln; ) where 0 = min(M, 1).
(10)

2 - All Mach Godunov scheme = Godunov scheme + corrected Riemann pressure:

(u-n)*
oM = 22 (11)
M r*n .
ij
with
% oo it+no ’
rit=0r; +(1— G)T = corrected Riemann pressure (12)

where (u - n)* is solution of the 1D linear Riemann problem that is to say

«_ (witu)on; ri—un
(- = 2 T3

ritro, (ui—u)-n;
2 2

*

Let us note that r** replaces r* =

On Godunov type schemes accurate at any Mach number
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Il - The non-linear case at any Mach number
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[11.1 - Accurate Godunov type scheme at any Mach number

We define the All Mach Godunov type scheme in the NON-linear case

d< p ) 1 AM X
— > Irgle" X =0 (13)
dt pu )| rcon;

(X = Godunov type scheme) with the two following expressions:

1 - All Mach Godunov type scheme = Godunov type scheme + pressure correction:

Pijaij 0 .
¢;}M X = ¢UX. +(1—6y) fz s < [(u; — u) - nyln; ) where 0 = min(M;, 1).
(14)

Example: X = Roe scheme — (13)(14) defines an All Mach Roe scheme.
2 - All Mach Godunov type sch = Godunov type sch + corrected Riemann pressure:
oM X p*(u-n)

f = with  p;" = 0;p;+(1 — 0;)

pi + pj
p*(u* - n)u* + p**n 2

(15)
i

where (p*,u™) is solution of a 1D linearized or non-linearized Riemann problem.
Let us note that p™* replaces p(p™).

Example: X = VFRoe scheme — (13)(15) defines an All Mach VFRoe scheme.

(13)(14) and (13)(15) are NOT equivalent in the non-linear case.

On Godunov type schemes accurate at any Mach number
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[11.1 - Accurate Godunov type scheme at any Mach number
€SP

Conjecture 4.1
These two All Mach Godunov type schemes are stable and accurate at low Mach.

These two schemes are already known. Indeed:

P These two All Mach Godunov type schemes have been proposed
(without any justification) in:

Fillion F., Chanoine A., D.S. and Kumbaro A. (2011). FLICA-OVAP : a new

platform for core thermal-hydraulic studies.
To appear in Nucl. Eng. and Design., 2011.

» The All Mach Roe scheme has been proposed
(and justified with a formal asymptotic expansion for a perfect gas EOS) in:

Rieper F. (2011). A low Mach number fix for Roe’s approximate Riemann
solver. J. Comp. Phys., 230, pp. 5263-5287, 2011.

Moreover, numerical results justify this scheme in this paper.
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[11.2 - Asymptotic expansion of the All Mach Roe scheme
&

We formally justify the All Mach Roe scheme in the non-linear case

{ Op+ V- (pu) =0,
(16)

9e(pu) + V(u®u) + Vp(p) =0

on any mesh type with an asymptotic expansion (we recall that a*> = p’(p)).

e Roe scheme applied to (16):

d pii
PR > Il {(Pi"i + o) -+ = (ug - ng)(ur — up) - ng + ag(pi — Pj)} =0,
ilrjcon; ij
1
(P:u )+ 5e 2] S Arsl {pilui - np)ui + pi(u; - nyuj + a5(pi — pj)(uy + (ug - ny)ng)
r iCoQ;

ui -
+pijlug - ng|[(ui — uy) -ty + Pi(us - ng) [(ui = uj) - nyluy

ij

+lpi + pj + piai(ui — uj) - nglny} = 0.
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[11.2 - Asymptotic expansion of the All Mach Roe scheme
ey e All Mach Roe scheme:

We add the pressure correction

Pyjai 0 .
1—o,)% ’( [0 — u) - nyln; ) where 0 = min(My, 1)

to the Roe flux which allows to obtain the All Mach Roe scheme

d 1
oty 5o Il { G ) o+ 2y )= w) -y 3= )| = 0
lrycon; i
d 1
—c (o) + e S Tl {piCur - my)ui + i - my)u + 2(p; — ) i + (uy - ny)ng)
dt o] rjCo%;
pij(uj - nj)
+pilug - mgl[(w — w) - 5]ty + 2 — w) - nglug
ij

[pi + pj + Ojpijai(ui — uj) - njln;} = 0.

u,
Let us note that if we choose Mj; := | , we have
aj
My <1:  Ogpyagl(ui — u;) - nylng = pylug|[(u; — ;) - nyng.
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[11.2 - Asymptotic expansion of the All Mach Roe scheme

ey e Asymptotic expansion: The dimensionless All Mach Roe scheme is given by

Let us note that O (%) =1 (since §;; = Mj; when M;; < 1 and M; = O(M

Let us suppose that ¢ € {p, p, u} are such that

¢ =6 + M@ + Mp® +

Then:

P> We inject (18) in (17).

