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Scientific issues

Goal: solving PDEs in a moving domain

Applications:

§ Safety of coastal populations (tsunamis, floods, . . . )

§ Generation of energy (RME through swell, tide, . . . )

§ Transport of fluids (pipelines, ducts, . . . )

Challenges:

§ The domain is an unknown in itself

§ Multiphysics and multiscale

Indicators:

§ Energy

§ Linear dispersion relations
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Fluid domain

z = zb(x)

z = η(t, x)

h(t, x) u = (u,w)

x

z

Water height:
h(t, x) = η(t, x)− zb(x)
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Multilayer framework

z = zb(x) = z1/2(x)

z = η(t, x) = zL+1/2(t, x)

z = zα−1/2(t, x)

z = zα+1/2(t, x)

h(t, x) hα(t, x)

x

z

Height decomposition: hα(t, x) = `αh(t, x) with `α ∈ (0, 1) and
∑L
α=1 `α = 1
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Literature about free-surface flows

Free-surface
incompressible

Euler equations

Shallow water
equations

Hydrostatic pressure

Homogeneous velocity

Shallow water assumption
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Euler equations

Model 
∂xu + ∂zw = 0

∂tu + ∂x(u2 + p) + ∂z(uw) = 0

∂tw + ∂x(uw) + ∂z(p + w2) = −g

set in the domain Ω(t) =
{

(x , z) ∈ R2
∣∣ zb(x) ≤ z ≤ η(t, x)

}
Boundary conditions

∂tη(t, x) + u
(
t, x , η(t, x)

)
∂xη(t, x)− w

(
t, x , η(t, x)

)
= 0

p
(
t, x , η(t, x)

)
= patm(t, x)

u
(
t, x , zb(x)

)
z ′b(x)− w

(
t, x , zb(x)

)
= 0

together with well-prepared initial conditions

Pressure fields p(t, x , z) = patm(t, x) + g
(
η(t, x)− z

)
+q(t, x , z)

Yohan Penel (ANGE) Free-surface flows

7 / 22



1. Introduction 2. New models 3. SGN 4. LDNH 5. Conclusion

Euler equations

Model 
∂xu + ∂zw = 0

∂tu + ∂x(u2 + p) + ∂z(uw) = 0

∂tw + ∂x(uw) + ∂z(p + w2) = −g

set in the domain Ω(t) =
{

(x , z) ∈ R2
∣∣ zb(x) ≤ z ≤ η(t, x)

}
Boundary conditions

∂tη(t, x) + u
(
t, x , η(t, x)

)
∂xη(t, x)− w

(
t, x , η(t, x)

)
= 0

p
(
t, x , η(t, x)

)
= patm(t, x)

u
(
t, x , zb(x)

)
z ′b(x)− w

(
t, x , zb(x)

)
= 0

together with well-prepared initial conditions

Pressure fields p(t, x , z) = patm(t, x) + g
(
η(t, x)− z

)
+XXXXq(t, x , z)

Yohan Penel (ANGE) Free-surface flows

7 / 22



1. Introduction 2. New models 3. SGN 4. LDNH 5. Conclusion

Euler equations

Model 
∂xu + ∂zw = 0

∂tu + ∂x(u2 + q) + ∂z(uw) = −∂x(gη + patm)

∂tw + ∂x(uw) + ∂z(q + w2) = 0

set in the domain Ω(t) =
{

(x , z) ∈ R2
∣∣ zb(x) ≤ z ≤ η(t, x)

}
Boundary conditions

∂tη(t, x) + u
(
t, x , η(t, x)

)
∂xη(t, x)− w

(
t, x , η(t, x)

)
= 0

q
(
t, x , η(t, x)

)
= 0

u
(
t, x , zb(x)

)
z ′b(x)− w

(
t, x , zb(x)

)
= 0

together with well-prepared initial conditions

Yohan Penel (ANGE) Free-surface flows

7 / 22



1. Introduction 2. New models 3. SGN 4. LDNH 5. Conclusion

General procedure

Toy model
∂tR + ∂x(uR + P) + ∂z(wR + Q) = S (1)

where R, P, Q and S take values in Rp

Semi-discrete formulation for zb(x) ≤ z−(t, x) ≤ z+(t, x) ≤ η(t, x)

∂t
(
(z+ − z−)〈R〉

)
+ ∂x

(
(z+ − z−)[〈uR〉+ 〈P〉]

)
+ F+ −F− = (z+ − z−)〈S 〉

where

〈S 〉(t, x) =
1

z+(t, x)− z−(t, x)

∫ z+(t,x)

z−(t,x)

S (t, x , z) dz

F± = Υ±R
(
t, z±(t, x)∓

)
−P

(
t, z±(t, x)∓

)
∂xz± + Q

(
t, z±(t, x)∓

)
Υ± = w

(
t, z±(t, x)∓

)
− ∂tz± − u

(
t, z±(t, x)∓

)
∂xz±
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Applications

Application of the previous procedure depending on the assumptions on the vertical
profile of the unknowns.

