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Plasmas for controlled nuclear fusion : beautiful, but complex

Advantages :

no greenhouse gases

no chain reaction (nuclear accidents)

harmless fuel (hydrogen isotopes)

manageable waste

Disadvantages :

... no chain reaction !

. need to heat (about 100 million C)

. need to confine with extreme B fields
problem complexity :

nb of particles : N = 1022

physical scales : ρe, λe ∼ 10−4 ! L ∼ 10

time scales : ω−1
ce ∼ 10−10 ! T ∼ 10

. brute force grid (space-time) : # ∼ 1026
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A hierarchy of models (I) : N-body model

Newton law for a particle (Xp(t),Vp(t)), p = 1 . . .N, with mass mp and charge qp
dXp

dt
= Vp

mp

qp

dVp

dt
=
(

Eext(t ,Xp) + Vp × Bext(t ,Xp)
)

+
∑
p′ 6=p

(
Ep′ (t ,Xp) + Vp × Bp′ (t ,Xp)

)

Maxwell equations for the electromagnetic field (Ep,Bp) generated by particle p
1
c2 ∂tEp − curl Bp = −µ0Jp

∂tBp + curl Ep = 0
, Jp(t , x) := qpVpδXp(t)(x)

. N trajectories, fully coupled...
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A hierarchy of models (II) : Vlasov-Maxwell (mean field)

Vlasov equation for the particle plasma densities fs(t , x , v) (of species s)

∂t fs + v · ∇x fs +
qs

ms

(
Fext(t , x , v) + F (t , x , v)

)
· ∇v fs = 0

with F (t , x , v) := E(t , x) + v × B(t , x) the mean-field Lorentz force

Maxwell equations for the electromagnetic field
1
c2 ∂tE − curl B = −µ0J

∂tB + curl E = 0
, J(t , x) :=

∑
s

qs

∫
v fs(t , x , v) dv

. simple equations, but very small scales...
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A hierarchy of models (III) : Gyrokinetic (electrostatic)

an excerpt :

with (J0Φ)(R, µ) = 1
2π

∫ 2π
0 Φ(R + ρ(α)) dα, and B∗ = ∇× A∗, A∗ = A + p‖

c
e b, . . .

. equations become increasingly complex !
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Vlasov-Maxwell equations for plasma modelling

Vlasov equation for the plasma

∂t f + v · ∇x f + F (x , v) · ∇v f = 0

. Transport structure with trajectories

f (t ,X(t , x0, v0),V (t , x0, v0)) = f0(x0, v0)

coupling term : Lorentz force

F (t , x , v) = E(t , x) + v × B(t , x)

. Particle discretization 1

Maxwell equations for the field{
∂t E − curl B = −J
∂t B + curl E = 0

. de Rham structure 2 with potentials

E = −∂t A− gradφ, B = curl A
coupling term : current density

J(t , x) =

∫
v f (t , x , v) dv

. Finite Element discretization 2

1. Langdon-Birdsall (’70), Hockney-Eastwood (’80s), Markidis-Lapenta (’11), Chacón-Chen-Barnes(’13), ...
2. Whitney’57, Bossavit (’88 - ’98), Hiptmair (’99), Boffi’00+ Arnold-Falk-Winther (’06), Buffa et al (’11), ...
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FEM-PIC 1 : main loop

Numerical particles
I positions {xk}k≤N
I velocities {vk}k≤N
I weights {wk}k≤N

Particles push{ d
dt xk = vk ( in R3 )

d
dt vk = F (xk , vk ) ( in R3 )

( ?)

Particles push
{xk , vk}k ← F

Fields update
Eh,Bh ← Jh

Current deposition
Jh ← {xk , vk ,wk}k

Lorentz force
F ← Eh,Bh

( ?)

Maxwell FEM
I FEM spaces · · · V 1

h
curl−−−→ V 2

h · · ·
I magnetic field Bh ∈ V 1

h
I electric field Eh ∈ V 2

h

Fields update{
∂t Eh − curl Bh = −Jh ( in V 2

h )

∂t Bh + curlh Eh = 0 ( in V 1
h )

1. Boris (’70), Marder (’87), Eastwood (’91), Villasenor-Buneman (’92), Langdon (’92), Lapenta-Brackbill (’98),
Munz-Omnes-Schneider-Sonnendrücker-Voß(’00), Weiland (’03), Kim-Chacón-Lapenta (’05), Markidis-Lapenta
(’11, ’17), Pagès-CP (’20, )...
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Variational structure of the continuous Vlasov-Maxwell system
Action principle : solutions f (t ,X ,V ) = f0(x0, v0), E = −∂tA− gradφ, B = curl A
are extrema of the Action functional

S(X ,V ,A, φ) :=

∫ T

0
L
(
(X , d

dt X ,V ,A, d
dt A, φ)(t)

