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Radar Signal Processing :
Doppler Processing
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Doppler Sensors : Radar, Sonar & Lidar

Radar (RAdio Detection And
Ranging) Technology

¢ 107 Years old (C. Hulsmeyer, 1904)

Sonar (SOund Navigation And
Ranging)

¢ (piezoelectric effect) 95 years old (Paul
Langevin & Constantin Chilowski, 1916)

Lidar (LIght Detection And Ranging)
Technology

¢ (laser) 51 years old (T. Maiman, 1960)

Thomas Maiman, 1960 ....
This rnan ignored the nlicule of his
peers and easily succeeded i producing
hl-slljr]-"s firel vizible -'l|:|||I lagir frarm 1his
semple photographec collad flashiamp and
hes ruby crystalling md.



All these sensors use Doppler-Fizeau Effects

| i Doppler effect
i1 forward:1— [

Doppler effect i
backward: 1 + [5 i

Afreq = Radial Velocity
W\/\/WV\ (Doppler Spectrum Mean)
Var(Afreq) = Turbulence
(Doppler Spectrum Width)

Armand Hippolyte Louis
Fizeau (1819 — 1896)

i et el

Christian Andreas Doppler
(1803- 1853)

Woldemar Voigt
(1850 - 1919)
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Radar Processing based on Covariance Matrix
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7 Military Air Defense Application

Detection of slow/stealth targets in inhomogeneous Clutter

+ New requirements in Air Defense to detect low altitude or surface
targets at low elevation. Target Doppler is very close to fluctuating

Clutter Doppler (Ground & Sea Clutters)
¢ Detection of asymmetric & stealth targets in Ground Clutter

o Microlight Airplane

o General Aviation
o UAV & Micro UAV
o Micro Helicopter

¢ Detection of small targets in Sea Clutter
o Wooden & inflatable canoe
o Jetski

o Unmanned Boat
o Naval Micro Helicopter
o Periscope

Detection of low RCS targets

Detection of teneous Doppler Signal i
Increase Range & Reactivity




8 Civil Air Traffic Control Application

Monitoring of turbulences: New Requirement in ATC (SESAR)

¢ In Turbulences, signal is no longer characterized by Doppler velocity
Mean but by Doppler Spectrum Width & “shape”

¢ Atmospheric Air turbulences

o Eddy Dissipation Rate
o Turbulent Kinetic Energy

+ Airplane Wake-Vortex turbulences (A380, B747-8)

o Circulation

o Decay Rate

¢ Windshear in Final Approach

o0 Headwind

o Crosswind

Improve Safety by mitigating weather hazards

Increase Capacity by reducing safe separations




Challenges of Doppler Radar Processing: Detection on Ground

Detection of asymmetric & stealth targets in
Inhomogenesous Ground Clutter

¢ Classical Doppler Filter Banks (or FFT) are not
efficient with very short bursts (<16 pulses) :

o Low Resolution of Doppler Filters with short Bursts (Low
sidelobes / high loss, wide filter)

o If Target Doppler is between two Doppler filters, energy is
spread on adjacent filters. Gain between 2 filters is lower than
gain at filter center ("Straddling loss")

o Ground Clutter Energy is not limited to zero-Doppler filter but
pollution is spread over all filters due to poor Filter-Banks
Resolution & Doppler side lobes in case of very short Bursts.

TPL8 - LY EEIEE Y |2 LS L DU

Filter0  Filter 1 Filter2 Fiter s Fitera  Fiters Filre6  Filter 7

Modify or Hide in the header / footer properties : Date I H A I

m

S




Challenges of Doppler Radar Processing:Detection in Sea

Detection of slow targets in
Sea Clutter Sea State 1 Sea State 3 Sea State 5

e
Tl T " "

¢ Sea Clutter is highly
inhomogeneous

o Doppler fluctuation B

ThermalNoise
I | e
,\ ' ' ' / U r

© Sea current Ground Clutter Seq Clutter
o Surface wind

o Time/space Fluctuation

¢ Sea Clutter is dependant of

o fetch p -._
o Bathymetry 3 -E
¢ Sea Clutter is corrupted by F a § 4
o Spikes due to breaking waves 5 i ;
o “Moutonement” :w N
- N

Offshore Sea
Doppler Spectrum

P .
‘E! Close to the Shore
S8 Sea Doppler Spectrum §
e (Breaking waves)

i | 1 ] ]

- - 1 % [
Diffuseur de Bragg Non-lingarité forte 2 ) itwwsa Dcookr imisi ! [ | ]

THALES




Monitoring of atmospheric
turbulences

+ Air turbulence is characterized by
Spread of fluctuating speeds

¢ This composition of different
Doppler speeds in Radar cells
generates a Widen Doppler
Spectrum

¢ Speed variance of Doppler
Spectrum Width are related to 2
measures of turbulence :

o EDR: Eddy Dissipation Rate
o TBE: Turbulent Kinetic Energy
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Monitoring of Wake-Vortex Turbulences

¢ Wake vortex generate to contra-rotative roll-
up spirals

¢ Mean speed depends on cross-wind

¢ Wake-Vortex has spiral geometry with
increasing speed in the core and
decreasing speed outside the core

¢ Wake-Vortex Speed and structure depend
on Wake-Vortex age/decay phase

¢ Wake-Vortex Strength is characterized by
Circulation in m?/s

Monitoring of Windshear

¢ Inversion of speed in range or in altitude

¢ Microburst in the same radar cell
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Probability Metrics:
Information Geometry
& Optimal Transport
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Probability Metrics: Distance between 2 random variables

Question in Probability and Statistic: Could we define
distance between 2 random variables ?

1 (2)
zV 2
1 (2)
z) d(z",z?)=2 Z
z0O o | —————— 7 ) = |
1 (2)
Zi—)l Zn—l
1 (2)
A 2,

Or equivalently, could we define distance between 2
probability densities of these 2 random variables ?

p(Z(l) /9(1)) M p(Z(z) / 9(2))
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2 Definitions of Probability Metric

1939 (IHP Lecture) 1957 (CRAYS)
Fréchet Bound (Cramer-Rao) Fréchet-Levy Distance

1948 (Annales de I'I|HP)
Les éléments aléatoires de nature quelconque
dans un espace distancié

What is the good geometry : geometry with best properties for
our applications in Radar Processing




Information Geometry: Fréchet-Darmois-Cramer-Rao Bound

Information Geometry :

¢ Fisher Information Matrix and Fréchet-Darmois-Cramer-Rao Bound

Information and the Accuracy Attainable SUR LEXTENSION DE CERTAINES EVALUATIONS
in the Estimation of Statistical Parameters STATISTIQUES AU CAS DE PETITS ECHANTILLONS

par Maurice Fréchet.
C. Radhakrishna Rao

FDCR Bound Fisher Information Matrix R.A. Fisher

E|lo-6Jo-0) |>10)" [10)],,--£ :82 12 91;% / 9):

-




Information Geometry : Rao-Chentsov metric

Information Geometry :

¢ Rao-Chentsov Metric defined with Kullback divergence

¢ Kulback-Leibler Divergence :

K(p,q)= Sz;jtp[Ep(¢)—lnEq(e¢)]= jp(x/@)ln(lq?((;c//z))]dx

¢ Rao-Chentsov Metric (invariance by parameter changes)

ds* =K[p(X/0),p(X/0+d0)|=d6" 1(0)d0 =g, ,d0,db,
L)

g, =), THALES



Dual Information Geometry

-Dual Coordinates systems & Potential functions

o Potential Functions are Dual and related by Legendre transformation :

6=00)=("m22")
H = (n,H) = (m,—Z + mmT)
_ {ﬁ(@): 27° Tr(®_16’9T )— 27" log(det®)+2 " nlog(x)

5(]?): -2~ log(l + nTH‘I;y)— 27" log(det( — H))—2"nlog(27e)

Dual coordinates {

KlZ (00 5E<@,ﬁ>—ﬁ
< 6?, and < ;1 with <(~),H> = Tr(&’nT + @HT)
5_SU - H a¢ — @
00 0H 5(?[)2 Ellog p] Entropy
o0 Hessians are convexe and define Riemannian metrics :
o e 0
%" %6000, " %" " eHoH, THALES




Combinatorial/Variational Foundation of Kullback Divergence

-Combinatorial Fundation of Kullback Divergence

o Kaullback Divergence can be naturally introduced by combinatorial elements and
stirling formula :

Let multinomial Law of N elements spread on M levels {nl}

M qnl
PM(n19n27 T Gy see aQM) N! nl'
i=1 T4
n;
with ¢; priors , Zni =N and P, :ﬁ
i=1

Sirling formula gives : nl=n".e " A/2.7.n when n — 4o

Lzm—log[P |= Zp, log L4 =K(p,q)

N—+o00 N
i

Variational Foundation of Kullback Divergence

o Donsker and Varadhan have proposed a variational definition of Kullback divergence :

K(p,q)= SZPLEP (#)-1og E, (e*)]

THALES




Kullback Divergence & VARADHAN'’s Variational Approach

o Donsker and Varadhan have proposed a variational definition of Kullback divergence

K(p,q)= SZP[EP (¢)-1og E, (¢")]

Consider : ¢(w) = ln(p (a))j

q(o)

This proves that the supremum over all IS NO émaller than the divergence

_ ) — e’ _ 4" (@)
T W

(@)
= K(p.9)-|E,(#)-m(E, )= p(a»{ln( qi((‘;))ﬂ >0

= £, -n(E,)= X p(@ ln( g ] _h{g (@ M} = K(p,g)~In() = K (p,9)

g(w)e’
> 4(@)e"”

