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© The Finite Difference method for the Heat equation

© The Finite Element method for the Heat equation

© The Finite Volume method for the Heat equation

@ Application to a Research-level example
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BN
The Heat equation

Oty —Au=0
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BN
The Heat equation

Oty —Au=0

u(x, t = 0) = u°(x)
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|
key properties

u(t,x) = u®(e) e/t

information travels at infinite speed

monotonicity

conservation of [ u
decay of [ u?
decay of [ulogu
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The Finite Difference method for the Heat equation
Outline

@ The Finite Difference method for the Heat equation
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The Finite Difference method for the Heat equation

Simplest approximations

u(x, t + At) — u(x, t)
At

Oru(x, t) ~

u(x + Ax, t) + u(x — Ax, t) — 2u(x, t)
Ax?

OxxU(x, t) ~
Explicit scheme

ul o+ ul o —2u?
U(H—l: ﬁ—i—At i+1 i—1 i

1 1

Ax?
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u(x, t + At) — u(x, t)
At

Oru(x, t) ~

u(x + Ax, t) + u(x — Ax, t) — 2u(x, t)

OxxU(x, t) ~

Explicit scheme

u
uf’+1 = u"+ At

Implicit scheme
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The Finite Difference method for the Heat equation

Solving a linear system

Ayt ="
At At
1+ 2Ax2 T AX?
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The Finite Difference method for the Heat equation

Natural questions

is my scheme defined ?

do | preserve some properties of the continuous equation ?

does my approximate solution converge ? in what sense 7 is the limit
a (weak ?) solution of the heat equation ?

how good is my approximation 7
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The Finite Difference method for the Heat equation

Properties

V" information travels at infinite speed
v/ monotonicity

v’ conservation of [u

v decay of [ u?

v decay of [ulogu
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The Finite Difference method for the Heat equation

Properties
Finite difference reconstruction

Total Mass
0.9 ~———— Boltzmann entropy
——— Quadratic energy
0.6
0.3 F
0.0
0.000 0.025 0.050 0.075 0.100
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The Finite Difference method for the Heat equation

Convergence curve
10°

=3

error wrt ref
arror wrt exact sol
first order

second order
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The Finite Element method for the Heat equation
Outline

© The Finite Element method for the Heat equation
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Key idea

Oru = Au = Vv,/(@tu)v:/(Au)v: —/VU-VV
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Key idea

Oru = Au = Vv,/(@tu)v:/(Au /Vu Vv

discretized using

/ U™ (x)v(x) + AtV (x) - Vv(x)dx = /u"(x)v(x)dx
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The Finite Element method for the Heat equation

P; discretization

[ o010 = §X [ o000 = 5

/6X¢f(x)a><¢f(x) = é /3x¢i(x)3x¢i+1(x) = T Ax
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The Finite Element method for the Heat equation

(M + A)u"t = (M + 1)u"

[N
o=

o=
W[
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The Finite Element method for the Heat equation

Properties

V" information travels at infinite speed
v/ monotonicity

v’ conservation of [u

v decay of [ u?

? decay of [ulogu
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The Finite Element method for the Heat equation

Properties

V" information travels at infinite speed
v/ monotonicity

v’ conservation of [u

v decay of [ u?

v decay of [ulogu
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The Finite Element method for the Heat equation

Properties
Finite element reconstruction
1.0
\ Total Mass
\ ~———— Boltzmann entropy
——— Quadratic energy
0.8
0.6
0.4 -
0.2
0.0000 0.0025 0.0050 0.0075 0.0100 .
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The Finite Element method for the Heat equation

Convergence curve
10100 L

——— error wrt ref
——— error wrt exact sol
o — first order
107 /_/rJ ——— second order
1 1 1
1077 1077 107t
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The Finite Volume method for the Heat equation
Outline

© The Finite Volume method for the Heat equation
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The Finite Volume method for the Heat equation

Au = 0su = VK,/Auz/atu
K K

= VK, —Vu-n:/atu
oK K
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The mesh
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A first scheme

VK,Z/—VU-n:/atu
o o K

1 1 “nH_”fn(
= 3 (-t = KKK
o=K|L
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The Finite Volume method for the Heat equation

Towards other schemes

Ve = cViog(c)
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The Finite Volume method for the Heat equation The basic idea