)
dt

. with the Lagrangian functional 1

L(X ,X ′,V ,A,A′, φ) =

∫
f0(x0, v0)

((
mV + qA(t ,X )

)
· X ′ −

(m
2

V 2 + qφ(t ,X)
))

dx0 dv0

+
1
2

∫
Ω
| gradφ(t , x) + A′(t , x)|2 dx −

1
2

∫
Ω
| curl A(t , x)|2 dx

Hamiltonian formulation : for an arbitrary functional F of the solution, it holds
d
dt
F(f ,E ,B) = {F ,H}

. with H(f ,E ,B) = 1
2

∫
Ω×R3 |v |2f dx dv + 1

2

∫
Ω

(|E |2 + |B|2) dx and the bracket 2

{F ,G} =

∫
Ω×R3

f
(( ∂

∂v
δF
δf
·
∂

∂x
δG
δf
−

∂

∂v
δG
δf
·
∂

∂x
δF
δf

)
+ B ·

( ∂

∂v
δF
δf
×

∂

∂v
δG
δf

))
dx dv

+

∫
Ω×R3

(
δF
δE
·
∂f
∂v

δG
δf
−
δG
δE
·
∂f
∂v

δF
δf

)
dx dv +

∫
Ω

(
δF
δE
· curl

δG
δB
−
δG
δE
· curl

δF
δB

)
dx

1. Low (’58)
2. Morrison (’80), Marder-Weinstein (’82), Weinstein-Morrison (’81)
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Main Result

Variational particle-field discretization in generic de Rham complex

Continuous fields 
and currents

Discrete fields 
and currents

Particle-field 
coupling

→

0 ON
→

NATO ☒g^ 1*2 eggs

. Action Principle with discrete Lagrangian Lh(XN ,X ′N ,VN ,Ah,A′h, φh)

. gauge-free FEM-PIC scheme with

Eh = − gradh φh − ∂t Ah ( in V 2
h ) and Bh = curlh Ah ( in V 1

h )

. Hamiltonian structure (semi-disc) : energy stability, discrete Casimirs (Gauss laws)

. flexible : allows for various field solvers, coupling techniques, (smooth) particles
shapes, curvilinear coordinates

I new GEMPIC 2 schemes, with general FEM 3/DG 4 spaces on complex domains
I with discrete Fourier spaces and gridless projection : Particle-in-Fourier (PIF)
I with discrete Fourier spaces and DFT projections : new Hamiltonian spectral PIC

1. Kraus-Kormann-Morrison-Sonnendrücker (’17)
2. Raviart-Thomas(’77), Nedelec(’80+), Bossavit(’88-’98+), Hiptmair(’99+), Arnold-Falk-Winther(’02-’10)
3. CP-Sonnendrücker (’16), CP-Güçlü (’21), Güçlü-Hadjout-CP (’22)
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FEEC 1 and broken FEEC on curvilinear/multi-patch domains

F1

Ω̂

Ω1

F2 Ω2

· · ·

Computational domain : Ω =
⋃

k Ωk

. Ωk = Fk (Ω̂) : mapped patches

. Ω̂ = [0, 1]D : reference patch

FEEC V `
h =

(⊕
k V `

h (Ωk )
)
∩ V `

broken-FEEC : V `
h =

⊕
k V `

h (Ωk )

Commuting de Rham diagram :

V 0 V 1 V 2 V 3

V 0
h V 1

h V 2
h V 3

h

grad curl div

Π0 Π1 Π2 Π3

grad curl div

1. Whitney(’57), Bossavit (’88 - ’98), Hiptmair (’99), Boffi’00+ Arnold-Falk-Winther (’06), Buffa et al (’11), ...
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Construction on reference domain (here 2D)

Polynomial (order p) de Rham sequence :

V̂ 0
h = Pp,p

grad
−−−−→ V̂ 1

h =

(
Pp−1,p
Pp,p−1

)
curl−−−−→ V̂ 3

h = Pp−1,p−1

Geometric degrees of freedom 1 :

σ0
m(u) = u(xm), σ1

α,m(u) =

∫
eα,m

eα · u σ2
α,m(u) =

∫
fα,m

eα · u

1. Whitney(’57), Robidoux(’08), Bossavit-Rapetti(’09), Kreeft-Palha-Gerritsma(’11), Sonnendrücker(’19) ...
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Construction on mapped patches Ωk = Fk (Ω̂)
push-forward operators

F0
k û = û ◦ F−1

k , F1
k û =

(
DF−T

k û
)
◦ F−1

k , F2
k û =

(DFk

JFk

û
)
◦ F−1

k , F3
k û =

( 1
JFk

û
)
◦ F−1

k

with DF and JF the Jacobian matrix and determinant of F
local FEM spaces V `

h (Ωk ) = F`k V̂ `
h

. commutation property d`F` = F`+1d̂` =⇒ local de Rham sequences :