Using the divergence inequality,

with ¢*(w) =

m Link with « Large Deviation Theory » & Fenchel-Legendre Transform which
gives that logarithm of generating function are dual to Kullback Divergence

g [ & (e |= sup[ ¥ O p(Ox K (p.9)]

< K(p,q)= Sup“ V(x)p(x)dx— logU eV(x)q(x)dx]]
48

< K(p,q)= b;t(tg[Ep(V) —log £, [e”x)]] THALES




Optimal Transport Theory: Wasserstein distance

Wasserstein distance Cédric Villani, Field Medal 2010,

Book on « Optimal Transport
¢ Framework of optimal transport theory Theory : Old & New »

1/n

W,(uv)=| Inf [d(x,y)'dz(x,y)

mell (u, V)

- /n
W (1) = Jnf{(E[d(X, ) ) taw(x) = o, taw(y) = v}
Particular cases of Wasserstein distance

¢ Case n =1: Monge-Kantorovich-Rubinstein distance
W (u,v)=d(P,0)= InfEUX v|]

¢ Case n=2: Fréchet distance

V%(u,V)=d(P»Q):%E“X‘Y‘2J

THALES




Optimal Transport Theory : Fréchet-Wasserstein distance

Fréchet distance

¢ In 1957, Maurice René Fréchet has introduced a distance, based on
Paul Levy’s paper (particular case of Wasserstein distance)

ACADEMIE DES SCIENCES

SEANCE DU LUNDI 4 FEVRIER 1957.
CALCUL DES PROBABILITES. — Sur la distance de deux lots de probabilité.
Note de M. Mauvrice Fricner.

Une formule explicite et simple est donnée pour représenter la distance de deux
lois de probabilités quand on utilise la premiére des trois définitions de cette distance
proposées par Paul Lévy. Une quatriéme définition est proposée.

Nous prendrons ici, pour cette distance, 1’écart quadratique moyen de X et
de Y. En appelant F(2), G(y), H(x, y) les fonctions de répartition respec-
tives de X, de Y et du couple (X, Y), cet écart quadratique moyen Dy a pour
carré

D= M (X —Y)* —ﬁ{&: Yy dedy Hz, y),
P

dz(F,G)zl);fzj;E“X—YH:”(x—y)ZH(x,y)dxdy

THALES




Optimal Transport Theory : Fréchet-Wasserstein distance

FI’éChet DIStanCe PAUL LEVY

MAURICE FRECHET

¢ Fréchet’s paper from 1957 in CRAS :

Paul Lévy a proposé (*) trois définitions de la distance de deux lois de pro-
babilite L, 1./

Nous examinerons ici la premiére, qui est la plus intuitive et qui, contrai-
rement a ce que l'on aurait pu attendre, conduit a des formules trés simples. 50 ans de correspondance

Selon cette premiére définition, la distance (L, 1) de ces deux lois est la mathématique
borne inférieure de la « distance globale »

(X1, [Y])

de deux nombres aléatoires X, Y qui ont respectivement L et L' comme lois de
probabilités individuelles, quand la corrélation entre X et Y varie.

Il est clair que la distance (L, L") va dépendre de la définition adoptée pour
la distance globale de X et de Y.

C.R., 1057, 1** Semestre. (T. 244, N 6.) ‘_fi_’i COLLECTION HISTOIRE DE LA PENSEE
HERMANN (7 EDITEURS DES SCIENCES ET DES ARTS

Editée par Marc Barbut,
Bernard Locker, Laurent Mazliak

¢ Paul Levy’s letter to Maurice Fréchet (2" of April 1958)

o ... J'ai ainsi pu apprécier ce que vous aviez fait, en prenant comme point de départ de votre
mémoire ce que vous appelez ma premiere définition de la distance de deux lois de probabilité
(en fait ce n’était pas la premiere). Vous l'avez d’ailleurs généralisée, en ce sens que je ne l'avais
associée gu’'a une de vos définitions de deux variables aléatoires. Et jai beaucoup admiré
comment avec votre quatrieme définition, vous arrivez a faire quelgue chose de maniable d’une
idée qui pour moi était surtout théorique, vu la difficulté de déterminer le minimum de la distance
de deux variables aléatoires ayant les répartitions marginales données.

THALES




4th definition of Fréchet distance

4th Fréchet Distance dz(F,G)= ”(x—y)zHl (x, y)dxdy
¢ Extreme Fréchet Copulas with H,(x,y) = Min[F(x),G(y)]

Nous pouvons, en effet, considérer H(z, y) comme définissant un « tableau
de corrélation » dont les « marges » sont définies par les fonctions F(x), G(y). H, (x,y)< H(x,y) < H, (x, )

Or nous avons montré () que I'ensemble des fonctions H(z, y) est iden- with
tique &4 I’ensemble des fonctions de répartition dont les valeurs sont comprises

entre deux d’entres elles, a savoir HO (x,y)= Max[F(x) +G(y)— 1,0]
@ (o) M F0) + G~ 0] H,(x,y) = Min[F (x),G(»)]
(a2, y) = Min[F{x), G(.j'."i'

Poursuivant cette étude (d’ailleurs dans un autre but), Salvemim avait
conjecturé que I, (X — Y)* atteignait sa borne inférieure pour H= H,. Bass
a énoncé (*) le résultat correspondant pour r, dans le cas ot X et Y sont bornés
(et m’en a communiqué la démonstration ). Un peu plus tard, Dall’Aglio (“) a
validé la conjecture de Salvemini dans un cas plus général encore.

¢ 4th Fréchet’s Distance

Pour esquiver ces deux difficultés, nous allons proposer une quatriéme défi-
nition. Si celle-ci les supprime, en effet, il faut reconnaitre qu’elle est moins
intuitive que celle de Lévy.

Nous poserons, a priori, sans explication

(L, L) == ([X], [Y])n,-

On peut en donner deux justifications. D’une part, elle coincide avec celle
de Lévy, au moins dans le cas, examiné plus haut, ou la distance globale de X
et Y est égale a leur écart quadratique moyen. D’autre part, on peut prouver
que cette valeur de (L, L") vérifie bien méme dans le cas général les trois condi-
tions imposées 4 la notion de distance.
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Application for Multivariate Circular Gaussian Law of 0 mean

Model : Multivariate Circular Gaussian Law of zero mean

(Z/m,R): - I e—T”(RR_l) with R :A(Z _m)(Z _m)+ case with m = ()
7" det(R) E[R]: R

¢ Rao-Chentsov(-Siegel) Metric & distance

ds*® = T;»((R‘la'}z)2 ): |R2aRR™2|

F

d*(Ry.R,)=|log(Ry".R,.RY? [ = S n*(2,)
k=1

with det(R,?.R,.R;"> = A.I)=det(R, — AR, )=0

¢ Fréchet-Levy(-Wasserstein) distance

‘dz(RXaRY):TF[RX]‘I‘TF[RY]—Z,T]/'KR;(QRYR;z /ZJI

THALES




Properties of each geometry

Information Geometry

Existence and

Unicity of

_ _ Barycenter only

1/2 _tlog\Ry 2R, R %) p1/2 1/2( p-1/2 ~1/2 1/2 .

7/(1) :RX e og( xSty )RX :RX RX RyRX RX proved in case of
negative

— — — o curvature by Elie

20’s

¢ Geodesic

o Space with sectional Negative Curvature

o Invariance by parameters changes

Wasserstein Geometry

¢ Geodesic

R, =(0-01 +t.D,, )R, (1-0)I +t.D )
with D, , = RV} (RVR,RJ""R/> =R, o R,

o Space with sectional Positive Curvature

THALES




Information Geometry : Multivariate Gaussian Case, m=0

Information Geometry for Multicariate Gaussian Laws
(cas m=0)

¢ Rao-Chentsov distance
d*(Ry, R, )= log(Ry"> Ry Ry = S n*(2,)
k=1

avec det(R}>.R,.R}> — A1 )=det(R, — AR, )=0

Particular case of Carl-Ludwig Siegel case (in the
framework of symplectic geometry)

¢ Siegel Metric
SH, ={Z = X +iY € Sym(n,C)/Im(Z) =Y >0}
S g0 = Tr(Y‘l.dZ.Y‘l.dZS avec Z=X+iY
o Invariant by all automorphisms of SH,
M(Z)=(AZ+B)CZ+D)" avec A'D-C"B = Bl
o Particular Case :{X =(

Y=R

= ds’ =T7”[(R_ldR)2] THALES




Example : Monovariate Gauss-Laplace Law

Gauss-Laplace Law

o Fisher Information Matrix for Gaussian Law :

1) =0 Ll) g} with E[(@ ~d)o- éﬂ > 1(6)" and 0= (:)

o Rao-Chentsov Metric from Information Geometry

2 2 2
ds® =d0" 1(0)do =" 42,97 _5 5 (d—mj +(do}

o’ o’ V2
[ o This metric is the Poincaré metric (model of hyperbolic geometry) 0
:7' § 2 m . Z_i 2 ‘da)‘
S Z=—F7=+1.0 = : (]a)‘<1) = ds” =8. 5
. I 1-lof'f
H. Poincare 14 5( (1 (2)) 2
e, |d ({ml » O }» {mz 1ep! }) =2/ log TR
1-0(w"’,w)
M _ 2 ‘
. ' —
with o(@", ™) = _
(@707 1—- P HALES




Poincareé Space in Art (Escher, Irene Rousseau )




Poincaré & Siegel Upper Half Plane & Disk

Poincaré Upper Half Plane mi ) = @ Poincaré Unit disk
2 z+1 2
2 2
, dx’+dy? |de] Js? — ]
ds” = = 5=
2 2 2
y y i f

