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@ Linear systems and basic iterative methods
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lterative methods for Au = f

Basic ideas:

@ Form the residual: r = f — Au™-!

e Solve the residual equation Ae = r approximately & = Br with B~ A~'

© Update u™ = um" + &
Linear iterative method:

u™ = um L B(f — AU (1)

Let A=L+ D+ U. Thus,

@ Jacobi iteration: B= D1,

@ Gauss-Seidel iteration: B = (L+ D)~ ".
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Examples: basic iterative methods

@ Richardson iteration:

UM =um T pw(f- AU, m=1,2,.-,

@ Modified Jacobi:

U =u" " wD N (F— AU, m=1,2,-.-,

@ Modified Gauss-Seidel:

U =u" N (T D) (- AUTTY), m=1,2,.-,

Thus, the iterative method converges if the following operator is SPD:

2w A0 f0<w< — Richardson;
p(A)
N
(B) " +B —A={ 2, 1D-A>0 if0<w< ﬁ Modified Jacobi;
(P-ww 'D>0 fo<w<2 Modified G.-S.
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lterative methods as gradient descent (GD)

If Ais SPD, then we have the following equivalence:

Au=f <= min=u'Au—fTu

J(u)
@ Richardson for Au = f < Gradient descent for f(u)

um = um g (f = AU = 0™ vd(u™)

@ Jacobi for Au = f < Scaled gradient descent for f(u)

um = U™t DT (F— AT = Ut — gp[diag(A)] T TVI(U™ )

@ Gauss—Seidel for Au = f < Preconditioned gradient descent for f(u)

um =um™ L (D4 L) (F— Aum ) = u™ T - PYJ(W™Y), P= D+ L)

Jinchao Xu (KAUST & PSU) FNM CIRM 5/74



GD for a nearly singular system

Consider: Acu = g (Ac = Ag +¢€l)

T -1 0 —1 1
Ay = ( -1 2 -1 ) g= ( —1 ) € R(Ay), p= (1> € N(A).
0 -1 1 2 1

Note that o(Ay) = {3,1,0}. Apply scaled gradient descent method with ||A.uX — g < 10~8:

€ #ofiter = m
1. 37
101 236
1072 1,918
10-3 16,115
104 130, 168
0. [singular case] 20

Iterative method usually is OK for singular system, but subtle for nearly singular system!

Ref for semi-definite case: Keller 1965; Lee, Wu, Xu and Zikatanov 2007
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e Frequency principle
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Model problem and frequencies

—u'(x)=f, xe(0,1),
u(0) =0, U'(1)=0.

Consider eigenvalue problem

fu;(/(x) = AUk (x), x€(0,1),
ug(0) =0, u(1)=0,

We have
Ak = (k= 2272, u(x) = sin ((k— %)(nx)) L k=123
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Figure: Frequencies with smaller k and larger k
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Frequency bias of GD
For any SPD matrix A € R™*" and vector b € IR”, the gradient descent method solving
' - L D
min, I(v) with [I(v) = i Av—v'b

reads as
ot :v[—ryvvl(ve), {=0,1,---,

with initial guess v°.
Since that V,/(v) = Av — b, we have

o =l — (A —b), £=0,1,---.

Convergence of GD with 7 =

where ¢k, k = 1,2, -, nare the eigenvector of A.
@ Fast on algebraic frequencies corresponding to large eigenvalues.
@ Slow on algebraic frequencies corresponding to small eigenvalues.
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H' fitting

Given f € L?(Q)
J(v) = %a(v, v) —(f,v)

Consider to fit a target function u(x) € V by a function up(x) € V.

a(u,v) = (U,v), H'fitting.
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Finite element: Piecewise linear functions
@ Uniform grid 7,

O=x<x<--<xyy1=1 X = (Jj=0:N+1).

N+1

Xo Xj XN-+1
L 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 J

Figure: 1D uniform grid
@ Linear finite element space

Vi = {vh : vis continuous and piecewise linear w.r.t. T , V4(0) = 0}.

i 25 s am e 25 775 55

Figure: Typical finite element functions.
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Two basis of the finite element space V},

@ Hat basis:

P(x) =

9i(x) = ¢(

with wy = £, b=

@ RelLU basis: ReLU(x) = max(0, x) and

ri(x) = ReLU(

@ Vj, = span {ReLU(wpx + b;)}

span {¢(WhX + bj)}

Jinchao Xu (KAUST & PSU)

2—x xe[1,2].

X — Xi—1

— —Xi—1

X — Xi—

) = @(Whx + b;).

