A general framework for structure-preserving particle
approximations to Vlasov-Maxwell equations

Martin Campos Pinto (Max-Planck Institute for Plasma Physics)
jointwork with

Jakob Ameres, Katharina Kormann, Eric Sonnendriicker
Yaman Gigld, Said Hadjout, Francesco Patrizi and Frederik Schnack

CEMRACS 2022
CIRM, Luminy, 2022/07/22

G TUum

Martin Campos Pinto (Max-Planck IPP, Garching) structure-preserving particle schemes for VM Cemracs 2022 1/43




Outline

ﬂ Motivation

@ FEM-PIC for Vlasov-Maxwell and main result

e Example 1 : structure-preserving FEM

Q Example 2 : spectral particle schemes

e Variational derivation of Hamiltonian FEM-PIC schemes
e Application to spectral solvers

e Fully discrete spectral schemes

e Summary

Martin Campos Pinto (Max-Planck IPP, Garching) structure-preserving particle schemes for VM Cemracs 2022

2/43



Outline

o Motivation

Martin Campos Pinto (Max-PI

ck IPP, Garching) structure-preserving particle schemes for VM



Plasmas for controlled nuclear fusion : beautiful, but complex

Disadvantages :
@ ... no chain reaction!
> need to heat (about 100 million C)

> need to confine with extreme B fields
@ problem complexity :

Advantages :
nb of particles : N = 1022
@ no greenhouse gases

@ no chain reaction (nuclear accidents)
@ harmless fuel (hydrogen isotopes)

@ manageable waste > brute force grid (space-time) : # ~ 10%

physical scales : pe, Ae ~ 10™% «s L ~ 10

time scales : wgg' ~ 10710 s T~ 10
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A hierarchy of models (I) : N-body model

@ Newton law for a particle (Xp(t), Vo(t)), p=1...N, with mass m, and charge qp
X,

a
mp dVp

ot = (Bo(t, Xo) + Vo X Bex(t,Xp)) + > (Eor (£, X0) + Vo x By (£, X))
o

p'#p

@ Maxwell equations for the electromagnetic field (E,, B,) generated by particle p

1

?atEp — CUI‘| Bp = _l,Lon
8th + CUI’| Ep = 0

> N trajectories, fully coupled...

o (1, x) = gp Vil (X)
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A hierarchy of models (II) : Vlasov-Maxwell (mean field)

@ Vlasov equation for the particle plasma densities fs(t, x, v) (of species s)

s+ v- Vil t (Fexl(n x,v) + F(t, x, v)) Vo =0
ms

with F(t, x, v) := E(t, x) + v x B(t, x) the mean-field Lorentz force

@ Maxwell equations for the electromagnetic field
1
—OE —curl B= —pod
2 ! HOS o (tx) = qu/vfs(t,x, v)dv
OB+ curlE=0 s

> simple equations, but very small scales...
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A hierarchy of models (Ill) : Gyrokinetic (electrostatic)

Toroidal
Direction
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| : i :
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In summary, the GK model used in the following is

@ an excerpt : 3 2
P l FR-Vf 4Py 7 o, (243)
opy
R= @5— b x (WVB+eVIgd), (2.44)
J. Plasma Phys. (2015), vol. 81, 435810501 © Cambridge University Press 2015 mB]  eB] ® 0 8
doi:10.1017/50022377815000574 Il
. B
L Fi=—p  (WVB+eVi®), (2.45)
Monte Carlo particle-in-cell methods for the I
simulation of the Vlasov-Maxwell > ( / AW ellf +V - (""m‘ Vldb)) 0. (2.46)
gyrokinetic equations K
Despite all the approximations made, this model is physically relevant and it can
A. Bottino'+ and E. Sonnendriicker' be used to describe a large class of micro-instabilities excited by the density and

temperature gradients, like ion temperature gradient (ITG) driven modes or trapped

!Max Planck Institut fiir Plasmaphysik, D-85748 Garching, Germany electron modes (TEMs),