%

ds’ =y 'dzy 'dz
avec z=x+iy and y >0
Siegel Upper Half Plane gl = (Z —i[)(Z + i[)_1 m = Sjegel Unit disk
ds* =Tr(Y 'dzy'dZ )
with Z =X +iY
X € Herm(n,C) and Y € HPD(n,C) THALES

ds” = (1 —ww )_1 a’w(l —ww )_1 dw

ds* = o1 —mww Y aw (1 -ww) aw




Siegel Space

Siegel Upper Half Space
SH, ={Z =X +iY € Sym(n,C)/Im(Z)=Y >0}
det(R"> R, RV = A0 )=0
dz(Rl,Rz):kZ:logz(ﬂk) Y>0

ds* =T race[(R‘ldR)z]

ds* =Tr(y ' (dz)v'(dZ))

" F.Berezin |
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Information Geometry based on Poincaré’s hyperbolic geometry

BRI © < /\Cta Mathematica »
was founded by Goésta
Mittag-Leffler in 1882

 Henri Poincaré has = l = =
published paper on = —r
Fuchsian Group in first ——
volume of Acta 1 N8 N"
Mathematica: Henri =N\ i

¥

La "'”'"""”l-""“'“"I"‘-' Poincaré (1882) "Théorie AT ¥ Wil ¥ iy
entre ] N o :
Trenrg oenomal Cdes Groupes Fuchsiens”,
TRESER el Acta Mathematica v.1,

p.l.

rrrrr

|'|| S AR AR N TE] OR |'-.|-
|'III|||I|- -"\:lllllll il 1I.'[ ]1; \I‘l [”]"'ll‘l I{‘-

259 Letters between Mittag-Leffler & Poincaré




Information Geometry based on Poincaré’s hype

e Henri Poincaré (1882) "Théorie des Groupes
Fuchsiens", Acta Mathematicav.1, p.1., 1882
published by Mittag-Leffler

THEORIE DE% GROUPES FUOHSIENS
Pan H. POINUARE

4 PARIS

Dang une-sivie de mémolees présentés o P kendimin dis Selorose Tu
ditini certuines fonetions nouvelles gue Tai sppeless fuchsienmes, klvine-
ennes, thetafuchsionned et getafnchsisnnes: [he wme fjne lea: fonetions
elliptiques ot abélennes permettent d'intéorer les differenticlles nladbiques
de miéme les nonvelles transecndantes permettent dintégror Tea dguations
difftventiollis Tindaires & costhicients algihrigues.  Jai risnmd suecinete-
nisht Jes risultuts obtenus dans e note inserée s Matkenatisehe A
e, ."L}"-Ilﬂ Fintention do les expoger en détail, je oommencerdd, dans le
present fravail, par étudier les propridte: des gromipes fuclisiens, me résor-
st de revenie plos turd sar loups constguenees o point de yue de Tn
theerie dez fonctions.

¢ L. Substitutions réelles,

=1L = une variable illl:LF':.ll.L:|'\c- ||,|-ri_1|i|- |.|||- 1 I..:-;.i1'|r||| -|I|j|| |u.'a||r
duns -un plan: ¢ une (bretion prnaEreird e oette varinhle déting prier L
rizlstion :
itr o i

TG

(8 & =
Jie .-:||||p-;4r:|'ui. ceo il i rest i pas In seneralitd, gque Ton a
il g =1

\‘-i. {2 |P'r-lr=1 z leerid -|I'II‘-; A= ||.|' conrhe a8 coupant sous an eiEtain
Iirlﬂll' By |-' '|u|i||'. fodierien -|" SOl i l]':ll'n. s de onnrhe &e LFETHLITE

Acta mpifemmticeg. 1 1

rbolic geometry
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Carl Ludwig siegel




Information Geometry : Multivariate Gaussian Case, m=0

Information Geometry for Multivariate Gaussian Laws
(cas m=0)

+ Geodesic: d(R,,y(t))=td(R,,R,) with t[0,1]

(t) = R}({zetlog(R)_(l/ZRYR;(l/z)R}({z _ R;z(R;(l/zRYR)}l/zyR;z
y(0)=R, , y()=R, and y(1/2)=R, o R,
Properties of this space

¢ Symetric Space as studied by Elie Cartan : Existence of bijective
geodesic isometry

GousnX =(4°B)X"(4°B) avec AoB= A1/2(A—1/ZBA—1/2)1/2A1/2
¢ Bruhat-Tits Space : semi-parallelogram inequality
Vx,,x, dz telque Vx

d(x,x,)’ +4d(x,z)* <2d(xx,)* +2d(xx,)’ Vxe X
¢ Cartan-Hadamard Space (Complete, simply connected with
negative sectional curvature Manifold)
THALES




Information Geometry : Multivariate Gaussian Case, m=0

¢ Symetric Space as studied by Elie Cartan : Existence bijective geodesic
isometry B =G4 (

AoB=A"2(41"2 g )/2 yL
W) = A" (41/2 B A—1/2) yL

=4 <l g

. o4

A=G,p8 G X =(4oB)X" (40B) M. Berger
¢ Bruhat-Tits Space : semi-parallelogram inequality

d(x,x,)’ +4d(x,z)* <2d(x,x,)* +2d(x,x, )’

2 Z
‘V

o=y +|o+ v =2l + 2| "HALES




Information Geometry &
Fréchet-Karcher
Gradient Flow
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OS-HD-Doppler-CFAR

For detection of Slow & Stealth/Small Target in inhomogeneous
clutter, we need simultaneously :

¢ High Doppler Resolution with short Bursts
¢ Robust CFAR in inhomogeneous clutter & closely separated targets

Proposed Solution : OS-HR-Doppler-CFAR

¢ Avoid drawbacks of Doppler Filters / FFT in case of short bursts

¢ Take advantages of Robust Ordered Statistic of OS-CFAR (Ordered
Statistic CFAR, Median-CFAR)

Challenges to define OS-HR-Doppler-CFAR

¢ Can we order « Doppler Spectrums » : NO
o there is no total order of covariance matrices R;>R,>...>R_
o There is only Partial « Lowner » order : R,>R, if and only if R1-R2 Positive Definite

¢ Can we define « Median » of « Doppler Spectrums » : YES !l

o In a « Metric Space », the median is defined as the point that minimizes the « geodesic »
distance to each point (compared to the mean that minimizes the square distance to each

point)
o We can define a deterministic or stochastic gradient flow that converges fastly to « median

spectrum » (Modified Karcher Flow : THALES Patent)
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Center of Mass : Arithmetic Mean and Median in R"

In R", the center of mass is d%ﬁned for finite set of points {x} y
1)1=
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Sensitivity to outliers : Median versus Mean
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Extension of barycenter in metric space

Nalve Mean of N Right Triangles :

Right Triangle

h2=a%+b?

¢ Let N Right triangles :

{ai’bi’hi }N

» with A’ =a’ +b’
i= I i I

¢ « Arithmetic » Mean is not a Right triangle

N 1 Nb 1 Nh A B, H
{ﬁ;aiaﬁg ZWZ; i}_{’ ’ }

H? + A% + B?

Solution : Fréchet Mean (Center of Mass)

One Right Triangle could be
represented by 1 point on

surface h?=a2+b?

¢ Consider the surface h?=a?+b?in Space of
coordinates (a,b,h)

¢ Fréchet Mean/Barycenter/Center—of—Mass

{A,B,H} arg Mm d al,bi,hl. }, {A,B,H})

ABH

(,.) defined on surface (a,b,h)/ h* =a® +b}

geodesic

geodeszc



Cartan Center of Mass and Karcher Flow

Cartan Center of Mass

+ Elie Cartan has proved that the following functional :

f:meMdez(m,a)da
A

is strictly convexe and has only one minimum (center of
mass of A for distribution da) for a manifold of negative
curvature

Karcher Flow

+ Hermann Karcher has proved the convergence of the
following flow to the Center of Mass :

m+1:7/n(tn):expm( t,.Vf(m, )) avec )/n(O)_—Vf(m) -

Vf = J. exp, (a)da

A

THALES




probability on a manifold : Emery’s exponential barycenter

¢ Maurice René Fréchet, inventor of Cramer-Rao bound in 1939, has also
introduced the entire concept of Metric Spaces Geometry and functional
theory on this space (any normed vector space is a metric space by defining
but not the contrary). On this base, Fréchet has then extended probability in

abstract spaces. d(x,y) = ”y — x||

M. R. Fréchet, “Les éléments aléatoires de nature quelcongque dans un espace
distancié”, Annales de I'Institut Henri Poincaré, n°10, pp.215-310, 1948

+ In this framework, expectation b = E[g(x)]of an abstract probabilistic
variable g(x) where X lies on a manifold is introduced by Emery as an

exponential barycenter : jexpgl(g(X))P(dx) =0

M
¢ In Classical Euclidean space, we recover classical definition of Expectation

E[]:
p.q € R" = exp,'(q) = g — p = E[g(x)]= [g(x)P(dx) = [ g(x)py(x)dx

M. Emery & G. Mokobodzki, “Sur le barycentre d’'une probabilité sur une variéeté”,
Séminaire de Proba. XXV, Lectures note in Math. 1485, pp.220-233, Springer, 1991
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Mean & Median of N matrices HPD(n)

Mean of N Hermitian Positive Definite Matrices HPD(n)

¢ Solution given by Karcher Flow with Information Geometry metric
N N
2
X e = Arg MinY d*(X,B,) =Y Jlog(x 2.8, x|
X k=1 k=1
N
EZIOg(X,jl/szX;”z)
_yvl2 S 1/2
Xn+1 o Xn € Xn
Median (Fermat-Weber Point) of N matrices HPD(n)