V 0
h (Ωk )

d0
−−−→ V 1

h (Ωk )
d1
−−−→ V 2

h (Ωk )
d2
−−−→ V 3

h (Ωk )

degrees of freedom σ`k,i (u) := σ̂`i ((F`)−1u)

. geometric nature

σ0
k,x̂ (u) = u(Fk (x̂)), σ1

k,ê(u) =

∫
Fk (ê)

τFk (ê)·u, σ2
k,f̂(u) =

∫
Fk (f̂)

nFk (f̂)·u, σ3
k,ĉ(u) =

∫
Fk (ĉ)

u

. local basis functions

Λ`k,i = F`k Λ̂`i with σ`k,j (Λ`k,i ) = σ̂`j (Λ̂`i ) = δi,j

. Finite Element projections

Π` : u 7→
∑
k,i

σ`k,i (u)Λ`k,i

(
=
∑

k

F`k Π̂`(F`k )−1u
)
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Commuting diagram follows from geometrical relations

V 0 V 1 V 2 V 3

V 0
h V 1

h V 2
h V 3

h

grad curl div

Π0 Π1 Π2 Π3

grad curl div

projection Π` characterized by : Π`u ∈ V `
h and σ`i (Π`u) = σ`i (u) for all i

. given faces fi ∈ Fh with normals nfi and edges ej ∈ Eh with tangents τej we have

σ2
i (curl u) =

∫
fi

nfi · curl u =

∫
∂fi

τ
fi
e · u =

∑
ej∈Eh

Cij

∫
ej

τej · u =
∑
ej∈Eh

Cijσ
1
j (u)

where Cij ∈ {−1, 0,+1} is the orientation of the edge ej in the face fi .
. in particular,

σ2
i (Π2 curl u) = σ2

i (curl u) =
∑

ej∈Eh

Cijσ
1
j (u)

and σ2
i (curl Π1u) =

∑
ej∈Eh

Cijσ
1
j (Π1u) =

∑
ej∈Eh

Cijσ
1
j (u)

. this shows Π2 curl = curl Π1

. and that C (the curl operator matrix) is mapping-independent

. similar relations for grad and div follow with same arguments
smoothed “projections” Π`S characterized by : σ`i (Π`Su) = σ`i (u ∗ S) also commute
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Extension to broken FEEC
start from a conforming sequence 1

V 0,c
h

grad
−−−−→ V 1,c

h
curl−−−−→ V 2,c

h
div−−−→ V 3,c

h (1)

relax interface constraints : use fully discontinuous V `
h

V `,c
h ⊂ V `

h 6⊂ V `

define local conforming projection operators 2

P`h : V `
h → V `,c

h

broken-FEEC diagram

. Conforming/Non-
conforming Galerkin
(CONGA) schemes

V 0 V 1 V 2 V 3

V 0,c
h V 1,c

h V 2,c
h V 3,c

h

V 0
h V 1

h V 2
h V 3

h

grad

Π0
h

curl

Π1
h Π2

h

grad curl

grad P0
h

P0
h

curl P1
h

P1
h

div

div

div P2
h

P2
h

Π3
h

P3
h

1. Bossavit (’88), Hiptmair (’02), Arnold + Falk + Winther (’06, ’10), Brezzi + Boffi + Fortin (’13)
2. CP + Sonnendrücker (15, 16), Ern + Guermond (15)

3. CP (15), CP + Sonnendrücker (16), CP + Güçlü (21), Güçlü + Hadjout + CP (22)
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CONGA simulation of an EM pulse propagating in a metallic cavity
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Bn+ 1

2 = Bn − ∆t
2 CP1En

En+1 = En + ∆tH̃1((CP1)TH2Bn+ 1
2 − (P1)T σ̃1(Jn+ 1

2 )
)

Bn+1 = Bn+ 1
2 − ∆t

2 CP1En+1

curl matrices : block-diagonal

Hodge matrices : block-diag.

projection matrices : local

dual dofs σ1 : local
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Full broken-FEEC diagram 1 : V `
h := {v ∈ L2(Ω) : v |Ωk ∈ V `

h(Ωk )}

V 0 V 1 V 2 V 3

V 0
h V 1

h V 2
h V 3

h

C0 C1 C2 C3

C̃0 C̃1 C̃2 C̃3

V 0
h V 1

h V 2
h V 3

h

V∗0 V∗1 V∗2 V∗3

grad curl div

Π0
h Π1

h Π2
h Π3

hσ0 σ1 σ2 σ3

gradh curlh divh

I0 I1 I2 I3
σ0 σ1 σ2 σ3

GP0 CP1 DP2

H̃0 H̃1 H̃2 H̃3H0 H1 H2 H3

d̃ivh c̃urlh g̃radh
σ̃0 σ̃1 σ̃2 σ̃3

Ĩ0 Ĩ1 Ĩ2 Ĩ3

−(GP0)T (CP1)T −(DP2)T

(P0)T σ̃0 (P1)T σ̃1 (P2)T σ̃2 (P3)T σ̃3Π̃0
h Π̃1

h Π̃2
h Π̃3

h

div curl grad

1. A broken-FEEC framework for EM pbms on mapped multipatch domains, Güçlü-Hadjout-CP (’22)
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Spectral solvers : Particle-in-Fourier (PIF) vs. spectral PIC

fields in Fourier spaces

Eh(t , x) =
∑

−K≤k1,k2,k3≤K

Ek (t)e
2iπk·x

L

Bh(t , x) = · · · (same form)

particle densities, smoothing kernel S

JN (t , x) =
∑

1≤p≤N

wpvp(t)S(x − xp(t))