Shallow water models

§ z−(t, x) = zb(x), z+(t, x) = η(t, x)

§ R ∈ {1, u,w , zw , . . .}, P,Q ∈ {0, q, zq, . . .}
§ Resulting models: Depth-averaged Euler, Serre – Green-Naghdi, . . .

General models

§ z−(t, x) = zα−1/2(t, x), z+(t, x) = zα+1/2(t, x)

§ R ∈ {1, u,w , (z − zα)w , . . .}, P,Q ∈ {0, q, (z − zα)q, . . .}
§ Resulting models: LDNHk(L), LIN-NHk(L)

Yohan Penel (ANGE) Free-surface flows

9 / 22



1. Introduction 2. New models 3. SGN 4. LDNH 5. Conclusion

Mathematical structure

Resulting models 
∂th + ∂x(hu) = 0,

∂t(hX ) + ∂x(huX ) +∇∗Q + F = S ,

∇∗ · X = 0.

X =


u

w

σ

,


uα

wα

σα

,



uα

Λα

wα

Φα

Ψα


, . . . and Q =

 q

qb

,

 qα

qα−1/2

,


qα

aα−1/2

πα

, . . .
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Mathematical structure

Resulting models 
∂th + ∂x(hu) = 0,

∂t(hX ) + ∂x(huX ) +∇∗Q + F = S ,

∇∗ · X = 0.

∇∗Q =

∂x(hq) + α2

2 q∂xzb

−αq

,


∂x(hq) + qb∂xzb

−qb
−2
√

3
(
q − qb

2

)
, . . .

and ∇∗ · X = αw − α2

2 u∂xzb + h∂xu,

 2
√

3σ + h∂xu

w − u∂xzb −
√

3σ

, . . .
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Mathematical structure

Resulting models 
∂th + ∂x(hu) = 0,

∂t(hX ) + ∂x(huX ) +∇∗Q + F = S ,

∇∗ · X = 0.

Key point
X · ∇∗Q = ∂x#∗ −Q · (∇∗ · X )

Energy

∂t

(
h
|X |2

2
+ #S

)
+ ∂x

(
hu
|X |2

2
+ #∗ + #′S + #F

)
≤ 0
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Mathematical structure

Resulting models 
∂th + ∂x(hu) = 0,

∂t(hX ) + ∂x(huX ) +∇∗Q + F = S ,

∇∗ · X = 0.

Key point
X · ∇∗Q = ∂x#∗ −Q · (∇∗ · X )

Projection method

−∇∗ ·
(

1

h
∇∗Q

)
= . . .

Well-posedness thanks to the Lax-Milgram theorem
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Serre – Green-Naghdi equations



∂th + ∂x(hu) = 0,

∂t(hu) + ∂x

(
hu2 + g

h2

2

)
+ gh∂xzb + ∂x(hq) + qb∂xzb = 0,

∂t(hw) + ∂x(Huw)− qb = 0,

∂t(hσ) + ∂x(hσu)− 2
√

3
[
q − qb

2

]
= 0,

w − u∂xzb +
h

2
∂xu = 0,

σ +
h∂xu

2
√

3
= 0.
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Serre – Green-Naghdi equations

The system also reads{
∂th + ∂x(hu) = 0,(
Id + T [h, zb]

)
(∂tu + u∂xu) + g∂x(h + zb) +Q[h, zb]u = −∂xpatm,

where

T [h, zb]v def=R1[h, zb](∂xv) +R2[h, zb](v∂xzb),

Q[h, zb]v def=−2R1[h, zb]
(

(∂xv)2
)

+R2[h, zb](v2∂2
xxzb),

R1[h, zb]w def=− 1

3h
∂x(h3w)− h

2
w∂xzb,

R2[h, zb]w def=
1

2h
∂x(h2w) + w∂xzb.

A splitting approach for the fully nonlinear and weakly dispersive
Green-Naghdi model, P. Bonneton, F. Chazel, D. Lannes, F. Marche and M.
Tissier. J. Comput. Phys., 230(4), 2011.
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Serre – Green-Naghdi equations

The system also reads

∂th + ∂x(hu) = 0,

∂t(hu) + ∂x

(
hu2 + g

h2

2
+

h2ḧ

3
+

h2u̇

2
∂xzb +

h2u2

2
∂2
xxzb

)

+h

(
g +

ḧ

2
+ u̇∂xzb + u2∂2

xxzb

)
∂xzb = −h∂xpatm,

where ξ̇ def= ∂tξ + u∂xξ.