> We separate the orders M~2, M~ and M°.
This gives ...

d 1
—pi+ S oarl {(p;u,- + o) g+ M2 (- ng) (0 —
dt 2| rjjCo%; i
a
(p, > Irl {p;(u,- “ng)ui + pi(u; - ngluy + =
2‘Q| r;coR;

+oilug - ng|l(wi —wy) - tylty + M————

ajj
uj) - njj + Mj(pf - Pj)} =

+ (uj - ni)ny)

2 [(ui — ) - ngluy

e (Pt p) + o pia(ui — ) -0yl ng o = 0.

(17)

(18)
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[11.2 - Asymptotic expansion of the All Mach Roe scheme

P =po and P =p(p.) = pu

S In [ = )+ @l ) my] =0,
and K

Z i 12 (p; Q) +pj(1))n,, =0

rijCoQ; *

1 (1)
with a2 = p’(p.). By defining r!) := ﬁ, we obtain q := ( I:(O) ) € KerLL—o,h.

pxax
As a consequence, the asymptotic expansion will be valid if the NECESSARY condition
q(t =0) € KerL;—,» is VALID ! (19)

But, let us recall that we have proven that

u; + uj
KerlL,—o,n = q::<;>e]R3Nst Jc: r=cand Z |I',j\' L .n;=0
r;CoR;

which seems to be a good approximation of &.
More precisely, in the cartesian and triangular cases, we have proven that
eDck A
n € KerL,,—o,n and &) C KerL,.—g -

As a consequence, when the initial condition belongs to ShD OR &4,
necessary condition (19) is verified at least in the cartesian OR triangular cases !
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[11.3 - Linear stability analysis of the All Mach Roe scheme
& The All Mach Roe scheme applied to the linear system

L
9:q+Hq+ 159 =0, (2)

a(t=0,x) =¢’(x).  (b)

is given by
d 1
—r Ty w )+ i —uj) - nj
dtr + 21| r,.jgni‘ gl {(ung)lri 4+ (u u;) - ngl
ER
+ﬁ[(u; +up)ong 4 — rj]} =0,
d 1
—u; SToarl {(ue - nplwi + w) + (5 — gl + Jus - ng|[(u — w) - ]t
dt 2|Q," ryCon;
ER
+ﬁ[r,- + 1+ 0(u; — uj) - n,-j]n,-j} =0.

(20)

Remark: r in (20) and p in the dimensionless non-linear Roe scheme (17) are linked

through dp = 2= Mdr.
ax
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[11.3 - Linear stability analysis of the All Mach Roe scheme

Let us define the energy
2 2
En =D 1Qil(r + |uil®).

We have the following L2-stability result:
Proposition 4.1

Ju-|

i) When 0 := M:
Ax
d E, <0
at "=
ii) When 6 := 0:
d
GEh s - Sl (ue - ng)(r = )[(u; — uy) - ng.
T
Remarks:
> 0= lu]

M = Mach number since a*/M = sound velocity.

*

(21)

(22)

P Inequality (21) justifies the choice 6;; = min(Mj;, 1) from a stability pt of view.

» When 6 := 0 (in that case, the pressure gradient is centered),

inequality (22) shows that we may observe instabilities (except when u, := 0).
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[11.4 - Numerical results

C=0 e When the mesh is quadrangular:

: /‘r‘\‘\‘m\\

i

I

i
i

& :

Iso-Mach, Roe scheme, M = 1072 Iso-pressure, Roe scheme, M = 1072

Iso-Mach, low Mach Roe scheme, M = 102 Iso-pressure, low Mach Roe scheme, M = 102
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[11.4 - Numerical results
(€S

® When the mesh is quadrangular:

Iso-Mach, low Mach Roe scheme, M = 1073 Iso-Mach, low Mach VFRoe scheme, M = 1072

Roe scheme
/

, Low Mach Roe scheme

Low Mach Roe scheme, Mach = 0,01

 Low Mach VFRoe scheme
/
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(€SP

[11.4 - Numerical results

® When the mesh is triangular:

1so-pr., low Mach VFRoe sch., M = 10—2

Iso-Mach, VFRoe scheme, M = 1072 Iso-press., VFRoe scheme, M = 1072
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Thank you for your attention !
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