. coupled solver
−∂t Ek +

(2iπk
L

)
× Bk = Jk ,

∂t Bk +
(2iπk

L

)
× Ek = 0{

∂t xp = vp,

∂t vp = ES
h (xp) + vp × BS

h (xp)

PIF is gridless 1

Jk :=
( 1

L

)3
∫

[0,L3]
JN (x)e−

2iπk·x
L dx

ES
h (xp) :=

∫
[0,L]3

Eh(x)S(x − xp) dx

PIC 1 : DFT grid, ∆x = L
M , M ≥ 2K + 1

Jk :=
( 1

M

)3 ∑
1≤j1,j2,j3≤M

JN (j∆x)e−
2iπk·j

M

ES
h (xp) :=

( L
M

)3 ∑
1≤j1,j2,j3≤M

Eh(j∆x)S(j∆x − xp)

conservation properties 2

(charge, energy, momentum)

well-defined for point particles

complexity : ∼ NK 3

complexity : ∼ Nq3 + M3 log M
(for S(x) = (∆x)−3Bq(x/∆x))

aliasing errors, invariants?

ill-defined for point particles
1. Langdon-Birdsall (’70), Vlad Briguglio et al (’01), Lifschitz et al (’09), Decyk (’11), Ohana et al (’17),
2. Evstatiev-Shadwick (’13), Shadwick-Stamm-Evstatiev (’14), Ameres (’18)
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Spectral solvers : Particle-in-Fourier (PIF) vs. spectral PIC

here, the Hamiltonian framework allows to

. distinguish PIF and spectral PIC by the projections Π`

. better understand the conservation properties of spectral PIC

. extend to hybrid field solvers and curvilinear geometries

. handle anti-aliasing techniques and Fourier back-filtering

PIF is gridless 1

Jk :=
( 1

L

)3
∫

[0,L3]
JN (x)e−

2iπk·x
L dx

ES
h (xp) :=

∫
[0,L]3

Eh(x)S(x − xp) dx

PIC 1 : DFT grid, ∆x = L
M , M ≥ 2K + 1

Jk :=
( 1

M

)3 ∑
1≤j1,j2,j3≤M

JN (j∆x)e−
2iπk·j

M

ES
h (xp) :=

( L
M

)3 ∑
1≤j1,j2,j3≤M

Eh(j∆x)S(j∆x − xp)

conservation properties 2

(charge, energy, momentum)

well-defined for point particles

complexity : ∼ NK 3

complexity : ∼ Nq3 + M3 log M
(for S(x) = (∆x)−3Bq(x/∆x))

aliasing errors, invariants?

ill-defined for point particles
1. Langdon-Birdsall (’70), Vlad Briguglio et al (’01), Lifschitz et al (’09), Decyk (’11), Ohana et al (’17),
2. Evstatiev-Shadwick (’13), Shadwick-Stamm-Evstatiev (’14), Ameres (’18)
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Compatible Finite Elements meet Fourier spaces

functional de Rham structure 1

V 0 V 1 V 2 V 3

V 0
h V 1

h V 2
h V 3

h

grad curl div

Π0 Π1 Π2 Π3
grad curl div

gradhcurlhdivh

commuting diagram operators

grad Π0 = Π1 grad, curl Π1 = Π2 curl, div Π2 = Π3 div

continuous fields

B(t) ∈ V 1, E(t), J(t) ∈ V 2

discrete fields

Bh(t) ∈ V 1
h , Eh(t), Jh(t) ∈ V 2

h

discrete Maxwell equations{
∂t Eh − curl Bh = −Π2J
∂t Bh + curlh Eh = 0

for spectral solvers : V `
h = Fourier spaces

. gridless setting : L2 projections, truncated Fourier series

PG =
∑
|k|≤K

Fk (G)e
2iπkx

L with Fk (G) =
1
L

∫
G(x)e−

2iπkx
L dx

. with a grid : DFT with M ≥ 2K + 1 points, pseudo differentials, Fourier filtering