) = ReLU(wpx + b;)
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Hat and ReLU bases on a uniform grid

Figure: Left: ReLU bases. Right: Hat bases.
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H'-fitting

Stiffness matrix for Hat basis Ay is given by

1
AHat = (/O (P}(X)q);(X)dX) = # c R™", (5)

Lemma

The eigenvalues Ak a,,,.1 < k < n and corresponding eigenvectors
k  _ (xk
g = Cap )it 1 S k< nof Apg are

o (k= %)
AkvAhat e 4(n+ 1)2 sin? ﬁ =~ Ak,

20! S

S = SN ((k— %)nxj) with x; = 4 q<j<n
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Frequency bias for hat basis

@ GD for stiffness matrix of Hat bases:
> Jla—agl| = O ((1 - en2)").
> Low frequency converges slowly: O ((1 — cn=2)").
> High frequency converges fast: O(1 —5)¢ for0 < § < 1.
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Figure: Low and high frequencies

Ref: Q. Hong, Q. Tan, J.W. Siegel, and J. Xu. On the activation function dependence of the spectral bias of neural networks.
arXiv:2208:04924 (2022).
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Relationship between RelLU basis and hat basis

@ We have
¢(x) =1-ReLU(x) — 2-ReLU(x — 1) + 1 - ReLU(x — 2). (6)

@ Let ¥(x) = (n(x), r2(x), -+, ra(x))” and ®(x) = (1(x), p2(x), - , n(x)) . Then
P = CY, (7)

where
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Spectral analysis of H'-fitting

Stiffness matrix Agery is given by

n n—1 n-2 1
‘ n—-1 n—-1 n-2 1
AReLu = (/0 rj’(x)r,-’(x)dx) —p|n-2 n-2 n-2 T e grxn. ©)
1 1 1 1
Theorem
1
Aperu = EALE™" with E = ] _ (10)

1

The eigenvalues Ak an,,,» 1 < k < n and the corresponding eigenvectors gf‘new’ 1<k<nof
ApeLu are as follows:

_ 5= k _ n+1—k
A Apary = )Ln+17k,AHat' CAReLU - EgAHat ’ ("
v
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Spectral analysis of H'-fitting

Proof:
By direct computation, we have

n n—1 n-2 1
n—-1 n—-1 n-2 1
AgeLy — PPAy, with Aq— |72 n-2 n=2 1 (12)
1 1 1 1
and
1 -1
-1 2 -1
Al = (13)
-1 2 -1
—1 2
By inspection, we have
1 1
1 1 1
XA Arat | . - (14
1 1
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Spectral analysis of H'-fitting: eigenvectors
Theorem

n
Letex(x) = &8, - ¥(X) = Y &hn,,,.i7i(X), then we have
i=

V=sin ™% L gn ((n—k+ Lyt — Tk _
ex(xj) = sin 5 +sm((n k+2)7rt, 2) andt1_2n+1_

D00

Figure: Functions: e (x), ex(x) and e3(x).
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Figure: Functions: ess(x). esa(x) and era(x).
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Frequency bias for ReLU basis

@ GD for the stiffness matrix of ReLU basis:
> la—al| = O ((1-cn2)b).
> Low frequency converges fast: O(1 — )¢ for0 < 6 < 1..
> High frequency converges slowly: O ((1 — cn—2)¢).
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Figure: Low and high frequencies

Ref: Q. Hong, Q. Tan, J.W. Siegel, and J. Xu. On the activation function dependence of the spectral bias of neural networks.
arXiv:2208:04924 (2022).
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for H'-fitting
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Figure: Results of Hat basis. Figure: Results of ReLU basis.
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Frequency bias for training neural network

@ A special case of neural network functions: linear problems
@ The frequency principle is still true for nonlinear problems with neural network functions.

-100 -075 050 -025 000 025 030 075 100 -100 -0.75 -0.50 -025 000 025 050 075 100

Poisson equation. Left: ReLU activation. Right: Hat activation.

Jinchao Xu (KAUST & P FNM CIRM 22/74




Activation dependence of training neural network

ReLU neural networks Hat neural networks
@ Prioritize learning low frequency modes in @ Prioritize learning the high frequency
H! fitting modes in H' fitting
@ Prioritize learning low frequency modes in @ Learn both the low frequency and high
L fitting frequency modes in L2 fitting
@ Training loss decreases slowly in L2 fitting @ Training loss decreases very fast in L2
due to the frequency bias fitting since there is no frequency bias

o Rahaman, N., Baratin, A., Arpit, D., Draxler, F,, Lin, M., Hamprecht, F. A., Bengio, Y. & Courville, A. (2019), Xu, Z. (2018),
Cai, W. & Xu, Z. (2019), Xu, Z., Zhang, Y., Luo, T., Xiao, Y. & Ma, Z (2019), Hong, Q., Seigel, J., Tan, Q., & Xu, J. (2022).
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"Convergence" of SGD or Adam Algorithms for

NN-based PDE Solver

@ SGD and Adam converge rather quickly for low frequency, and hence capture the “profile”
of physical solutions reasonably well.