@ with (Jp®)(R, 1) = 5= [T ®(R+ p(a))da, and B* =V x A*, A* = A+ p b,
> equations become increasingly complex !
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Outline

e FEM-PIC for Vlasov-Maxwell and main result
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Vlasov-Maxwell equations for plasma modelling

@ Vlasov equation for the plasma @ Maxwell equations for the field
Oif + v -Vxf+ F(x,v) - Vyf=0 {G,E—curIBz—J
OtB+curlE=0
> Transport structure with trajectories > de Rham structure ? with potentials
f(t, X(t, X0, Vo), V(t, X0, Vo)) = fo(Xo, Vo) E=-8A—grad¢, B=curlA
@ coupling term : Lorentz force @ coupling term : current density

F(t,x,v) = E(t,x) + v x B(t, x) J(t, ) = / vE(t, X, v)dv
> Finite Element discretization 2

1. Langdon-Birdsall ('70), Hockney-Eastwood ('80s), Markidis-Lapenta ('11), Chacén-Chen-Barnes('13), ...
2. Whitney'57, Bossavit ('88 - '98), Hiptmair ('99), Boffi'00+ Arnold-Falk-Winther ('06), Buffa et al ('11), ...
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FEM-PIC' : main loop

@ Numerical particles @ Particles push
> positions {Xx }k<n L3
> velocities { Vi }k<n dtxk = Vk (inR*)
> weights {W}i<n % w=F(xe,vk)  (inR%)

Particles push
{Xk7 Vitk < F

) ~ Lorentz force ~ Current deposition | )
' F « EsB, In < Xk Vi Widk '
Fields update
Ep, By <+ Jp
@ Maxwell FEM @ Fields update
|
» FEM spaces --- V! cur, V2. OEp — curl B, = —J, (inV2)
ic fi 1
> magnetic field B, € V) 8:B, + curly E, = 0 (in V,1, )

> electric field E, € V2

1. Boris ('70), Marder ('87), Eastwood ('91), Villasenor-Buneman ('92), Langdon (’92), Lapenta-Brackbill ("98),
Munz-Omnes-Schneider-Sonnendriicker-VoB('00), Weiland ('03), Kim-Chacén-Lapenta ('05), Markidis-Lapenta
('11,17), Pagés-CP ('20, )...
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Variational structure of the continuous Vlasov-Maxwell system

@ Action principle : solutions f(t, X, VP = fy(Xo, Vo), E = —0;A—grad ¢, B=curl A
are extrema of the Action functional

;
S(X,V, A, ¢) ::/0 L((X, SX, VA LA ) (1)) dt

> with the Lagrangian functional '

LOXX VAN, ) = /fo(xo,vo) ((mv+qA(t. X)) - X' = (T V2 +q0(t,X)) ) dxodvo

+1/ \grad¢(t,x)+A’(t,x)|2dx—1/ | curl A(t, x)|? dx
2 Q 2 Q

@ Hamiltonian formulation : for an arbitrary functional F of the solution, it holds

SF(LEB) = (F. 1)

> with %(f, E, B) = 3 [, pe|VI°fdxdv + } [, (|E[> + |B|?) dx and the bracket?

9 6F 006G 938G 0 6F 9 6F 0 6G
- f 99 9% B. (2. o 999
7.9 /Qst ((8v ST ok st " over oxar) (8v sf < ov 6f)) dxdv

(5D 00 Ty s [ (e 0 T
axr3 \0E 0v of 6E Ov of 6B 0E oB
1. Low ('58)

2. Morrison ('80), Marder-Weinstein ('82), Weinstein-Morrison ('81)
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Main Result

@ Variational particle-field discretization in generic de Rham complex

Continuous fields _——>> /0 grad %! curl V2 div
and currents
o 1
joﬁ grad lln curl @ div @ Par'hcleI -field
Discrete fields V, V4 coupling
h B S “«----
and currents — _—> d|vh curly grad,,

> Action Principle with discrete Lagrangian Ls(Xn, Xy, Vn, An, A, 1)
> gauge-free FEM-PIC scheme with
Ey, = —grad, ¢ — 8:Ap  (in V2) and B, =curl, A, (inV})
> Hamiltonian structure (semi-disc) : energy stability, discrete Casimirs (Gauss laws)