(P̃G)k = γk

(2iπk
L

)−1
FM,k (∂G) with FM,k (G) =

1
M

M∑
j=1

G(j∆x)e−
2iπkj

M

1. Bossavit (’88 - ’98), Hiptmair (’99), Arnold-Falk-Winther (’06), Buffa-Rivas-Sangalli-Vázquez (’11),
CP-Sonnendrücker (’17), Kraus-Kormann-Morrison-Sonnendrücker (’17), CP-Güçlü (’21), ...
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Discrete action principle
continuous Lagrangian 1 (Vlasov-Maxwell)

L =

∫
f (t0, x0, v0)

((
mV + qA(t ,X)

)
· X ′ −

(m
2

V 2 + qφ(t ,X)
))

dx0 dv0

+
1
2

∫
Ω
| gradφ(t , x) + A′(t , x)|2 dx −

1
2

∫
Ω
| curl A(t , x)|2 dx

discrete Lagrangian (Particle-Field)

Lh =
N∑

p=1

wp

((
mVp + qAS(Xp)

)
· X ′p −

(m
2

V 2
p + qφS(Xp)

))
+

1
2

∫
Ω
| gradh φh(x) + A′h(x)|2 dx −

1
2

∫
Ω
| curlh Ah(x)|2 dx .

XN ,VN : collections of particle trajectories
Ah ∈ V 2

h , φh ∈ V 3
h : discrete (FEM) potential fields

coupling potentials 
AS(Xp) :=

3∑
α=1

eα
∫

Ω

(
Ah · Π2(eαSXp )

)
dx ,

φS(Xp) :=

∫
Ω

(
φhΠ3(SXp )

)
dx

with smoothing kernels SXp (x) = S(x − Xp)

1. Low (’58)
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Variational principle with commuting diagrams

Variational principle 1 leads to Euler-Lagrange equations, eg :
∂

∂t
δLh

δX′N
=
δLh

δXN

. this gives
mp

qp

dVp

dt
· eα =

∫
Ω

Ah · Π2(eα(Vp ·grad SXp )− Vp(eα ·grad SXp )
)

−
∫

Ω
∂t Ah · Π2(eαSXp ) +

∫
Ω
φhΠ3(eα ·grad SXp )

=

∫
Ω

Ah · Π2 curl(eα × VpSXp )−
∫

Ω
∂t Ah · Π2(eαSXp ) +

∫
Ω
φhΠ3 div(eαSXp )

=

∫
Ω

Ah · curl Π1(eα × VpSXp )−
∫

Ω
∂t Ah · Π2(eαSXp ) +

∫
Ω
φh div Π3(eαSXp )

=

∫
Ω

curlh Ah · Π1(eα × VpSXp )−
∫

Ω
(∂t Ah + gradh φh) · Π2(eαSXp )

=

∫
Ω

Bh · Π1(eα × VpSXp ) +

∫
Ω

Eh · Π2(eαSXp )

. hence,
mp

qp

dVp

dt
= Vp × BS(Xp) + ES(Xp) , with coupling fields

BS(Xp) :=
3∑
α=1

eα
∫

Ω
Bh · Π1(eαSXp ) and ES(Xp) :=

3∑
α=1

eα
∫

Ω
Eh · Π2(eαSXp )

1. Lewis (’70), Morrison (’80-’16), Eastwood (’91), Kraus (’13), Turchetti-Sinigardi-Londrillo (’14), ...
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Resulting variational FEM-PIC system
Field equations{

−∂t Eh + curl Bh = Π2JS
N

∂t Bh + curlh Eh = 0
with Π2JS

N =
∑

p=1···N
qpΠ2(VpSXp )

with the discrete weak operator curlh : V 2
h → V 1

h
trajectory equations

dXp

dt
= Vp

dVp

dt
=

qp

mp

(
ES(Xp) + Vp × BS(Xp)

) for p = 1, . . . ,N

coupling fields

BS(Xp) =
3∑
α=1

eα
∫

Ω
Bh · Π1(eαSXp ) ES(Xp) =

3∑
α=1

eα
∫

Ω
Eh · Π2(eαSXp ),

variational Gauss laws (exact invariant){
div Eh = Π3ρS

N

divh Bh = 0
with Π3ρS

N =
∑

p=1···N
qpΠ3(SXp )

with the discrete weak operator divh : V 1
h → V 0

h

extends GEMPIC scheme (spline FEM, strong Faraday equation, S = δ)
1. Kraus-Kormann-Morrison-Sonnendrücker (’17)
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FEM-PIC loop 1 : reminder

Numerical particles
I positions {xk}k≤N
I velocities {vk}k≤N
I weights {wk}k≤N

Particles push{ d
dt xk = vk ( in R3 )

d
dt vk = F (xk , vk ) ( in R3 )

( ?)

Particles push
{xk , vk}k ← F

Fields update
Eh,Bh ← Jh

Current deposition
Jh ← {xk , vk ,wk}k

Lorentz force
F ← Eh,Bh

( ?)