X = Arg Mini d(X,B,)= ZN:HI()g(X_”Z.Bk X2 }\
X k=1 k=1

log(X,;”szXn_”z)
keS,, HIOg(X;UszXn_Uz M

&

X  =X"e X'"? with S ={k/X, #B,}

n

¢ PhD Yang Le supervised by Marc Arnaudon (Univ. Poitiers/Thales)
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Median on a Manifold:; Karcher-Cartan-Fréchet

¢ Gradient flow on Surface/Manifold

Gradient Flow :Pushed by Sum of Fréchet-Karcher Barycenter :
Normalized Tangent vectors of Sum of Normalized Tangent vectors
Geodesics of Geodesics is equal to zero

-1
himeM 1jd(m,a)da;>Vh = eXpﬁg(“) da
2% Min A HeXpm (a)H \
4 Sum of Normalized
M CXP,, (xk) Tangent Vectors

k1 HGXP;; (x; )H THALES

Compute point on the \
surface In the direction _
m . =€X 4
of sum of Normalized n+l P,
Tangent Vector




Mean : Karcher Barycenter

} 7/k (t) — X1/2 (X_l/szX—lﬂ )tX1/2 _ X1/2etlog(X_1/2BkX_1/2)X1/2

e N

dy, (1)

e x\2 log(X—l/szX—1/2)X1/2

dt

M

u d7/1.c(t) 1/2 v _ _1/2 “1/2 ;/2
= X log| X B X X' =0
2 (; oelx )]
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Comparison of Mean & Median Doppler Spectrum
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Other approach to smooth spectrum : Fourier Heat Equation

+ Diffusion Fourier Equation on 1D graph (scalar case)

o Approximation par un Laplacien discret :

2
Ou _Ou N ou 1 (u,—u, u,—u,_ ) 2 (i —u)
or ox’ ot Vx\ Vx Vx Vxr ot
L el with arithmetic mean of adjacent points : ﬁn = (un 1 + u,_ )/ 2
o Dicrete Fourier Heat Equation for Scalar Values in 1D :
n : 2.Vt
Uy = (1- p)unt TPU,, with p = Vi

+ By Analogy, we can define Fourier Heat Equation in 1D grapf of
HDP(n) matrices :

12 ploglx; 2%, x7V2) 1/2( 172 —1/2)0 1/2
_Xn,te Xn,t _Xn,t Xn,t Xn,tXn,t X

n,t

X

n,t+1

: 5 _ 12 \/2
with X | =X, (X 1/2Xn—1tX 1/2)I X, = X1y 012 X

n+l,t n+l,t , n+l,t n+l,t N
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Isotropic Diffusion of Doppler Spectrum
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Anisotropic Diffusion of Doppler Spectrum
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Geodesic Projection

M : geodesically
convex closed
submanifold of

Hadamard
Manifold

I1,,(P)=argmin a’ist(P, S )

N SeM
¢ Geodesic between matrix P and Geodesic between Q & R :

o ()= O'(S,t) _ pl2 [P—1/2Q1/2(Q—1/2RQ—1/2 )S Q1/2P—1/2 ]tpuz

¢ The geodesic projection is a contraction :

dist(11,,(P), I1,,(Q)) < dist(P, Q) THALES




Optimal Transport Theory
&
Gradient Flow
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Optimal Transport : Frechet-

Wasserstein Distance for Multivariate

Gaussian Laws

¢ Fréchet-Wasserstein distance

E.X—Yz_:E[Tr((X—Y)+(X—Y))]

E.-X —Y2: =|E(X)~E@)|" +Tr[R, |+ Tr
¢ Proof X R a

o If we set W:{Y}:RW:LU{ R,

Sup Trw+¥" )= ¥ =R*(RR,
Ry —¥R;'¥ >0
o Solution is given by:

1 + )= 217V R, RY?) "]

y =RV} (RV>R, RV RV X

:RY ] —2Tr [RX,Y ]

> ()

172 V2 5-1/2
RJ7R;

THALES
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Optimal Transport : Fréchet-Wasserstein distance

Wasserstein Distance for Multivariate Gaussian Laws
¢ Fréchet-Wasserstein distance
& ((my R, )(my R )) = |my —my [ + TR, |+ TR, |- 2.77|(RVR,RY?) )
¢ Geodesic
o If we set: DX’Y = R;Z(R}(MRYR;Z)_I/ZR}(M — RX oR;1
my =(1=t)m, +tm,
R, =101, +¢D,, )R, (1-1)I, +2.D, )
W, l(mu)’ (5) )» (m(rwR(r) )J <(t-s)W, Km<o>>R(0> ), (m<1)>R<1> )J

¢ Optimal Transport :

o (]k,VW) N(my,RY) transportfromN(my,RY)to N(mX,RX)

p(v)= 2(V m )+DX,Y(v_mY)+(mX _V)

x=Vy(y) :DX,Y(y_mY)+mX
(x—mx)+R;(x—mX)=(y—mY)+R;1(y—mY)THA|—E5




Optimal Transport : Frechet-Wasserstein Distance

Characteristics of this space (case m=0)

¢ Wasserstein metric :
gN(o,RY)(X’Y) - Tr(X'RY'Y) &, NO.R,

. €XP y(o.z,)(1-X)

¢ Tangent Space and Exponential Map : y(t)

CXP y(o.z,)(E.-X) = N(OaRRY,(r)
Ry o =(A=0I, +tX)R,(A-0), +1.X)
Properties of this space

¢ Alexandrov space

d(a,y®) = (1-0)d(a,y(0)) +td(a,y(0) —1(1-1).d(y(0),7(1))

¢ space Positive Sectional Curvature (geodesiquely convexe and
simply connected)

THALES




Optimal Transport : Frechet-Wasserstein Barycenter

Wasserstein Barycenter for Multivariate Gaussian Laws
(Case m=0)

o Frechet Wasserstein Barycenter

IanW (1,v,) with W,(u,v)= lnfEMX Y| ]
H k=1
+ Solution of Fréchet-Wasserstein Barycenter for N Multivariate

Gaussian Laws of zero meams {N(O, R, )}ivzl

o Constraint :
N

Z<R1/2R R1/2)1/2 R

k=1
¢ lterative Solution

o lterative solution (convergence for d=2, d>3 convergence conditionaly to the
initiation)

N . 1/2
K(n+1) (Z (K(n)K]?K(n))l j with Ki :Ril/z

k=1

THALES




Stationnary Signhal &

Toeplitz Constraint on
Covariance Matrix :
Gradient Flow through Partial
__lwasawa & CAR Model



Additional Constraint : Toeplitz Structure

¢ Covariances matrices are structured matrices that verify the
following constraints :

*

o Toeplitz Structure (for stationary signal) : Vn, E[ann_k ] =1,

B % % * %
rh h I R A [
5k . .
no o n R
R . * . n—1 *
n | h B | = ry
. %k %k
I N H
| hLon | [T hr o nlrn |

0 Hermitian structure :

R" =R with +:transposed and conjuguate
o Positive Definite Structure :

VZeC",Z'R,Z >0,V Asuchthat det(R —AI )=0=1>0
¢ How to built a flow that preserves the Toeplitz structure ?

If you remember first example on « Right Triangle », in this case Pythagore _
constraint is replaced by HPD & Toeplitz constraints T H A L E 5




Preservation of Toeplitz Structure

We use Partial lwasawa Decomposition = Complex AR model

N
zZ,= —Z a,ﬁN)Zn_k +b, with E[bnb:_k]: 5“)02 and A4, = [al(N)
k=1

R S A ZE =) I

My,
n—1 n—l1 n—1**"n-1
A A .
a;lzb—ﬂnzjail An:|: Ol:|+,un|: ’il} Vo =Jr
¢ Information Geometry metric (metric = Hessian of Entropy)
82&) . n T \ 3
L S R
¢ 777y, :reflection coefficient with ‘ ,uk‘ gl E. Kahler

&)(Rn JPB) = log(det R )— log(ﬁ.e) = —Z (n— k).ln[l — ‘,uk‘z J— n.ln[ﬂ.e.PO ]

1y

2 ! 'I'ilul'lrr A
Y
{ e

2
ds? =d6"" [g, 10" = n{%} + 3 (n—i) ( dp
1—




Complex Autoregressive Model :

. Initialisation :
f,(k)=b,(k)=2z(k) , k=1...N

1 & 2
B=L 3w

o =

(N :nb.ech.)

.Step(n)' For n=1to M

Regularized Burg Algorithm

N Z fn 1(k)bn 1(k 1)+2Z (n) (n D ’(1nk1)
M, =~ 1 an+1 ; with ,B(n) =7, (272.)2.(](_’1)2
(’1) (n—l)
N_nkg;rl fn—l(k)‘ b, (k- l)‘ +2Z a! ‘
fa(()n) _
la (l’l) — a}({n 1) +,Lln (n 1)* : f=1.... .
(n) =u
) fn(k) = fo (k) + b, (k=1)
| b,(k)=b, (k=1 +u,.f, (k)
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Median AR model Through Median Reflection Coefficients p,

L4
L 4
.'
L
4 Iumedian,n+1

-

L ]
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Median AR model Through Median Reflection Coefficients p,
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Alternative to Karcher Flow : Arnaudon Stochastic Flow

Random selection at each
iteration of 1 point in the
disk + evolution along the
- geodesic

ll’lrand(n),n

n  /I'n

ll’lrand(n),n

M. Arnaudon, C. Dombry, A.Phan, L.Yang, ” Stochastic algorithms for computing
means of probability measures”, http://hal.archives-ouvertes.fr/hal-00540623 H A L E S