Other schemes

1 1 1 U;n<+1 — Uk Mg
= Y g (og(up) — log(u ) = K| KK, =T
o=K]|L o
where
uk + up
g = (©
Uk = _ Ukt (In)
log ux — log uy
uk|L = max(uk, ur) (upw)
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The Finite Volume method for the Heat equation The basic idea

1D Formulation

For (C) and (upw):

n+1 n+1 n+ n+1 n+1 n+1 n+1 _.n
i A Ax2 (”:—1 i(log ui™" —log u™y) + upy (log u™" —log u}'f}')) = uj
For (In):
At
n+1 n+1 n+1 n+1 _.n
Ui +A2(2” — Uty —ulfy)) = uj
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The Finite Volume method for the Heat equation The basic idea

Properties
(n) (c) (upw)
information travels at infinite speed v v v
monotonicity ? 7 ?
conservation of [ u v v
decay of [ u? v oo ?
decay of [ ulogu v v v
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The Finite Volume method for the Heat equation

Properties
Centered Finite volume reconstruction
Total Mass
0.9 ~———— Boltzmann entropy
——— Quadratic energy
0.6 +
0.3 F
0.0
IJ.CIOUD 0.(;25 0.650 O.CIr?S O.IIOO
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The Finite Volume method for the Heat equation

Convergence curve with log average
1° |

10—3 L

error in the FV sense
error in the FD sense
——— error in the FE sense

———— arror in the smart FV sense
—— first order
1

second order
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The Finite Volume method for the Heat equation

Convergence curve with centered scheme
1°

error in the FV sense
error in the FD sense
——— error in the FE sense

———— arror in the smart FV sense
—— first order
1

second order
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The Finite Volume method for the Heat equation

Convergence curve with upwind scheme

error in the FV sense
error in the FD sense
——— error in the FE sense

——— error in the smart FV sense
—— first order
1

second order
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Application to a Research-level example
Outline

@ Application to a Research-level example
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Application to a Research-level example

Thank you for your attention

La conclusion de cet exposé est laissée en exercice a |'auditoire
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Application to a Research-level example

A numerical-analysis-focused comparison of several
finite volume schemes for a unipolar degenerate
drift-diffusion model

C. Canceés, C. Chainais-Hillairet, J. Fuhrmann and B. Gaudeul
Univ. Lille, Inria, Laboratoire Paul Painlevé

August 17, 2022
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Application to a Research-level example

Nonlinear Drift-diffusion model

Equations:

O¢c + div <—CV (Iog lic +d>>> =0

1
J— 2 — [
ANAD (c 2)

Boundary and initial conditions :
@ Reasonable initial condition
@ Homogeneous Neumann boundary condition for the concentration

@ Mixed Dirichlet-Neumann for the potential
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The classical NPP system

Orc +div(—cV (logc+®)) =0

1
— 2 — —_ =
A AP (c 2)
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Application to a Research-level example NN EEETeE] BNIE RO

Equivalent definitions of the fluxes

Chemical potential based:

N = —cV (h(c) + ®) h:c»—>|oglc
Diffusion enhanced based:

N =—r(c)Vc—cVo r'(c) = ch'(c)
Excess potential based:

N =—-Vc—cV(P+r(c)) v:c— —log(l—c)

Activity based:

N = —-B(Va+ aVo) a=

. -1—
1-c¢' b ¢
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Application to a Research-level example [BNEREE T R

The centered scheme

Continuous expression

N = —cV (h(c) + ®) h:c+—>|oglc

Discrete counterpart

CK + CL

Fxi = TUTDKL (h(C) + (D)
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AT [IETRTCT I ERE NPT B EVARET T The Bessemoulin-Chatard scheme

The Bessemoulin-Chatard scheme

Continuous reformulation

N = —r'(c)Vc+cVo rstr'(c)=ch'(c) = I:;E—E:c))
=—r(c c cv—CI>
=—r@(vereyg)

Discrete counterpart

o, — b Ox — b
FKL = To-drKL <B(ﬁ)CK — B(#)CL)

with A A
dre, = (ck) — h(eL)
log cx — log ;.