Maxwell FEM
I FEM spaces · · · V 1

h
curl−−−→ V 2

h · · ·
I magnetic field Bh ∈ V 1

h
I electric field Eh ∈ V 2

h

Fields update{
∂t Eh − curl Bh = −Jh ( in V 2

h )

∂t Bh + curlh Eh = 0 ( in V 1
h )

1. Boris (’70), Marder (’87), Eastwood (’91), Villasenor-Buneman (’92), Langdon (’92), Lapenta-Brackbill (’98),
Munz-Omnes-Schneider-Sonnendrücker-Voß(’00), Weiland (’03), Kim-Chacón-Lapenta (’05), Markidis-Lapenta
(’11, ’17), Pagès-CP (’20, )...
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Hamiltonian structure
continuous VM system 1 :

d
dt
F(f ,E ,B) = {F ,H}

. with H(f ,E ,B) = 1
2

∫
Ω×R3 |v |2f dx dv + 1

2

∫
Ω

(|E |2 + |B|2) dx and

{F ,G} =

∫
Ω×R3

f
(( ∂

∂v
δF
δf
·
∂

∂x
δG
δf
−

∂

∂v
δG
δf
·
∂

∂x
δF
δf

)
+ B ·

( ∂

∂v
δF
δf
×

∂

∂v
δG
δf

))
dx dv

+

∫
Ω×R3

(
δF
δE
·
∂f
∂v

δG
δf
−
δG
δE
·
∂f
∂v

δF
δf

)
dx dv +

∫
Ω

(
δF
δE
· curl

δG
δB
−
δG
δE
· curl

δF
δB

)
dx

discrete VM system 2 :
d
dt
Fh(XN ,VN ,Eh,Bh) = {Fh,Hh}h

. with Hh(XN ,VN ,Eh,Bh) = 1
2

∑
p wp|Vp|2 + 1

2

∫
(|Eh|2 + |Bh|2) and

{Fh,Gh}h =
N∑

p=1

[
1

wp

(( δFh

δXp
·
δGh

δVp
−
δFh

δVp
·
δGh

δXp

)
+ BS(Xp) ·

( δFh

δVp
×
δGh

δVp

))

−
∫

Ω

(
δFh

δEh
· Π2

(
SXp

δGh

δVp

)
−
δGh

δEh
· Π2

(
SXp

δFh

δVp

))]
+

∫
Ω

(
δFh

δEh
· curl

δGh

δBh
−
δGh

δEh
· curl

δFh

δBh

)
1. Morrison (’80), Marder-Weinstein (’82), Weinstein-Morrison (’81)
2. CP-Kormann-Sonnendrücker (’21)

Martin Campos Pinto (Max-Planck IPP, Garching) structure-preserving particle schemes for VM Cemracs 2022 29 / 43



Outline

1 Motivation

2 FEM-PIC for Vlasov-Maxwell and main result

3 Example 1 : structure-preserving FEM

4 Example 2 : spectral particle schemes

5 Variational derivation of Hamiltonian FEM-PIC schemes

6 Application to spectral solvers

7 Fully discrete spectral schemes

8 Summary

Martin Campos Pinto (Max-Planck IPP, Garching) structure-preserving particle schemes for VM Cemracs 2022 30 / 43



Resulting variational scheme : Fourier-GEMPIC
Abstract variational scheme (Hamiltonian)

. particle push{
∂t xp = vp

∂t vp = ES
h (xp) + vp × BS

h (xp)
with


ES

h,α(xp) :=

∫
Eh,α(x)(Π2

αSxp )(x) dx

BS
h,α(xp) :=

∫
Bh,α(x)(Π1

αSxp )(x) dx

. field solve{
−∂t Eh + curl Bh = JS

h

∂t Bh + curl Eh = 0
with JS

h = Π2(S ∗ JδN ) =
∑

p=1···N
wpΠ2(vpSxp )

Application to Fourier spaces :
. particle push

{
∂t xp = vp

∂t vp = ES
h (xp) + vp × BS

h (xp)
with


ES

h,α(xp) = L3
∑

k

Ek ,α(Π2
αSxp )k

BS
h,α(xp) = L3

∑
k

Bk ,α(Π1
αSxp )k

. field solve 
−∂t Ek + 2iπk

L × Bk =
∑

p
wpΠ2(vpSxp )k

∂t Bk + 2iπk
L × Ek = 0
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Fourier-GEMPIC : discrete Hamiltonian system
discrete variables

u(t) =

X
V
e
b

 (t) =


(xp)p≤N
(vp)p≤N

(Ek )|k |∞≤K
(Bk )|k |∞≤K

 (t)

discrete Hamiltonian
H = 1

2 VTWmV + 1
2 eTM2e + 1

2 bTM1b

with Wm : particle weighting matrix, M1, M2 : FEM mass matrices

Hamiltonian system
du
dt

= J(u)∇uH(u)

Poisson matrix (antisymmetric, Jacobi identity)