@ This provides a theoretical explanation of the success of methods such as PINN.

Jinchao Xu (KAUST & PSU)
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"Non-convergence" of SGD or Adam Algorithms for NN-based PDE Solver

Up = argmin J(vp). (19)
vaexfety

We have proved that one can NOT use SGD or Adam to numerically find U, ~ up, such that
lu—tn| <cen™® (16)

for any « > 0 for large n.

@ H'-fitting by ReLU NN:

1—cn?

Taking n = 108: how many iterations do we need such that
(1—-10"12)k <1077 (17)

> k>1.61x10%
> 32 years for the fastest computer in the world (Frontier, 1.1 EFLOPS)

New training algorithms are required to achieve sufficiently good accuracy!
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© Muitigrid methods
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GD for a nearly singular system

Consider: Acu = g (Ac = Ag +¢€l)

1 -1 0 —1 1
Ay = ( -1 2 -1 ) g= ( —1 ) € R(Ay), p= (1> € N(Ao).
0 -1 1 2 1

Note that o(Ay) = {3,1,0}. Apply scaled gradient descent method with ||A.u — g < 10~8:

€ #ofiter = m
1. 37
101 236
1072 1,918
10-38 16,115
104 130, 168
0. [singular case] 20

Iterative method usually is OK for singular system, but subtle for nearly singular system!

Ref for semi-definite case: Keller 1965; Lee, Wu, Xu and Zikatanov 2007
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Remedy of GD: Expanded system
(Over-parametrization)

Write u € R® = ugeq + Uupep + Uzes as
U=Uieq+Uper + Uge3 + Usp = Pu

where i 0 0 1 1
P=10 1 0 1], p=|1] €ker(Ay).
o o0 1 1 1

Namely, we consider the coarse level with “lowest” frequency p € ker(A).

The equation Acu = g becomes

I ZGDwith j =07 |

AcPu=g < (PTAP)u=PTg, € original | normalized expanded
T 37 13
=i
leading to a semi-definite system: 10 236 14
102 1,918 14
1 ’ i - 103 16,115 16
PR < Y 107 130,168 16
—1 2+e€ —1 € -1 —
0 U qie U=l 2| 10 > 1,000,000 16
€ € € 3¢ 0 10-2 | > 1,000,000 15
10-10 21 15
0. 20
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Over-parametrization<=- Two-level methods

Pooling
—

Pooling

Vi =R® Vo =R

p

@ nnitialization of inputs

e lterate:

@ One step of GD method on V4

Ay =Ae, g1+ 0. Uj ¢ random.

up =ty +1(g1 — Aqug).
e Consider Aje; = ry = g1 — Ayuq and “pool” it to Vo and solve it:
Aollp = o, Up=Ay'gp

with
Ap=pTAip=3e, go=p'r

© update uy — uy + pup.

Multilevel method: over-parameterization using multilevel frame

Jinchao Xu (KAUST & P FNM
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Multilevel frame over-parameterization <= Multigrid

VycVyq4CcVyocCc...CcVy=V.

Frame: V1 N O O O O 8 R O o o o
{ppi:i=1:mk=1:9y U P ARNAANNN Y
———t——t—— (vl
Frame expansion (not unique): 123456+ CEAAAAA
up=3 ¥ Mikdki
k=1 xy j€N
V2 5
Expanded system
ap=L —
- 1 2 3
where A'is the frame stiffness matrix
NxN 4
A= ((‘Pk,iv‘?l.j)A) e RN N=Y" n
k=1 .
Vs :
_
1
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An equivalent formulation of multigrid

Smoothing and restriction

@ Fork=1:J
> Fori=1:ng

Uk < Uk + Sk * (gk — Ak * Uk).

> Form restricted residual and set initial guess:

K41
Ugg1,0 ¢ T g,

Gkt < Riora(Gr — A+ Ug) + Akt % UR 1.