> flexible : allows for various field solvers, coupling techniques, (smooth) particles
shapes, curvilinear coordinates
» new GEMPIC 2 schemes, with general FEM3/DG * spaces on complex domains

» with discrete Fourier spaces and gridless projection : Particle-in-Fourier (PIF)
» with discrete Fourier spaces and DFT projections : new Hamiltonian spectral PIC

1. Kraus-Kormann-Morrison-Sonnendriicker ('17)
2. Raviart-Thomas('77), Nedelec('80+), Bossavit('88-'98+), Hiptmair('99+), Arnold-Falk-Winther('02-'10)
3. CP-Sonnendriicker ('16), CP-Glglu ('21), Guglu-Hadjout-CP ('22)
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Outline

° Example 1 : structure-preserving FEM
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FEEC ' and broken FEEC on curvilinear/multi-patch domains

Computational domain : Q = | J, Q
> Q« = Fx(Q) : mapped patches

> € = [0,1]° : reference patch

o FEEC V! = (&, Vi(Qx)) N V*

o broken-FEEC : V! = @, V(%)

@ Commuting de Rham diagram :

Vo grad proeurl e div g
ol e w
gra curl div
Vo v V2 V3

1. Whitney('57), Bossavit ('88 - '98), Hiptmair ('99), Boffi'00+ Arnold-Falk-Winther ('06), Buffa et al ('11), ...
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Construction on reference domain (here 2D)
@ Polynomial (order p) de Rham sequence :

N grad N P,_ curl &
Worop T G (fre) L Rop g,y

@ Geometric degrees of freedom ! :

) =um).  alm@)= [ ew  dEaw= [ ew
€a,m a,m

1. Whitney(’57), Robidoux(’08), Bossavit-Rapetti('09), Kreeft-Palha-Gerritsma(’11), Sonnendricker('19) ...
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Construction on mapped patches Q4 = Fk(ﬁ)

@ push-forward operators

Fu=0oF ", Fla=(DF Ta)oF ', Fiu= (%Q) oF ', Flu= (ia) oF!
Jr, Jr,

with DF and Jr the Jacobian matrix and determinant of F
@ local FEM spaces V/(Qx) = Fi Vf
> commutation property d‘F¢ = F**'d* — local de Rham sequences :
0 1 2
Vo) < Vi) L V@) 2 i

e degrees of freedom o ;(u) := &/ ((F*)'v)
> geometric nature

opx(U) = U(FK(X)), o) .(U) = /Fk(é) TE(e) Us U?g(u) = /Fk(f) e ¢y U, o s(U) = /Fk(é) u

> local basis functions
Nei=Fiehi  with ok (M) = 8/ (A)) = 8
> Finite Element projections

Noue Yot un, (=3 FAF) )
ki k
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Commuting diagram follows from geometrical relations

Vo grad proour e div

l |-|0 g l |—|1 l |-|2 l |-|3
gra curl div

4 vi Vi v

projection M* characterized by : Mu € V¥ and of(N‘u) = of(u) forall i
given faces £; € F;, with normals n, and edges ej € &y with tangents 7., we have

a,?(curlu)z/ nf,»curlu:/ hu= Y C,-,-/Te, u= Y Cjo/(u
£ of

v

i i ejEE &j ejEE
where C; € {—1,0,+1} is the orientation of the edge ¢; in the face £;.
> in particular,
of (MPeurlu) = o (curlu) = Y Cjol(u)
&€&y
and FeurlN'u)y = > Cjo](N'u) = > Cjo](u)
ejesh e,esh

> this shows M2 curl = curl M’

> and that C (the curl operator matrix) is mapping-independent

> similar relations for grad and div follow with same arguments

smoothed “projections” M4 characterized by : of (N5u) = of (u * S) also commute
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Extension to broken FEEC

@ start from a conforming sequence '

grad curl div

vy v, vie Ve (1)

1. Bossavit ('88), Hiptmair ('02), Arnold + Falk + Winther (06, '10), Brezzi + Boffi + Fortin ('13)
2. CP + Sonnendriicker (15, 16), Ern + Guermond (15)
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Extension to broken FEEC