J(u) =


0 W1/m 0 0

−W1/m Wq/mB1(X,b)W1/m Wq/mS2(X)(X) 0
0 −S2(X)TWq/m 0 C(M1)−1

0 0 −(M1)−1CT 0



with


C ≡ discrete curl matrix

S2(X)p,k ≡ Π2 coupling of p-th particle with mode k

B1(X,b)p,p ≡ magnetic rotation of p-th trajectory with Π1 coupling
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Fourier-GEMPIC scheme : conservation properties
conservation of Gauss laws : ok{

∂t (div Eh) = − div Π2JN = −Π3 div JN = ∂t (Π3ρN )

∂t (div Bh) = − div(curl Eh) = 0

conservation of energy : ok
d
dt

(
1
2

∫
|Eh|2 + |Bh|2

)
=

∫
Eh · (curl Bh − Π2JN )− Bh · curl Eh = −

∫
Eh · Π2JN

d
dt

(
1
2

∑
p

wp|vp|2
)

=
∑

p
wpvp ·

(
vp × BS

h (xp) + ES
h (xp)

)
=
∑

p
wp

∫
Π2(vpS(x − xp)) · Eh(x)

conservation of momentum? P =
∑

p wpvp + L3∑
k Ek × Bk

d
dt

(∑
p

wpvp

)
α

=
∑
p,k

wpL3
(

Ek,α(Π2Sxp )k ,α ± vp,α±1Bk ,α∓1(Π1Sxp )k ,α∓1

)
and, using that

∑
k (k × Ck )× Ck = −

∑
k (k · Ck )Ck ,

d
dt

L3
∑

k

Ek × Bk = L3
∑

k

Ek ×
(
− 2iπk

L × Ek

)
+
(

2iπk
L × Bk − (Π2JN )k

)
× Bk

= L3
∑

k

−(Π3ρN )k Ek − (Π2JN )k × Bk

. ok if Π0 = Π1
α = Π2

α = Π3 (eg, L2 projections)
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Hamiltonian time splitting 1 : preserving the Poisson structure
Step HE,B :

d
dt

xp = 0

d
dt

vp = ES
h (xp)

d
dt

Eh = curl Bh

d
dt

Bh = − curl Eh

i.e.,



d
dt xp = 0
d
dt vp,α = L3

∑
k

Ek ,α(Π2
αSxp )k

d
dt Ek = 2iπk

L × Bk

d
dt Bk = − 2iπk

L × Ek

for


1 ≤ α ≤ 3
p = 1 · · ·N
|k |∞ ≤ K

Step Hp,α, for 1 ≤ α ≤ 3 :

d
dt

xp = v[α]
p

d
dt

vp = v[α]
p × BS

h (xp)

d
dt

Eh = −Π2(J [α]
N )

d
dt

Bh = 0

i.e.,



d
dt xp,α = vp,α

d
dt xp,α±1 = d

dt vp,α = 0
d
dt vp,α±1 = ∓L3

∑
k

vp,αBk ,α∓1(Π1
α∓1Sxp )k

d
dt Ek ,α = −

∑
p

wpvp,α(Π2
αSxp )k

d
dt Ek ,α±1 = d

dt Bk = 0

where G[α] := êα(êα ·G)

exact solutions, explicit formulas  spectral PIC with non-standard DFT
1. Crouseilles, Einkemmer, Faou (’15), Kraus, Kormann, Morrison, Sonnendrücker (’17)
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Hamiltonian time splitting : conservation properties

Discrete Gauss laws and Hamiltonian structure : preserved

Energy : preserved within bounds, by backward error analysis
Momentum? Step HE,B :

d
dt

(∑
p

wpvp

)
α

=
∑
p,k

wpL3
(

Eα,k (Π2
αSxp )k

)
d
dt

L3
(∑

k

Ek × Bk

)
α

= L3
∑

k

−(Π3ρN )k Eα,k

for 1 ≤ α ≤ 3

Step Hp,α, for 1 ≤ α ≤ 3 :
d
dt

(∑
p

wpvp

)
α±1

= ∓
∑
p,k

wpL3
(

vp,αBk ,α∓1(Π1
α∓1Sxp )k

)
d
dt

L3
(∑

k

Ek × Bk

)
α±1

= ±L3
∑
p,k

wpvp,α(Π2
αSxp )k × Bα∓1,k

. Projection discrepancy, solved with momentum-preserving velocity kicks

(HE,B) d
dt vp,α = L3

∑
k

Ek ,α(Π3Sxp )k , (Hp,α) d
dt vp,α±1 = ∓L3

∑
k

vp,αBk ,α∓1(Π2
αSxp )k

variational scheme and momentum-preserving variant coincide in gridless PIF
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Hamiltonian time splitting 1 : variational scheme (again)
Step HE,B :

d
dt

xp = 0

d
dt

vp = ES
h (xp)