Prolongation with post-smoothing
@ Fork=1:J-1

T 0
Uk 4= U + Ry (Ukyt = Ujeyq)-

> Fori=1:nm

Uk < Uk + S * (g — Ak * Ug)

Jinchao Xu (KAUST & P

FNM
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2D linear system on a uniform grid

@ Model Problem:

—Au:= —(Uxx + Uyy) = g, inQ,
u=00n3Q, Q= (0,1)>2

@ Discrete case:

4Ujj — Uis,j — Uji—1,j — Ujjr1 — Ujj—1 = Gij» (18)
with
0o -1 0
Axu=g, for A=|-1 4 1], (19)
0o -1 0
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GD for the over-parameterized multilevel system

Original system in terms of a basis
Au=g, A= ((V¢; V) € Rm*™M

Expanded system in terms of a multilevel frame (over-parameterization):
NxN /

Au=g, A= (Ve Vxi) € RN, N=3Y n
k=1

Solve A by Gradient Descent:

| Size || GDforA [ GDforA |

42 56 16
162 954 21
64° 14,758 26
256° 223,630 26
10242 [| >1,000,000 26
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Performance of multigrid:
A

1-level method

log(||z — za||4)

Y

Iterations
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A success story: HX preconditioner

(Hiptmair and Xu 2005, 2007, Xu 2014)

A DOE report to the U. S. Congress

Novel Solver Enables
Scalable Electromagnetic
Simulations

REPORT OF
The Panel on Recent

Significant Advancements
in Computational Science

BREAKTHROUGHS

"AMS is a perfect example of how fundamental mathematical research can lead to important
software advances in high-performance computing.”

hao Xu (KAUST & PSU)
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One application: LLNL

Scalability of HX preconditioner to 125,000 cores

AMS-32 (big) Scalabiy o ne edge sole (1al cce) o arge
" 2000 . - b - > . .
140 1850

120 1850

100 140
80

60 === problem

" i o8- ~ &= setup

e solve

Seconds

Time to solution (seconds)

20

0 50000 100000 2

Number of Cores

26 s11 1024

Numborofprocessars 10K e per prosessr)
Left: Auxiliary-space Maxwell Solver. Total problem size is 12 billion.

Right: Scalability (70K edge unknowns per processor)
Ref: A. Baker, R. Falgout, T. Kolev, and U. Yang 2012
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0 MgNet for image classification
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A mathematical model of feature extraction

; A*u=g
{ 2 g
o \
o 7d)\SdAN
Model: given an image g, find its feature u satisfying
Axu=g (20)
with a constraint
u>0. (21)
Questions:
@ Whatis A? (to be trained ...) +— data

9 How to solve (20)? (iterative methods) «—  scientific computing

Ref: J. He and J. Xu 2019, J. He, J. Xu, L. Zhang and J. Zhu 2021.
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Data and feature spaces

Partial differential equations
—Au=g. (22)
Constrained linear model: Given an image g, find its feature u such that

Axu=g. (23)

Main idea:

@ Use a geometric multigrid method for PDE (22) to solve the data-feature equation (23)!

Ref: J. He and J. Xu 2019, J. He, J. Xu, L. Zhang and J. Zhu 2021.
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Iterative methods for Au = g: residual correction

Basic ideas:

@ Form the residual: r = g — Auk—1

9 Solve the residual eqn Ae = r approximately & = Br with B ~ A~

© Update v/ = u'~' + &
A basic iterative method:

u=ut 4+ Bi(g— AU (24)

An example: A= D + L+ U with D = DIAG(A)

@ B=DIAG(A)~" (Jacobi),

@ B=TRIL(A)~! (Gauss-Seidel)
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lterative schemes for the constrained linear model

@ Recall iterative methods without constraint

U=u"1+ B s (g—AxuT)

e Image classification [c = ReLU: dropping the negative values]
U=u""+0xBxc(g—Axu")

or, in terms of residual o ) .
r=r=1"—AsxocxBxo(r).

Jinchao Xu (KAUST & PSU) FNM CIRM 41/74



MgNet: a “trained” multigrid method

Jinchao Xu (KAUST & P

Initialization of inputs:
g1 0xg, ug <0

Smoothing and restriction

@ Fore=1:J
> Fori=1:y

Ul — Ul +ooBl xo(gt — Al ul).

> Form restricted residual and set initial guess:

ul+1,0 — 1701'15“ *p Ué

g1 0o R ap(gh — Al xuf) 4 AL s yf+10,

Outigt: ...
9(9) «u

Ref: He, J. & Xu, J. (2019)
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Batch normalization

DNN as example:
@ Original model

@ Batch normalization:

f (Xi) — W1X[,
ft

= Wlo(fi1),

> For t-th step of SGD training on mini-batch B;

> For the ¢-th layer

@ Model with batch normalization

where

Jinchao Xu (KAUST & PSU)

1 .
y%t - ): £ (x)
ieBy

BN, (') « 7 (x) + p*

{

Fa (Xi) = Wxi,

t

= Wlogy(F1),

(=2, .. L

mini-batch mean

mini-batch variance

normalize

scale and shift

(=2,..L

U'BN(f) =0 (BNBt(f)) .