Arnaudon Stochastic Flow

ll’lrand(n),n

ll’lrand(n),n




OS-HR-Doppler-CFAR

—>»  Scalar OS CFAR 3
log|.| O ss |-
Classical &
| 2, FFT [ | OY
Chain
log|.| (O >s -
NN Scalar OS CFAR j
20 Regularized Robust
—Pp AR RaO >S
OS-HRD Model Distance
CFAR J |
— Median CFAR on {R),,-,ﬂl,i,---,ﬂm,i },-z fenétreTFAC \
<
. _ P(),median i L _ ‘ /un,j _lun,median
dlSt({Po,i’/‘us---aﬂm,i }a {l)(),median7lul,median""’lum,median })—m |:10g Po,j :| +;(m n)[argth[‘l_[,Un,j-:“:,medmn] ]]
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Figures of Merit (sea clutter)

COR curve

Gain of
New processing

chain

First tests on
real recorded
sea clutter

e ]
= s

1 ] i i 1
i 1|:|.4 ‘AWt Dol mis)

Red : OS-HR-DOPPLER-CFAR based on CAR median
Black : Classical Doppler Filter & OS-CFAR
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Figure of Merit for Closely Separated Targets (sea clutter)

COR Curves

1

n9r
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New processing
Chain nif |
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Red : OS-HR-DOPPLER-CFAR based on CAR median
Black : Classical Doppler Filter & OS-CFAR
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In Progress: tests on real Air Defense Radar Ground Clutter records

Waveform 1 Waveform 2
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ROBUSTNESS of OS-HRD-CFAR

- Robustness is given by :

o Metric & Distance between Doppler Spectrums take into account variances of
estimation (Rao’s metric of Information Geometry is given by « Fisher
Information Matrix » used in Cramer-Rao Bound)

o HR Doppler estimation is « Regularized » (Regularized Burg Algorithm)
because with short bursts, we cannot estimate AR model order or dimension of
« signal space » (e.g. MUSIC)

o Detector is not based on whitening filters (sub-optimal because filter weights
have high variances with short bursts) but on robust distance

o Median is a basic tool of Robust statistic : low sensitivity to outliers (Fréchet
has studies main advantages of “Median” compared to “Mean”)

Jointly
Robust Doppler Estimation << Robust Distance <
Robust Statistics << Robust Detector

THALES




Information Geometry for
turbulences monitoring
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Monitoring of Atmospheric Turbulences

Turbulent Flow

wis Satascen 168 965 165 67 160 165, 8 peur atemet &7

Laminar Flow

Distance between AR model of order 1 and

Regularized AR model of maximum order
THOMASSET Cyrille :  01/04/2011 T H A L E 5




Upgrade of STAR2000 ATC Radar Weather Channel

STAR2000 (1&Q)
Rain Rate

Atmospheric
Turbulence




Wake-Vortex Monitoring
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Wake-Vortex Monitoring : Arrival

# — Departure &
; Arrival -
N

S *f;\-‘-ﬁ‘!d
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Wake-Vortex Monitoring : Departure
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Opportunity Trials : ATC PSR Radar records of A380

A380 Airplane
Range ~ 4 km
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BOR-A Installation : 06/05/2011
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BOR-A First tests

EIRCERL NI
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SPACE-TIME COVARIANCE
MATRIX MEDIAN
COMPUTATION: STAP
PROCESSING

THALES



Extension to STAP : Toeplitz-Block-Toeplitz Matrices

Entropy
Hessian metric

Space or Time
Covariance Matrix

y A

Karcher/Fréchet Partial lIwasawa
barycenter/Median Decomposition
Polar decomposition Complex Mostow degomposition
y in Poincaré’s disc | Autoregressive in Siegel’s disc
Anistropic Fourier Median in
Diffusion on graph Poincaré’s disc

LIE GROUP & RIEMANNIAN SYMMETRIC SPACES GEOMETRIES
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Extension to STAP : Toeplitz-Block-Toeplitz Matrices

Previous results can be extented to Block-Toeplitz
Matrices :
_Ro R, - Rn_
o . . R R' R,
_R; R1+ RO_
L 0 0 J
R L Op
R —pl | with V= ’
R =V| 0 J .
R
S J, 0 0
THALES




Extension to STAP : Toeplitz-Block-Toeplitz Matrices

From Burg-like parameterization, we can deduced this
iInversion of Toeplitz-Block-Toeplitz matrix :

Rl | a, A
e A, R va, A, A
an' n p.n an' n*""n
-1 i+ A T+
r | AR, A, AR,
p.n+l A
-R,, .4, R,,

with o' =[l—4"4" |a', o' =R,

_1*

_Al ] JpAI:l—l Jp
> . An—l
and 4 =| : |= +4). e
Lo, J AT
| i ]p |
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Extension to STAP : Toeplitz-Block-Toeplitz Matrices

Kahler potential defined by Hessian of multi-
channel/Multi-variate entropy

5(Rp’n ) = — log(det R, )+ cste = —Tr(log R, ),u +cste
= g; = Hess [¢(Rp,n )]

5(Rp,n ) = nz_i (n—k).log det[]n — A AT ]+ n.log|r.e.det R, |
- n—1
+ 3 (n=k)Tr [(1 — A A aA (1, - Al AL ) Al ]

k=1

ds* =n.T r[(RO_ 'dR,

THALES




Multi-Channel Burg Algorithm
Multi-Channel Burg Algorithm :

lar, Az A= a4 0]+ 47 [J/{:j*J, TAS T e A, 1]

( " 0 - 0 1
&l (k)= A7 (k)Z(k 1) 1o
< l;() with J = O .. .land 4 =1
e (k)=Y JA' (k) JZ(k—n+1) o
\ = _1 o .- 0_
(&), (k) =&] (k) + A1 &) (k1)
<

n+l

) with &/ (k) = & (k) = Z(k)
&/ (k)= (k—1)+JA" I Je! (k) ’ ’
MinTr[P/ +JP" J]= 47 = 2" + P g [P + P’ |
e
N+n N+n N+n -1
4 = —z{ze,f (02 (k —ﬂ{ze; O ®) + S e et aﬂ
k=1 k=1 k=1
(P = Ele! ()& (k-1)']

with { P/ = E[g’{(k) &/ (k)+] A::,(A:: )* <l = A:jll e Disk
B! = Elel (k)e! (k)" |

Siegel
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Mostow Decomposition & Berger Fibration

Georges Daniel
Mostow

(Yale University & US
Academy of Sciences)

Marcel Berger

(IHES & French
Academy of
Sciences)

Mostows decomposition may be
found in Georges Giraud’s paper of

) THALES




Mostow Decomposition (& Berger Fibration)

Mostow Theorem :

Every matrix M of GL(n,C) can be decomposed :
M =Ueée"e’
where
U is unitary
A is real antisymmetric
S’ is real symmetrix
Can be deduce from

Lemma : Let 4 and B two positive definite hermitian
matrices, there exist a unique positive definite
hermitian matrix ¥ such that: y4x =B

Corollary : if M is Hermitian Positive Definite, there exist a
unique real symmetric matrix § such that :

*

M =e’M™e’

THALES




Mostow Decomposition

Mostow Theorem :

All matrix M of GL(n,C) can be decomposed in :
M =Ue"e’

U is unitary, A is real antlsymmetnc réelle and S is real symmetric

M =Ueé“e® = P=M"M =e°e*“e°
P = Sk ,S _ 28 (e—Se—2er S)ezs
— P =P le?
B _ « 17 \/2
Lemma + corrolary: P* = e P'e® = ¢* :P”z(P 2p'p ”2) P’

=8 = %.log(P”z(P‘”zP*P‘”z)'/2P”2) with P=M"M

Proof :

exponentielle injectivity : e =e > Pe ™

= A= %log(e_SPe_S) with P=M"M

U=Me e
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Siegel Disc Automorphism

Automorphism of Siegel Disc SD, given by :

1/2

=, (2)=1-2,2,) (z-2,\1-Z,2) '(1-Z,Z,)

All automorphisms given by :

VYW € Aut(SD,),3U eU(n,C)/¥(Z)=Ud, (Z)U"

Distance given by:

VZ,W eSD,,d(Z,W)= %log[i : }EZEZ;HJ
- VA

Inverse automorphism given by :

1/2 =

G= (I_ZOZO )1/22(]_2020 )_ - (Z_ZO )(]_ZOZ)_I

Z=0, (2)=(GZ,+1)(G+Z,)

—
1/2

with G=(1-2,Z,)°2(1-Z,2,)
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lterated Computation of Median in Siegel disk

{Z,....Z} in Siegel Half - Plane
Fori=1,..m : W,=(Z —il\Z, +il)"
Initialisation :

Wmedian,O =0 et {VVI,O """" Wm,O}: {VVI """" Wm}
Iterate on nuntil |G, || . <&

_ iAk,n Sk,n _ iAk,n — _Sk,n _ 2, 2 2 .
We,=U.e""e" =>H, =U_e"”" =W _ e " =e *W_e with :

Sk,n — 1/210g(})k1,/n2 (})};}11/2})]:”})];11/2 )1/2})1c1,/112) Wlth })k,n — WanWk,n

G = yniHm with {l/HHk,n < e}
k=1
k#l

Fork=1,..,m then W, . = (DG,, (Wk,,)

Wk,n+1 = (I — GnGn )_1/2 (Wk,n — Gn XI - (_;an,n )_1 (] — C_;n Gn )/2
- {W =D Wyoinn) = (GG, + 1) (G+G,)

W
G=(-6,6,)"w, . (-GG, )"

_ -1
median,n+1 (I)Gn (W

median,n

median,n




Extension
for Polarimetric Data
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POLARIMETRY : POINCARE UNIT SPHERE
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Extension : Arnaudon Flow for Polar Data
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Conclusion
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Conclusion

What are the benefits of Information Geometry

¢ High Doppler Resolution Property
o Improve detection of slow targets
o Increase monitoring accuracy of turbulences

¢ Robustness Property
o very short Burst (few number of pulses)
o with “Median” to be robust to outliers and clutter edges
o With metric that take into account parameters correlations/variances

Future Extension
¢ For Robust STAP

o Robust Estimation of Secundary Data Covariance Matrix

¢ For Polarimetric Data Processing
o Stochastic Flow on Unit Poincaré Sphere

Other actors

¢ EADS, MBDA, ONERA in Europe
¢ MITLL in US
¢ NUDT & BIT (China), Australian labs
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QUESTIONS 2

More Information

. Séminaire Léon Brillouin sur les « Sciences géométriques de l'information »

. Séminaire Franco-Indien CEFIPRA/THALES/Ecole-Polytechnique « Matrix Information
Geometries »

Mosaique d’'lrene Rousseau
(Le disque de Poincaré)
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GENERAL THEORY OF
COMPLEX SYMMETRIC
SPACES
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Classical Symmetric Bounded Domains

Symmetric bounded domains in C" are particular cases of symmetric
spaces of noncompact type.