d
dt

Eh = curl Bh

d
dt

Bh = − curl Eh

i.e.,



d
dt xp = 0
d
dt vp,α = L3

∑
k

Ek ,α(Π2
αSxp )k

d
dt Ek = 2iπk

L × Bk

d
dt Bk = − 2iπk

L × Ek

for


1 ≤ α ≤ 3
p = 1 · · ·N
|k |∞ ≤ K

Step Hp,α, for 1 ≤ α ≤ 3 :

d
dt

xp = v[α]
p

d
dt

vp = v[α]
p × BS

h (xp)

d
dt

Eh = −Π2(J [α]
N )

d
dt

Bh = 0

i.e.,



d
dt xp,α = vp,α

d
dt xp,α±1 = d

dt vp,α = 0
d
dt vp,α±1 = ∓L3

∑
k

vp,αBk ,α∓1(Π1
α∓1Sxp )k

d
dt Ek ,α = −

∑
p

wpvp,α(Π2
αSxp )k

d
dt Ek ,α±1 = d

dt Bk = 0

where G[α] := êα(êα ·G)

exact solutions, explicit formulas  spectral PIC with non-standard DFT
1. Crouseilles, Einkemmer, Faou (’15), Kraus, Kormann, Morrison, Sonnendrücker (’17)
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Hamiltonian time splitting 1 : momentum-preserving variant
Step HE,B :

d
dt

xp = 0

d
dt

vp = ES
h (xp)

d
dt

Eh = curl Bh

d
dt

Bh = − curl Eh

i.e.,



d
dt xp = 0
d
dt vp,α = L3

∑
k

Ek ,α(Π3Sxp )k

d
dt Ek = 2iπk

L × Bk

d
dt Bk = − 2iπk

L × Ek

for


1 ≤ α ≤ 3
p = 1 · · ·N
|k |∞ ≤ K

Step Hp,α, for 1 ≤ α ≤ 3 :

d
dt

xp = v[α]
p

d
dt

vp = v[α]
p × BS

h (xp)

d
dt

Eh = −Π2(J [α]
N )

d
dt

Bh = 0

i.e.,



d
dt xp,α = vp,α

d
dt xp,α±1 = d

dt vp,α = 0
d
dt vp,α±1 = ∓L3

∑
k

vp,αBk ,α∓1(Π2
αSxp )k

d
dt Ek ,α = −

∑
p

wpvp,α(Π2
αSxp )k

d
dt Ek ,α±1 = d

dt Bk = 0

where G[α] := êα(êα ·G)

exact solutions, explicit formulas  spectral PIC with standard DFT
1. Crouseilles, Einkemmer, Faou (’15), Kraus, Kormann, Morrison, Sonnendrücker (’17)
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Long-time conservation of energy and momentum (Weibel instability)

Energy errors, cubic smoothing Energy errors, 7-degree smoothing

Momentum errors, cubic smoothing Momentum errors, 7-degree smoothing

Martin Campos Pinto (Max-Planck IPP, Garching) structure-preserving particle schemes for VM Cemracs 2022 38 / 43



Convergence of energy and momentum errors (4-th order time splitting)

Energy errors, cubic smoothing Energy errors, 5-degree smoothing

Momentum errors, cubic smoothing Momentum errors, 7-degree smoothing
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Anti-aliasing with back-filtered projection operators (Landau damping)

strong damping with an M = 8 grid strong damping with an M = 16 grid

weak damping with an M = 8 grid weak damping with an M = 16 grid
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Anti-aliasing and back-filtering (FGI for a single mode oscillation)

PIF (K = 16) : no spurious modes GEMPIC with quadratic splines

7-degree smoothing, no back-filtering 7-degree smoothing with back-filtering
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Summary
unifying framework for Hamiltonian FEM-PIC schemes

particle-field coupling encoded by commuting projection operators

key physical invariants on general geometries

application to FEEC and broken-FEEC schemes on complex domains

application to spectral particle schemes :
I L2 projection operators : gridless PIF (energy+momentum preserving)
I DFT projection operators : new spectral PIC (energy preserving)
I std spectral PIC : momentum preserving variant
I fast convergence to PIF with anti-aliasing (smooth particles) + back-filtering

with J. Ameres, K. Kormann and E. Sonnendrücker :
I Variational Framework for Structure-Preserving Electromagnetic PIC Methods (2021)
I On Geometric Fourier Particle In Cell Methods (2021)
I On Particle-in-Cell approximations to Particle-in-Fourier schemes (2021)

with Y. Güçlü, S. Hadjout, F. Patrizi and F. Schnack :
I Broken-FEEC approximations of Hodge-Laplace problems (2021)
I A broken-FEEC framework for EM pbms on mapped multipatch domains (2022)
I CONGA schemes for polar splines (in progress)
I broken-FEEC for multi-patch domains with non-matching grids (PhD of F. Schnack)

. open problems (and positions) : large-scale codes, extension to GK models
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