FNM

(26)

(27)

(28)

CIRM 43/74



Practical MgNet with batch normalization

i ) Initialization of inputs:
/ g1 < 0xg, u; <0
v Smoothing and restriction
4 @ Fort=1:J
> Fori=1:y
u —ut VBNOBZ * JBN(gl — Al u[)_
> Form restricted residual and set initial guess:
) // utt10 chNoH(g]'Jr1 *p o,
v g1 ognoREH g (g — AL x uf) + AP 10,
Output:
#(g) « v’

Denote: o = oy for CNNs in image classification by default.

@ Ref: He, J. & Xu, J. (2019)
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Pre-act ResNet: a "residual” version of MgNet

Theorem (MgNet and pre-act ResNet, He and Xu 2019)

The MgNet model recovers the pre-act ResNet (K. He et al 2016) as follows

rbl == L AL g o B s o (rf), i =1y,

(29)
where i .
rf,l _ gE _Aé % ué,l_
v
Proof.
ué,i _ ué,i—1 too Bé,i % U(g[ _ AZ % ul,i—1 )Y
= AZ*U“ _ Aé*ul,i—1 +AZ*(70 Bl,i *a(gé _ Al % ué,i—1)v (30)
=g - AUt =g — A x U - Also o BY xa(gh — ATk Ut
= ré = bl = b= L Al s g0 BY s g (rfTT).
O
v
Jinchao Xu (KAUST & PSU) FNM
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Modified Pre-act ResNet, ResNet

Modified Pre-act ResNet — Pre-act ResNet-A’
Pl = i A o Bl *U(rlq ).

Modified ResNet — ResNet-A’ ) ) o
i — (,z,m + Al x oo Bk riT)

* Pre-act ResNet * Modified Pre-act ResNet

Rell

Conv layer: B*

=
RelU RelU
[<2] (<2
Pooling Pooling

Figure: Diagram of modified models.

FNM

CIRM
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Modify (pre-act) ResNet numerical experiments

Table: Accuracy and number of parameters for ResNet, pre-act ResNet, and their variants of
modified versions on CIFAR10 and CIFAR100.

Model CIFAR10 CIFAR100 # Parameters
ResNet18-Ali-B 94.22 76.08 1M
ResNet18-A!-B 94.34 76.32 8.1M
ResNet18-A%i-B¢ 93.95 74.23 9.7M
ResNet18-A!-Bf 93.30 74.85 6.6M
pre-act ResNet18-A%/-Bt 94.31 76.33 11M
pre-act ResNet18-A‘-Bt/ 94.54 76.43 8.1M
pre-act ResNet18-A%/-B¢ 93.96 74.45 9.7M
pre-act ResNet18-A¢-B¢ 93.63 74.46 6.6M
ResNet34-Ali-Bli 94.43 76.31 21M
ResNet34-A!-B 94.78 76.44 13M
ResNet34-A%i-Bt 93.98 74.48 15M
ResNet34-A(-B¢ 93.55 74.46 6.7M
pre-act ResNet34-A%/-Bt 94.70 77.38 21M
pre-act ResNet34-A‘-Bt/ 94.91 77.41 13M
pre-act ResNet34-A%/-B¢ 94.08 75.32 15M
pre-act ResNet34-A(-B¢ 94.01 7412 6.7M

Jinchao Xu (KAUST & PSU) CIRM 47/74



MgNet: From multigrid to CNN

Multigrid:
@ A’ B! R are all given a priori
CNN:
@ Almost identically same structure as multigrid!
@ Al B R gre all trained!
@ Activation, ReLU, is introduced (to drop-off negative pixel values).
@ Extra channels are introduced.