Elie Cartan has proved that there is :

¢ 4types of classical symmetric bounded domains

¢ 2 exceptional types (group of motion E6 and E7)

Classical Symmetric Bounded Domains (extension of Poincaré Disk)
Z :rectangular Complex Matrix

77" <1 | (":transposed — conjugate)

Typel: Ql’? , Complex matrices with p rows and q columns

Type I1: Q) Complex symmetric matrices of order p

Type I1I: Q" Complex skew - symmetric matrices of order p

Type IV: Q2! Complex matrices with n columns and 1 row such that :

77!
1+ \sz

<1
P 977 50 THALES

N\




Kernel function of Symmetric Bounded Domains

Luo-Geng Hua has computed the kernel functions for all
classical domains :

(TypeI:Q]iq,V:p+q
K(Z,W*): Iu(lg)det(l—ZW+)V for {TypeIl: Q' ,v=p+1

Typelll: Q," ,v=p-1
K(z.w)= ﬁg)(l +ZZWW* =2ZW" )" for TypeIV: Q" v =n

where 1(£2)is the euclidean volume of the domain

Particular case (p=g=n=1) : Poincaré Unit Disk
Q =Q'=Q"=Q" ={zeC/z <1
1

(l—zw*)2

K(Z,W*)Z
THALES




Analytic automorphisms of Bounded Domains

Groups of analytic automorphisms of these domains are
locally isomorphic to the group of matrices which preserve
following forms:

1

p

0

Q 0

pq

Typel:

p

}detAzl
1

: I
Typell:Q, AHA = H, AKA' =K,H:[O

1

pP

0
-1,
0

Typelll: Q) , AHA" = H,ALA' = L, H :(

TypeIV:Q" | AHA = H, AHA' =H,H:(

p

0 -1,

~1,
0

|

Il

n

A

|

Al 1
AZ]

A12

22

= gzt stz ey
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Analytic automorphisms of Bounded Domains

All classical domains are circular following from Cartan’s

general theory, and the point O is distinguished for the
potential :

®(2,7)= 1{ Klg(;j ) )} = logdet(1 - zZ" )"

Berezin quantization is based on the construction of the
Hilbert Space of functions analytic in Q :

_ Kz,zH|" *
<f»g>—6(h)jf(2)g(2){ K(O,O)} du(Z,2")
L k@ zHT" *
c(h) —j{ K00 } di(Z,7")
* . . * * . . agZ
K(gZ.82)))(g.2)j(8:2) =K(Z.Z') with j(g.2)=—""

THALES




Berezin Quantification of Poincaré Unit Disk

The most elementary example of Berezian quantification is, in
the case of complex dimension 1, given by the Poincaré unit
Disk with volume element : 1/21'_(1_‘2‘2)—2 dz Ndz'

D=1{zeCl<1}=SU(1)/S'
b

geSUL]) with g= Lji *} where ‘a‘z —‘b‘z =1
a

Kihler potential : F(z) = —1n(1 |4 ):> F(gz)=2Reln(bz+a" )+ F(z)

0°F(gz) O°F(z)
0z0z 0z0z"

Map from path on D to automorphy factor :

j ~ i+ o)

o=

—

g(0)=b(a")" = F(g(0)) = —ln(l _ ‘b(a*)_l

THALES
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Berezin Quantification of Siegel Unit Disk

Extension for Siegel Unit Disk :
SD, =\Z172* <1}
A

. B t , 0 I
with g = B R and g'Jg=J with J = I

{A*A —B'B =1

where .

B*A-A'B =0

g(2)=(4Z+B)\B'Z+4")

Kahler potential : F(z) = —log det(] AV ) = —trace ln([ -7"Z )
F(g(Z))=F(Z)+2Retraceln(4" + B'Z)
00'F(g(Z))=00"F(Z)

g(0)=B(4')" = F(g(0))=Indet(I + B'B)=traceln(I + B'B)
THALES




Cartan Decomposition on Poincaré Unit Disk

Lemma of Cartan for radial coordinates in Poincaré Disk :

D= {Z/‘Z‘ <1}

b
gesUMD with g=| & 7 | and g(z)=-Z2 where |af —|pf =1
b a bz+a

Cartan Decomposition: g =u,d u,

with 1, :(ei@ 0 j nd d :[ch(t) sh(t)j

0 e'? sh(t) ch(t)
_ i(o+?) h ) |
9= ) (@) = h(e)e™
b=e"""sh(r)

ds? = 8(dz’ + s> (20)d67 )= A, = 2 4 coth(2r) L4 O
wor or  sh’(r) 0@’

F(z)= —1n(1 - \zf)z 21n ch(7)
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lwasawa Decomposition on Poincaré Unit Disk

Iwasawa coordinates in Poincaré Disk :

D = {Z/‘Z‘ <1}

az +b

_ a b 2 2
geSU(1,1) with g:[b* *) and g(z)=— — where ‘a‘ —‘b‘ =1
a

b'z+a

|
Iwasawa Dec.: g = h(KeDTNg) with h(g)=CgC™ , C= L( .lj

V2
_(008(9/2) sin(6’/2)j D - (ch(t) sh(t)j NP :(1 gj

| —=sin(6/2) cos(0/2) sh(t) ch(r) 0 1
o o
a=e"’"” ch(r/2)+iae .
= 9 > with u = &e’
b= sh(r/2)-ize 2
\ \ 2
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Hua-Cartan Decomposition on Siegel Unit Disk

Lemma of Hua for radial coordinates in Siegel Disk (Hua-Cartan) :
Z':[Tl T, rn] with 0<7 <7 ,<---<7

Ay(v) = diag[ch(z)) ch(z,) - ch(z,)]
B,(r) = diag[sh(z,) sh(zr,) - sh(z,)]

|4 BES(n) Ut 04 B |V o0
8=| o |E5P() .8 o U lB 4|0 v

there exist U and V" unitary complex matrices of order n

A=U'A, )WV (AO(T) Bo(r)j ( 0 Z (r)j

= = exp

B=U'B,(t)V By(r) Ay(7) Z,(r) 0
with Z,(7) = diagle, 7, - ]
Lot 728} =00, P = 547 = digligelzz”)
P =diag[th(z)) th(r,) - th(z,)]
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lwasawa Decomposition on Siegel Unit Disk

Iwasawa coordinates in Siegel Disk :

SD,={2/22* <1} and g(2)=(4Z + B\B'Z+ 4')"
41 h(g)=CgC™ with C L b
= - 1 =

U 0 . 1(U+U" -ilv-U) U o0
K=:g/h(g)= . |,U unitary ordern } = g = — . =C . |C
{g (&) [o Uj v } s 2[1‘(U—U) U+U J ( )

A4 A, + B, 0 _ a’iag[eT1 er"] 0
0 4, - B, 0 diag[e"l e

I S
N = {N /N = {O ]} , S real matrix of order n}

A, B, I+i/28 —i/28 A B
h(A) = , h(N)=| " | | = h(KAN)=| ", .
B, A, i/2.8 I-i/2.8 B 4
A

\=U| 4, +i(4,+B,)=S

with < - -

i i THALES




lwasawa/Cartan Coordinates on Siegel Unit Disk

Iwasawa/Cartan coordinates relation in Siegel Disk :
[+i/2.8S —i/28 A, B, A, B,
Mg = : . ’ M :M§
i/28 I-i/28) \B, A4, B, A,

with (4, +B,)S =S(4, - B,)

f A=U'AV"
Cartan :
B=U'BJV
_ A B ( [ 1 ]
=g o™ A=U,| A, +i(4,+B,)=S
Iwasawa :< ~ | _
B=U, B —i(AO+B0)§S

Z=B(4') =UHU! =U'PU

. 1
with HI[BO(AO +Bo)_§S}[A0(Ao+BO)__S} THALES




Special Berezin Coordinates

For every symmetric Riemannian space, there exist a dual
space being compact. The isometry groups of all the
compact symmetric spaces are described by block matrices
(the action of the group in terms of special coordinates is
described by the same formula as the action of the group of
motions of the dual domain).