A rapid numerical method for solving Serre–Green-Naghdi equations
describing long free surface gravity waves, N. Favrie and S. Gavrilyuk.
Nonlinearity, 30(7), 2017.
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Serre – Green-Naghdi equations



∂th + ∂x(hu) = 0,

∂t(hu) + ∂x

(
hu2 + g

h2

2

)
+ gh∂xzb + ∂x(hq) + qb∂xzb = 0,

12
q

h
− h∂x

(
∂x(hq)

h

)
− 6

qb
h
− h∂x

(qb
h
∂xzb

)
= f(h, u),(

4 + (∂xzb)2
) qb
h
− 6

q

h
+ ∂xzb

∂x(hq)

h
= fb(h, u).
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Numerical strategy

Natural splitting strategy:

∂th + ∂x(hu) = 0,

∂t(hu) + ∂x

(
hu2 + g

h2

2

)
+ gh∂xzb + ∂x(hq) + qb∂xzb = 0,

∂t(hw) + ∂x(huw)− qb = 0,

∂t(hσ) + ∂x(hσu)− 2
√

3
[
q − qb

2

]
= 0,

w − u∂xzb +
h

2
∂xu = 0,

σ +
h∂xu

2
√

3
= 0.
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Numerical strategy

Natural splitting strategy: non-hydrostatic correction
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Discretisation a uniform Cartesian grid

Mixed problem H/∆t B

BT 0

 X

Q

 =

 HX ∗/∆t − 0̂

0̃

 .

Pressure problem

BTH−1B︸ ︷︷ ︸
:=C

Q =
BTX ∗ − 0̃

∆t
− BTH−1

0̂,
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Emphasis of non-hydrostatic effects

M.-W. Dingemans, Wave propagation over uneven bottoms (Adv. Ser. Ocean Eng., 1997)
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Fully discrete scheme

Mixed problem H/(L∆t) B +R(
B +R

)T
0

 X

Q

 =

 HX ∗/(L∆t)− 0̂

0̃

 .

Pressure problem(
B +R

)T H−1 (B +R
)︸ ︷︷ ︸

:=C

Q =
1

L∆t

[(
B +R

)T
X
∗ − 0̃

]
−
(
B +R

)T H−1
0̂.

C is blockwise tridiagonal, symmetric positive-definite.
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Iterative resolution

x-direction For each layer α:

C11qp+1
α,◦ =

1

L∆t

(
BT

11U∗α − 2
√

3Σ∗α

)
− C

α−1/2
12 qp

α−1/2,◦;

z-direction For each node xi :
S(i)qp+1

◦−1/2,i = Diq
p+1
◦,i

where S(i) is tridiagonal, symmetric positive-definite.
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Summary

LDNH0 LDNH2 LIN-NH0 LIN-NH1 LIN-NH2

uα P0 P0 P1 P1 P1

wα P0 P1 P0 P1 P2

qα P1 P2 P1 P2 P3
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Dispersion relations

Let us linearise around the so-called lake-at-rest steady state (H0, 0, 0, 0).

Proposition

There exists a plane wave solution
(
Ĥ, ûα, ŵα, q̂α

)
e i(kx−ωt) to the linearised

LDNH system provided the following dispersion relation holds

c2
L =

ω2

k2gH0
=
PL(kH0)

QL(kH0)

where PL and QL are resp. polynomials of degree 2(L− 1) and 2L.

Moreover, we can show that c2
L goes to tanh(kH0)

kH0
when L→ +∞.
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Phase velocity
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Conclusion

§ Derivation of multilayer non-hydrostatic models as semi-discretisations of the
Euler equations

§ Analysis of physical properties (energy, dispersive effects)

§ Numerical strategies and assessments

E. Fernández-Nieto, M. Parisot, Y. Penel & J. Sainte-Marie, A hierarchy of
dispersive layer-averaged approximations of Euler equations for free surface
flows (Commun. Math. Sci., 16(05), 1169–1202, 2018).

C. Escalante-Sánchez, E.D. Fernández-Nieto, T. Morales de Luna, Y. Penel,
and J. Sainte-Marie, Numerical simulations of a dispersive model
approximating free-surface Euler equations (J. Sci. Comput., 89(55), 2021).

C. Escalante-Sánchez, E.D. Fernández-Nieto, J. Garres-D́ıaz, T. Morales de
Luna, and Y. Penel, Non-hydrostatic layer-averaged Euler system with
layerwise linear horizontal velocity (soumis).
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