CNN versus multigrid: classic approaches versus MgNet

@ CNN:

Classic: Almost all the components are unrelated and need to be trained
MgNet: Most of the components are related and can be given a priori

@ Multigrid
Classic: Almost all the components are a priori given
MgNet: Some of components can be trained!
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MgNet versus other CNNs

\ Model | Accuracy | # Parameters |
ResNet18 95.28 11.2M
pre-act ResNet18 95.08 10.2M
MgNet[2,2,2,2],256 | 96.00 8.2M

Table: the comprison of MgNet and classical CNN on Cifar10

\ Model | Accuracy | # Parameters |
ResNet18 77.54 11.2M
pre-act ResNet18 77.29 11.2M
MgNet[2,2,2,2],256 79.94 8.3M
MgNet[2,2,2,2],512 81.35 33.1M
MgNet[2,2,2,2],1024 82.46 132.2M

Table: the comprison of MgNet and classical CNN on Cifar100

Model | Accuracy | Parameters |
ResNet18 72.12 11.2M
MgNet[2,2,2,2], [64,128,256,512] 73.36 13.0M
MgNet[3,4,6,3],[128,256,512,1024] | 78.59 71.3M

Table: The comprison of MgNet and classical CNN on ImageNet.
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Application: Pulse-Feeling

An ancient technique in Traditional Chinese Medication (TCM)

st

@ It has been widely believed and claimed to be accurate
@ No record of clinical trials nor quantitative studies

@ itis a valid technique or it is ...

Deep learning for diagnosing preghancy

model test accuracy(%) | AUC(%) size
ResNet 84.73 89.66 232,642
MgNet 84.68 91.04 3,450
SVM 78.08 71.32
logistic regression 79.10 74.27
Ref: Chen, Huang, Hao and Xu 2019
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A summary of MgNet

@ J. Xu, Deep Neural Networks and Multigrid Methods, (Lecture Notes at Penn State and
KAUST), 2023.

@ J. He, J. Xu. MgNet: A Unified Framework of Multigrid and Convolutional Neural Network.
Sci China Math, 2019, 62: 1331-1354.

@ Y. Chen, B. Dong, J. Xu. Meta-MgNet: Meta Multigrid Networks for Solving Parameterized
Partial Differential Equations Image Classification. Journal of Computational Physics,
2022,455.

@ J. He, L. Li, J. Xu. Approximation Properties of Deep ReLU CNNs. Research in the
Mathematical Sciences, 2022, 9(3).

@ J. He, J Xu, L. Zhang, J. Zhu. An interpretive constrained linear model for ResNet and
MgNet. Neural Networks, 2023, 162: 384-392.

o A uniform framework for understanding and designing CNNs: ResNet, U-Net, DenseNet . ..
@ Construct the new

reduce the free parameters 1%, .1%, .01%...?
increase the generalization accuracy,
accelerate the training speed,

extend to general graph models,

YVYVYYY

Q Applications:

> image problems,

> time series forecasting,

> numerical PDEs, in particular for operator learning,
>
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Challenging Objective: MgNet vs Transformer

Can MgNet outperform Transformer?

Model Type Accuracy Parameters
DeiT-Small Transformer 79.8 22.1M
PVT-Small Transformer 79.8 24.5M
ConvMixer Transformer 80.2 21.1M
CrossViT-Small Transformer 81.0 26.7M
Swin-Tiny Transformer 81.2 28.3M
CvT-13 Transformer 81.6 20.0M
CoAtNet-0 Transformer 81.6 25.0M
CaiT-XS-24 Transformer 81.8 26.6M
ResNet-50 CNN 80.4 25.0M
MgNet-small CNN 81.0 26.1M
MgNet CNN 82.0 39.3M
CMT-XS CNN+Transformer 81.8 15.2M
MgNet-CMT-XS CNN +Transformer 82.6 17.9M
MgNet-CMT CNN +Transformer 83.4 30.1M
Table: ImageNet results of transformers and CNNs
Observation:

MgNet has competitive performance with transformer models.
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Outline

e Subspace correction and federated learning
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Space decomposition and subspace correction

@ V: Hilbert space, A: V — V': linear operator, f € V'. Find u € V such that

Au=f.

@ Space decomposition: V =Y, V; =Y, ;V;:

J J
u= ZU;ZZ/;U;.
i= i=1

=i
@ Subspace solvers: R;: V] — V; with

R~ A

; (Aiuj, vi) = (Au;, v), uj, v € V;

@ Parallel subspace correction:

J
u«u+B(f—Au), B=Y IRl
i=1

@ Successive subspace correction (SSC): U< u+ GRIT(f— Au), fori=1:J

Xu, J. (1992).
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Space decomposition and expanded system

@ Space decomposition: V=Y, V; =Y, ;V;:

where
ce UJ)T

@ For linear system: Au = f, we write

u=Ty, u=(uy,...u)7,

and
Au=f& Allu = f & IT'Allu = IT'f.