A, A
Ja Bt 2= o) = (AHW+A12 )(/121W+A22 )_1

21 22

NOAC/ B

Berezin coordinates for Siegel domain :
A" B
r=| ., .|, [=
B A B+ At

I il
Isometry: /" = CIC™" with C:L( l j

0 [
orequivalently: 777" =1 , ILI"" =L with L=
Remark : I 0

g(0)=B(4')" = F(g(0))=Indet(I + BB" )= traceln(I + BB")




Invariant metric in Special Berezin Coordinates

Let M be a classical complex compact symmetric space. The
invariant volume and invariant metric in terms of special Berezin
coordinates have the form :

)= pl ) )
JC

O F(w,w")
oweow”

ds’ =Y g, ,dW*dw”" with g, =-
a.p

where F(W,W")=det(1 +ww* )"

Link with : For arbitrary Kahlerian homogeneous space, the
logarithm of the density for the invariant measure is the potential of
the metric

THALES




Information sur

Séeminaire Inter-disciplinaire
Léon Nicolas Brillouin sur

« les Sciences Geometrigues

de I'Information »
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Séminaire Léon Brillouin

Corpus thématique : « Science géometrique de I'information »

¢ Laboratoire d’accueil : IRCAM (Arshia Cont), Paris

¢ Animation : Arshia Cont (IRCAM), Frank Nielsen (Sony Research), F.
Barbaresco (Thales)

¢ Les laboratoires

o

0O 0 0 0 0 0 0 0 0 0 O

IRCAM (Arshia Cont, Gerard Assayag, Arnaud Dessein)
Polytechnique (Schwanger)

Mines ParisTech (Pierre Rouchon, Silvere Bonnabel, Jesus Angulo)
Telecom ParisTech (Hugues Randriam)

SUPELEC (Mérouane Debbah, Romain Couillet)

UTT Troyes (Hichem Snoussi)

Univ. Poitiers (Marc Arnaudon, Le Yang)

Univ. Montpellier (Michel Boyom, Paul Bryand)

Observation de Nice (Cédric Richard)

INRIA (Jean-Paul Zolesio, Rama Cont, Xavier Pennec)

Thales (Frédéric Barbaresco, Jean-Francois Marcotorchino, Francois Gosselin)

THALES




Séminaire Léon Brillouin

« Science geometrique de lI'information »

Geéometrie Géométrie non

algebrique & commutative
arithmétique u -
Géométrie Géometrie
iSCreé complexe

discrete

Science o
Probabilité Géomeétrie

& statistique g éo m ét [ | q ue symplectique

Theorie & d € Géomeétrie &
geomeétrie de

s PInformation

Groupes de Lie

« La Science et la Théorie

de I'Information », Géométrie
L. Brillouin, 1956 Riemannienne
« Théorie scientifique de 2 H
I'information d’une part, (Sy.rnet”.que’
mais aussi application de Kahl?“en’
la théorie de I'information métrique)
a des problemes de H A L E 5

science pure. »




Séminaire Brillouin : sciences geéomeétriques de I'information

Site web:

9 Juin 2011 : Session « stochastic geometry & information geometry »

¢ New Perspectives in Stochastic Geometry par Wilfrid S Kendall (univ. De Warwick, UK,

)

¢ Pecularities of the g-exponential function in phi-exponential functions par Asuka Takatsu (IHES et
Univ. De Nagoya, )

5 Juillet 2011 : Session Digiteo & EPFL

¢ Minimisation de I'Entropie Géométrique par Alfred Hero (Chaire DIGITEO lab,
)

¢ Christophe Vignat (Ecole Polytechnique de Lausanne)

Octobre 2011 : Session « Entropies et Divergences » (29 Avril)

¢ Estimateurs statistiques par minimisation des ¢-divergences duales par Michel Broniatowski (Univ.
UPMC/Paris-6,

Novembre 2011 : Session Franco-ltalienne

¢ Algebraic and Geometric Methods in Statistics par Paolo Gibilisco (univ. De Rome,
)

¢ Learning the Fréchet Mean over the Manifold of Covariance Matrices par Simone Fiori (Universita
Politecnica delle Marche, )

Decembre 2011 : Session historique (date a définir)

¢ (Euvre de Léon Brillouin par Rémy Mosseri (UPMC Paris-6, )
¢ Léon Brillouin et les débuts de la théorie de I'information par Philippe Jacquet (INRIA & X/LIX,

: TI;-IALEE

¢ Le concept d’Entropie en Physique par Roger Balian (CEA,




Projet PEPS

PEPS « Géométrie de I'lnformation »

¢ Titre long du Projet :

o La geomeétrie de l'information : un cadre général nouveau pour I'analyse et le traitement de
signaux multiformes

¢ Titre court du Projet :
o InfoGeo

¢ Mots clés :

o Geéométrie de lI'information, analyse et traitement du signal, audio, image, radar,
télécommunications, mathématiques appliquées.

¢ Résumé du Projet :

o Ce projet centré autour de la geométrie de I'information cherche a regrouper des acteurs de
différentes disciplines : audio,image, radar, télécommunications, mathématiques appliquées.
L’objectif est d’amener les outils de la géométrie de I'information vers un nouveau champ
d’applications : I'analyse et le traitement des signaux multiformes, pour lequel nous
souhaitons formuler un cadre théorique générique. Afin de réunir les multiples compétences
nécessaires, 'RCAM, le LIX et Thales se sont associés et ont recemment initi€ un groupe de
travail pluridisciplinaire autour de la géométrie de I'information avec des manifestations
scientifiques prévues pour 2011. Le projet présenté permettra de soutenir le lancement de ce
groupe de travail et de le consolider en étendant le réseau d’acteurs nationaux impliqués.

¢ Coordinateur : Arshia cont (IRCAM)
¢ Equipes participantes : F. Nielsen (Sony Research), F. Barbaresco (Thales),

A. Dessein (IRCAM)
THALES




Séminaire Franco-Indien « Matrix Information Geometries »

« Matrix & Information Geometries », MIG’11

Lieu : Ecole Polytechnique et Thales Research & Technology
Date : 23 au 25 Février 2011

Site web :

Résumes :

Slides:

Photos :

® & O ¢ 6 O o

Financement :
o CEFRIPA

o CEFRIPA ( ) : Programme bilatéral de coopération scientifique entre
I"'Inde et la France financé respectivement par :

le Département Science et Technologie (DST) du Ministere indien de la science et de la
technologie

la Direction générale de la coopération internationale et du développement du Ministere
francais des affaires étrangeres.

¢ Laboratoires indiens :
o Dehli Indian Institute of Statistics (Prof. Rajendra Bhatia)
o 2 IITs : Guwahati (Prof. Amit Kumar Mishra), Kharagpur
o Sociétés indiennes : The BuG Design, Honeywell Technology de Bangalore

¢ Laboratoires frangais :

o Membres du séminaire Brillouin T H A L E 5




Séminaire Franco-Indien « Matrix Information Geometries »
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Séminaire Franco-Indien « Matrix Information Geometries »
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Séminaire Franco-Indien « Matrix Information Geometries »
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Séminaire Franco-Indien « Matrix Information Geometries »

R. Bhatia, « Positive Definite Matrices », Princeton
university Press, 2007

Positive Definite
Matrices

[.

e

b o Yo T

R
*
Lrpes
=
¥

Rajendra Bhatia

TABLE OF CONTENTS:

Preface vii

Chapter 1: Positive Matrices 1

1.1 Characterizations 1

1.2 Some Basic Theorems 5

1.3 Block Matrices 12

1.4 Norm of the Schur Product 16

1.5 Monotonicity and Convexity 18

1.6 Supplementary Results and Exercises 23
1.7 Notes and References 29

Chapter 2: Positive Linear Maps 35

2.1 Representations 35

2.2 Positive Maps 36

2.3 Some Basic Properties of Positive Maps 38
2.4 Some Applications 43

2.5 Three Questions 46

2.6 Positive Maps on Operator Systems 49
2.7 Supplementary Results and Exercises 52
2.8 Notes and References 62

Chapter 3: Completely Positive Means 65
3.1 Some Basic Theorems 66

3.2 Exercises 72

3.3 Schwarz Inequalities 73

3.4 Positive Completions and Schur Products 76

3.5 The Numerical Radius 81

3.6 Supplementary Results and Exercises 85
3.7 Notes and References 94

Chapter 4: Matrix Means 101

4.1 The Harmonic Mean and the Geometric Mean 103
4.2 Some Monotonicity and Convexity Theorems 111
4.3 Some Inequalities for Quantum Entropy 114
4.4 Furuta's Inequality 125

4.5 Supplementary Results and Exercises 129
4.6 Notes and References 136

Chapter 5: Positive Definite Functions 141
5.1 Basic Properties 141

5.2 Examples 144

5.3 Loewner Matrices 153

5.4 Norm Inequalities for Means 160

5.5 Theorems of Herglotz and Bochner 165

5.6 Supplementary Results and Exercises 175
5.7 Notes and References 191

Chapter 6: Geometry of Positive Matrices 201
6.1 The Riemannian Metric 201

6.2 The Metric Space Pn 210

6.3 Center of Mass and Geometric Mean 215
6.4 Related Inequalities 222

6.5 Supplementary Results and Exercises 225

6.6 Notes and References 232



GDR Maths & Entreprises

F

ENTREPRISES

Semaine d'Etude Maths-Entreprises

Du 4 au 8 avril 2011 a l'Institut Henri Poincaré (Paris)

Lundi 4 avril : présentation des sujets par les industriels

13h30 Marine Pichelin (Air liquide)

Modéles de comparaison quantitative de matrices 30

14h15 Frédéric Barbaresco (Thalés)

Géomeétrie des matrices de covariances pour le traitement de signaux radars
15h00 Pause café

15h30 Eric Duceau (EADS)

Modélisation et régulation des systémes de climatisation

16h15 Alain Fuser (GDF Suez)

Optimisation du positionnement de parcs solaires

17h00 - 18h00 Discussions avec les intervenants

Mardi 5 - jeudi 7 avril : travail par groupe de jeunes chercheurs sur
les 4 projets

Vendredi 8 avril : Présentation du travail des groupes

11h00 Air Liquide

13h30 Thalés

14h15 EADS

15h00 Pause café

15h30 GDF Suez

16h15 - 16h30 Discussions avec les participants

v

THALES




Mini-Symposia SMAI 2011

SMAI 2 211

12327 Mai 2010

-Mini-Symposia pour Congres SMAI 2011, 5e
Biennale Francaise des Mathématiques
Appliquées et Industrielles

¢ Lieu : Guidel, Bretagne

¢ Date : 23 au 27 Mai 2011
¢ Site web :
o

e Biennale Frangaise des Mathématigues
Appliguées et Industrielles

Théme : GEométrie de I'Information
o Theéme : La géométrie de I'information est un theme

émergeant qui consiste a traiter des phénomenes
aléatoires en regardant la géométrie différentielle des
espaces de probabilités correspondants. Les applications
sont nombreuses en machine learning, théorie de
I'information, traitement du signal et aussi géométrie
différentielle. Il s'agit ici de donner une introduction aux
techniques et aux motivations de la géométrie de
I'information. Ce theme intéresse tout autant des
mathématiciens purs qu'appliqués, des informaticiens et
des industriels.