[0 BESSEMOULIN-CHATARD (2012)
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The SEDAN 11l scheme
The SEDAN 11l scheme

Continuous reformulation

N =-Vec—cV(P+r(c)) v:cr —log(l—c)

Discrete counterpart

Fxi :TU(B(¢L+VL_¢K_VK)CK_B(¢K+VK_¢L_VL)CL)

O DuttoN, YU (1998)
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Application to a Research-level example ERNERET VA2

The activity scheme

Continuous reformulation

N =—p(Va+ aVe) a=

Discrete counterpart

Bk + BL
To

Fri =
KL 2

(B((bL — CDK)aK — B((DK — CDL)aL)

O FUHRMANN (2015)
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2
Average property

KL= h(ck) + ®x — h(c) — &,

Average property
For the centered, SEDAN, and Bessemoulin-Chatard schemes, we have:

min(ck,cr) < ckr < max(ck,cr)
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Application to a Research-level example Energy dissipation

Some continuous property
Chemical free energy density:
H(c) = clog(c) + (1 — ¢)log(1 — c)

Free energy of the solution:

2
E:/ <H+>\2m>—/ dP\2VD . 7
Q 2 M

Proposition : Energy, energy dissipation relation

The functional E is convex and :

6tE+/ c|Vh(c) + o> =0
Q
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Application to a Research-level example Energy dissipation

Discrete counterpart

let Py = cKL(h(cK) + &k — h(cr) — CDL)2 and

— ZmKH( 2270 (Dy®™)? Z Z To®P Dy, 7.

KeT oeé KeT ocePnek

Proposition: Entropy dissipation relation

The discrete free energy is decreasing and we have:

E"+At Y 1,Pry <E™!
o=K]|L
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A priori estimates
Assuming 0 < ¢ < 1:
° [Pl <M
o Enin < E"< E% <

o AtY, TPy < EO— EMn

0 0<e<c<]—c¢
B. Gaudeul (Univ. Lille)
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Application to a Research-level example Energy dissipation

A minimal coercivity result

Prr = P(ck, e, Pk, Pr)

Vs m(cr) = inf{P(ck, cL, Pk, ®1); ck € [6,1), (P, L) € [-M, M]?}

Tsm(cL) = inf{P(ck, cL, Pk, )i ck € (0,1 — 6], (Pk, ®,) € [-M, M]*}

lim W =
c[)nO 6’M(C) oo

lim T =
cinl 6’M(C) oo
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Second step: closed bounds on cg

Prr = Plek, c, Pk, ®) <M
cL

B. Gaudeul (Univ. Lille)

NL-NPP schemes



Second step: closed bounds on cg

Prr = Plek, c, Pk, ®) <M
cL

B. Gaudeul (Univ. Lille)

NL-NPP schemes



Second step: closed bounds on cg

Prr = Plek, c, Pk, ®) <M
cL

B. Gaudeul (Univ. Lille)

NL-NPP schemes



Second step: closed bounds on cg

Prr = Plek, c, Pk, ®) <M
cL

B. Gaudeul (Univ. Lille)

NL-NPP schemes



Second step: closed bounds on cg

Prr = Plek, c, Pk, ®) <M
cL

B. Gaudeul (Univ. Lille)

NL-NPP schemes



Second step: closed bounds on cg
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Application to a Research-level example Main Results

Existence theorem

Theorem

For all 4 numerical fluxes, there exists (cg, ®%) solution to the scheme.
Moreover, we have

0<cp <L

Sketch of the proof

Assume 0 < ¢ <1
© Estimates on @
Q AtZTK|L7DKL<C = e<cp<l—e
© Topological degree argument
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Application to a Research-level example Main Results

Convergence theorem
Theorem

Let ¢, and @, be solutions of the centered or SEDAN scheme.
If h,, — 0, up to a subsequence:

Cm — C

m—o0

a.e. in QT, V mr(cm) ol Vr(c) in3(Q7),

*
—\

m—00

O — & in [2(Q7), Vm®m

where (¢, ®) is a weak solution.

Vo in L°((0, T); L2(Q)).

@ A priori estimates;
o Compactness propetties;
o ldentification of the limit.
O EyMARD, GALLOUET, HERBIN (2000)

[0 ANDREIANOV, CANCES, Moussa (2017)
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Application to a Research-level example Main Results

1D test case

1 10° —
0. 107 ~ A
0.0 )
10°
0.
5 10°
-1 &
l =104
-1
l 10% e—a Centered
2.0 e—e Bess-Ch
— % / «—e Sedan
—25H — 10° e—e Activity
—_ \/ -- o)
3% 0.2 0.4 0.6 0.8 1.0 107 16 4 107 107 10"
x h
Stationnary problem solution Error with respect to the reference

solution
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Application to a Research-level example Main Results

Thank you for your attention
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