@ Expanded system
Au=f. where A=TI'All, f=ITf.
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lterative methods for expanded system

Theorem

Iterative methods for Au = f:

" =u™ L B(f- Au™Y), m=1,2,...

is equivalent to the iterative method for Au = f:

U =um T B(f— AU, m=1.2,...

with
B=TIIBIT.
Furthermore,
7(BA) = o(T1BIT'A) = o(BITAIT)\{0} = r(BA)\{0},
and
=il =i
|IBA||§\:1< sup (B, v)) =1 < sup inf (B1g,z>> .
vila=1 [[v]|a=1T0=V
V.
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Auxiliary space lemma

Lemma

Let V and V be two vector spaces and letI1: V — V be a surjective map. LetB: V' — V be an
SPD operator. Then B := TIBIT is also SPD. Furthermore

(B~v,v) = inf (B"'v,y).

Ilv=v
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PSC and SSC in the view from expanded system

Theorem
Iterative methods for Au = f:
T =y B(E-AU™TT), m=1.2,...

@ PSC for Au = f < modified Jacobi: B= R ~ D!
@ SSC for Au = f & modified G-S:B= (R~ +L)~".

Some history:
@ X.1992: DD, MG, Jacobi and GS = PSC or SSC
@ Griebel 1994: MG < GS for expanded matrix in terms of multilevel nodal basis

@ L Chen2011: PSC (SSC) < Jacobi and GS for expanded matrix (as stated above)

Jinchao Xu (KAUST & PSU) FNM
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Examples

@ Jacobi and block Jacobi methods are parallel subspace corection methods.
@ Gauss—Seidel and block Gauss—Seidel methods are successive subspace correction

methods.
@ Multigrid methods:

72 7A Vs Vs

J J
V=13 Vi=) ), span{gy}
k=1 k=1 xi. ;€N

» Successive subspace correction — multigrid with Gauss—Seidel smoothers
> Parallel subspace correction — BPX preconditioner

Bramble, J.H., Pasciak, J.E., and Xu, J. (1990).
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Theory: XZ-identity
Sharp convergence theory for subspace correction methods

J
u—u"=TIU-T)(w-u""), Ti=RAP:.
i=1

Theorem (Xu and Zikatanov (2002, J. AMS, 2008))

The MSC is convergent if each subspace solver is convergent:
J 2 1 J 2
ITIC=T)lI* =1, K= sup _inf ZIIVI+T* Y villg-1

i [Iv]|=1Xi Vi=Vj j=it

Special case (T; = P;)

=

=1
[ (/—P,-)||2—1—<sup inf ZIPD’H)

1 [[v]=1%ivi=v
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Convergence theory of multigrid methods

Using the XZ identity, we can obtain a uniform convergence rate of the multigrid method.

Corollary (Uniform convergence of multigrid)

The convergence rate of the multigrid method for the finite element method
a(u,v) =f(v), VveV,

has a bound independent of the mesh size h.
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Convex optimization

@ V: Banach space, L: V — R: convex function. Find u € V such that

min L(u).

ueV

@ In many applications in machine learning, L is of the form

.
Ni

1=

L(u) = fiu).

1

@ Gradient descent type methods
> Full (batch) gradient descent

1
Upp1 = Ur — 11tV (N

=

fi(Ur)> -

U1 = U — 1V, (ur),

I

> Stochastic gradient descent (SGD)

where Pr(iy = k) = .
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Subspace correction methods for convex optimization

@ V: Banach space, L: V — R: convex function. Find u € V such that

inL(u).
)

@ Space decomposition V =YY, Vi, u= Y7, u;
@ Local corrections in subspaces: Find w; € V; such that

min L(u+ w;)

w;eV;

@ Successive subspace correction (SSC):

u«u+w, fori=1:dJ

@ Parallel subspace correction (PSC):
J
U u+t)w
i=

Ref. Tai, X.-C. and Xu, J. (2002), Park, J. (2020)
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Convergence theory

@ Lis M-smooth, i.e.,

L(u) < L(v) +{L'(v), u—v) + %uu— VB, Vuve V.

@ Lis p-strongly convex, i.e.,

L(u) 2 L)+ (L (V) u=v)+ Ellu— v,

Theorem (Tai and Xu (2002), Park (2020))

The MSC for convex optimization is convergent. Morever, we have

Yu,veV.

L(u") — L(u) < 1
L(un=1) — L(u) — K'
where
J
K=~pu' sup inf Y (| w; |?.
lwil=1 w=Ly w; i=
v
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An application: Federated learning

We consider the following N-client training model:

@ N: number of clients (devices)
@ f;: loss on local data stored on the client i

Conventionial training (GD)
0+ 06—yVL(P)

Federated learning (FL)

Each client performs local training (several GD steps) using its local function f;, and the results

are averaged in the server.