¢ Programme :

o Arshia Cont (IRCAM)

o Frank Nielsen (Ecole Polytechnique, Sony)
o Xavier Pennec (INRIA, Sophia)

o Frédéric Barbaresco (THALES)

Conférenciers Plénlers

Frangais Baccelll
PFiarre Cardaliaguet
Rama Cont
Monlgue Dauge
Etienne De Rocquigny
Emmanuel Grenier
Oleg Legski
RBoland Masson
Paul Subcliffe
Cédric Villan
Wiendelin Wermer

|
Ll

g

......

INRIA Rocguencourt et ENS Ulm

Université Faris-Dauphine

Univarsité Paris & (Prix Bachelier 2010)
Unbversité de Rennes

Ecole Centrale de Paris

EMS Lyan {Prix Blaise Pascal 2010}
Universilé de Provence

IFP Ruedl-Malmaison

Durharm Linlversity

Université Lyon | et IHP [Medaille Felds 2010)
Unbeersité Parls-Sud (Madaile Flelds 2006)

Organisé par |a Fedérstion Denis Polsson gt la SMAI
e smalidll#fdpolzpon. ir
"r' Brtpe S /emd cemath . Frimmai il
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GRETSI’11 : session spéciale SS2

Session spéciale SS2 « Science géométrique de I'information », au XXIl1éme
colloque GRETSI 2011

*

¢
¢
¢

Lieu : Bordeaux
Date : 5 au 8 Septembre 2011

Site web :

Programme :

o

o

Frédéric Barbaresco (THALES), « Science géométrique de I'Information : GEométrie des matrices de
covariance, espace métrique de Fréchet et domaines bornés homogénes de Siegel »

Olivier SCHWANDER (Ecole Polytechnique), Frank NIELSEN (Sony), « Simplification de modeles de
mélange issus d’estimateur par noyau »

Silvére Bonnabel (Ecole des Mines de Paris), « Convergence des méthodes de gradient stochastique sur les
variétés riemanniennes »

Arnaud Dessein, Arshia Cont (IRCAM), « Segmentation statistique de flux audio en temps-réel dans le
cadre de la géométrie de I'information »

V. Devlaminck (Université de Lille), « Modeéles sous-jacents a certaines techniques d’interpolation
géodésique dans I'espace des matrices de cohérence en optique de polarisation »

Pierre Formont (Supelec), Frédéric Pascal (Sondra), Jean-Philippe Ovarlez (ONERA), Gabriel Vasile
(INPG Grenoble), Laurent Ferro-Famil (Université de Rennes), « Apport de la géométrie de I'information
pour la classication d'images SAR polarimétriques

Xavier Pennec (INRIA), Marco Lorenzi (IRCCS, Italie), « Which parallel transport for the statistical
analysis of longitudinal deformations? »

Hichem Snoussi (UTT Troyes), « Filtrage particulaire sur les vari’et’es riemanniennes »

Marc Arnaudon (Université de Poitiers), Yang Le, « Algorithmes stochastiques pour calculer les p-
moyennes de mesures de probabilité et géométrie des matrices de covariance Toeplitz »

THALES




Sessions spéciales IRS’11

2 Sessions spéciales « New Generation of Advanced Radar
Processing based on Information Geometry », au 12éme IRS 2011,

International Radar Symposium
¢ Lieu: Leipzig, Allemagne
¢ Date : 7-9 Septembre 2011

¢ Site web :

¢ Programme :

o

o

Call for Papers

International Radar Symposium
- IRS 2011 -

September 7 -9, 2011
Leipzig, Germany

F. Barbaresco (THALES) : Geometric Radar Processing based on Fréchet Distance : Information
Geometry versus Optimal Transport Theory

M. Frasca (MBDA lItaly) : Optimal Cramer-Rao estimators for dimensions greater than two
F. Opitz (EADS Gmbh) : Differential Geometry and Applications to Signal Processing and Tracking

J.P. Ovarlez (ONERA), P. Formont (SONDRA), F. Pascal (SONDRA), G. Vasile (GIPSA) and L. Ferro-
Famil (Université de Rennes) : Contribution of Information Geometry for Polarimetric SAR
Classification in Heterogeneous Areas

M. Arnaudon (Université de Poitiers), Le YANG & F. Barbaresco : Stochastic algorithms for computing
p-means of probability measures, geometry of radar Toeplitz covariance matrices and applications to
HR Doppler processing

Y. Cheng (NUDT, Chine), X. Wang, M. Morelande & Bill Moran (Université de Melbourne) : Bearings-
Only Sensor Trajectory Optimization Using Accumulative Information

Y. Cheng (NUDT, Chine), X. Wang, M. Morelande & Bill Moran (Université de Melbourne) :
Information Resolution of Joint Detection-Tracking Systems

F. Barbaresco (THALES) : Robust Statistical Radar Processing in Fréchet Metric Space: OS-HDR-
CFAR and OS-STAP Processing in Siegel Homogeneous Bounded Domains
THALES




IGAIA’12 a Paris

Projet d’organisation du 4t IGAIA’12 a Paris

¢ Organisateur : seminaire Brillouin (A. Dessein & A. Cont / IRCAM)
¢ Lieu : IRCAM, Paris
¢ Pour info sur 39 IGAIA'10 :

o

o
J —— Max-Planck-Institut fiir . -*:
~o\ Mathematik o
in den Naturwissenschaften WA PR RS LS A
m Information Geometry and its Applications Il

drawings by Stepnan Wwels

'- August 02 - 06, 2010 T H A L E 5

Max-Planck-Institut fir Mathematik in den Naturwissenschaften, Leipzig




Informations genérales : Livre

Géomeétrie Hessienne & travaux de Koszul

¢ Soutenance de these de P. Byande (Prof. Boyom), 7. Déc. 2011

¢ Livre de Hirohiko Shima, « Geometry of Hessian Structures », world
Scientific Publishing 2007

HIRODHIKO S5HIMA

Contents

THE GEOMETRY OF

HESSIAN STRUCTURES -

fehlingmphy

=5




G. Pistone : Algebraic and Geometric Methods in Statistics

fiat of cortlrabutors e 1K
Prefoce il
Frequently wsen notabiong and symbols XVi
1 Algebraic and geometric methods in statistics  The edidors 1
Part | Contingency tables 2%

2 Alaximum likelibood estimation in latent class models for con-
tingency tablo dats 5. E. Fienberg, P Hersh, A, Rinoldo and
¥. Zhou

A Algebraic geometey of £ 22 contingeney tables A, B, Slevkoud
arnd 5. E. Fienbery

4 Model selection for contingency tables with mlgebraic statistics
A. Krompe amd 5. Frafanf

i Narkoy chains, guotient ideals and connectivity with position

Y. Chen, {. Mawoodie and B, Yoshida

6 Algebraie modelling of category distinguishabilicy
and F, Bepailoe

T  The algebraic complexity of maximum likelihood estimation for

5. Hosten and 5. Subllivant

A. Dobra and 5. 5. Fien-

AT IS

E. Carlird

hivariate mi=sing dakn
B The generalised shutéle algorithm
fiery
Part 11

8 Generalised design: interpolation and statistical modettiog over
varieties H. Marwr-Aguiler and H, P. Wiynn

Designed experiments

10 Design of experiments and blochemical network Inference R,
Leubenbacher and B, Stigler

11 Replicated messurements and algebraic statistics M. Notari
wned E, Riecomagro

fiit

Hab

12 Indieator function and sudoku designs K. Fonfana and 1. P,
Rewpasedin

13 Markov basis for l!if"sig“ af qu]“1ri||1|::-|'|1'$ with threelevel factors
&, Aok end 4. Takemam

Part 1T Information geometey

L4 Intreduction to non-parametric estimation 8. F. Streater
16 Tiwe Banach manifold of quantum states  ®, F, Streafer
14 Un gquantum information manifolds A, Jendowd

1T Axiomatic geometries for text documents &, Lebanon

18 Exponential manifold by reproducing kernel Hilbert spaces
K. Fubammazu

19 Geometry of extended exponential models 0. Imparafe and
B, Trioellots

20 Quantum statlstics amnd measures of quantum information  F
Hanaen

Part IV Infermation geomeiry aml algebraic statisties

21 Algehraic varieties va. differentiable manifolds in statistlcal
models G, Pislone

Pare ¥V Ondine supplements {available for download  From

wrw,cambridge.org MTS052 1806101 )

Coloured figures for Chapler B

22 Maximum likelibood estimation In latent class models for con-
tingency table data ¥, Zhou

21 The gencralised shuttle slgorlithm A, Dobm and 8§ E. Fien-
L

24 Indisacor function and sudoku designs B, Fontang and M, P,
Hogantin

25 Replicated messuromenta and algebraic statistics K. Nofari
and E. Riccomagno

26 Geomelry of extended exponential models 1. Tmporato and
B Trivallato

27
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