FedAvg: McMahan, B., Moore, E., Ramage, D., Hampson, S., and Arcas, B.A.y. (2017),
Scaffold: Karimireddy, S.P,, Kale, S., Mohri, M., Reddi, S., Stich, S., and Suresh, A.T. (2020),

Scaffnew: Mishchenko, K., Malinovsky, G., Stich, S., and Richtarik, P. (2022),
DualFL: Park, J. and Xu, J. (2023).
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An application: Federated learning
Conventionial training (GD)

Client 1 (f) Client 2 (f2) Client N (fy) Client 1

Receive 6" from

Communication at every gradient descent step = Too frequent communication!
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An application: Federated learning
Federated learning (FL)

Client 1 (f1) Client 2 (f) Client N (fy) Client

Receive 8™ fro

Question: By modifying local trainings and global communications, can we design
federated learning algorithms with fewer communication costs?



Federated Learning <+ Parallel Subspace Correction

Federated learning problem

Dual problem:

. 1
620 {1_(9) =N

Fenchel-Rockatellar duality

¥
L
B=re Z]& & = Vgi(0)

)

N

Y&

i=1

. i, Sl 1
min {Ld(g) —’:219, (ﬁ,)-l— m

gcN

® ve(Ou.g="r-}I-I?
@ g/: O — R: convex conjugate of g defined by

gi (¢) = sup {(¢,0) — gi(6)}
0eQ)

> g(x) = 3xTAx = g*(y) = sy Ay

ylogy —vy, if y >0,

> gx)=e=g(y) =40, ify =0,

[ee]

5 if y <O0.
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Federated Learning <+ Parallel Subspace Correction

By establishing a duality relation between federated learning and parallel subspace
correction methods, we design a new federated learning algorithm with optimal com-
munication complexity.

Federated learning Dual formulation
(operator splitting) Dualization (variable splitting)
N ~ 2
1 L N 1 N

min— % fi(f) : e )

beo N ; Join, ;!k (&) + 5> ; &
Subspace
correction

- Predualization 3 )
DualFL: Federated learning & Dual algorithm with
with communication accel. optimal convergence rate

@ Park, J., & Xu, J. (2023).
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DualFL: Dualized Federated Learning

DualFL: Dualization of a PSC for the dual problem with a space decomposition

aV=0x0x...0

Givenp20andv>0,set9°:9;’:060(1 <j<Nyand¢?=¢'=0e QN
forn=0,1,2,... do
for each client (1 < j < N) in parallel do

0™ ~ argmin { L™ (0;) := £(6;) — v(¢7, 6;
e {L(8) = (6 — (] 0}

end for

1 n+1
N &

M=

9n+1 .
1

for each client (1 < j < N) in parallel do
Determine the local shift {7 by a linear combination of ¢ 4 6" — 67*" and
g +on—ep.
end for
end for
@ Lee, C-O. & Park, J. (2019), Park, J., & Xu, J. (2023)
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DualFL: Dualized Federated Learning
DualFL

Client 1 (fy) Client 2 (f3) Client N (fy)

Local shifts (" obtained by dualization = fast and global converagence to the solution!
Jinchao Xu (KAUST & PSU) FNM CIRM

71/74



Communication efficiency

@ Communication efficiency of conventional training (GD)

L 1 . .
O ﬁ log E) , if each f; is u-strongly convex and L-smooth,
M=
O g) , if each f; is convex and L-smooth.

@ DualFL achieves communication acceleration!

Theorem (J. Park and J. Xu, 2023)

In DualFL, the number of communication rounds M to obtain an e-accurate solution satisfies

(@) \/E log l) , Ifeachf; is p-strongly convex and L-smooth,

M=o %) , if each f; is y-strongly convex,
1 . .
O % log E) ,  Ifeach f; is convex and L-smooth.

@ Xu, J. (1992) Tai, X.-C & Xu, J. (2002), Park, J., & Xu, J. (2023), Park, J. (2020)
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Outline

e Summary
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Concluding remarks

Summary
@ lterative methods for Au = f
> Richardson iteration, Jacobi method, Gauss—Seidel method
@ lterative methods for Au = f < Preconditioned GD for min Ju” Au— fTu
@ Frequency bias of GD

> RelLU neural networks: Training loss decreases slowly in L2 fitting
> Hat neural networks: Training loss decreases fast in 12 fitting (no frequency bias)

Frequency bias implies non-convergence of SGD-type algorithms for NN-based PDE
solvers.

Expanded system < Over-parametrization < Multigrid methods: Remedy for GD
Subspace correction methods: General framework for iterative methods
An application of subspace correction methods: Federated learning

Thank You !
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