@ start from a conforming sequence '

grad curl div

0,c 1,¢c 2,C
Vh Vh Vh
o relax interface constraints : use fully discontinuous V¢

Viec Vhg vt

1. Bossavit ('88), Hiptmair ('02), Arnold + Falk + Winther (06, '10), Brezzi + Boffi + Fortin ('13)
2. CP + Sonnendriicker (15, 16), Ern + Guermond (15)
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Extension to broken FEEC

@ start from a conforming sequence '

grad curl div

0,c 1,¢c 2,C
Vh Vh Vh
o relax interface constraints : use fully discontinuous V¢

Vir© (1)

Vit Vg V*
@ define local conforming projection operators 2

Ph: Vi — Vp°

1. Bossavit ('88), Hiptmair ('02), Arnold + Falk + Winther (06, '10), Brezzi + Boffi + Fortin ('13)
2. CP + Sonnendriicker (15, 16), Ern + Guermond (15)
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Extension to broken FEEC

@ start from a conforming sequence '
grad

0,c 1,¢c curl 2,¢c div 3,c
% V) V; vy (1)
o relax interface constraints : use fully discontinuous V¢

Viec Vhg vt
@ define local conforming projection operators 2

P Vi — Vp°

rad i
@ broken-FEEC diagram vo 9 v curl v2 dv V3
> Conforming/Non- voe grad v)e curl v2e div v3e
conforming Galerkin
(CONGA) schemes W PO T P} T P2 ] P3
grad P? curl P} div P2
Vh Vh Vh VI?

1. Bossavit ('88), Hiptmair ('02), Arnold + Falk + Winther (06, '10), Brezzi + Boffi + Fortin ('13)
2. CP + Sonnendriicker (15, 16), Ern + Guermond (15)
3. CP (15), CP + Sonnendricker (16), CP + Giglu (21), Gigll + Hadjout + CP (22)
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CONGA simulation of an EM pulse propagating in a metallic cavity

— e
4 4 e
— JUEZ+ 1181
3 3
2 2
1 1
0 0.0 0.5 1.0 1.5( 2.0 25 3.0
B't: —B"— Step'e” @ curl matrices : block-diagonal

EM! — BN 4 A ((CP1)THan+1§ —(®HTs! (Jn+1§)) @ Hodge matrices : block-diag.
] 1 At ened @ projection matrices : local
B! =B""z — S4ICP'E™ .
@ dual dofs o' : local
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Full broken-FEEC diagram ' : V{ := {v € L?(Q) : v|q, € V/(Q%)}

Vo grad curl Ve
o° Jng / nj / Jﬂ%
grad, curly dIVh
v Z Vi vi
a"ﬁ \ T \H 3“
70 78
CO 1 2 CS
)‘\ | ﬁ\ ‘A\
O | HO H‘:HHN 2! H2 3! Hl
2 0\T 8 1\T 8 2\ T 8
&0 (GPY) o (cph) G2 —(DP?) &
ol HZ‘ Gl g ol
o e &' i o
divy curlh grad,
v Vi vi
(PO)T&O Tﬁg (]P’1)T5'1 |-|1 PZ)T \ T PS)T5.3 Iﬁ(z
. div Ve grad .
s Vs Vs

1. A broken-FEEC framework for EM pbms on mapped multipatch domains, Gugli-Hadjout-CP ('22)
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Outline

0 Example 2 : spectral particle schemes
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Spectral solvers : Particle-in-Fourier (PIF) vs. spectral PIC

@ fields in Fourier spaces > coupled solver
2iwk-x 1
E(to= 3 Ede o+ (27 s B = .
—K<ky ko kg <K 2'Lk
By(t,x)=  ---  (same form) 0By + ( ”Lr ) % Ex =0
@ particle densities, smoothing kernel S {a,xp = Vp,
In(tx) = D" wpvp(t)S(x — xp(1)) dvp = Ef (Xp) + Vp x Bj(Xp)
1<p<N
@ PIFis gridless @ PIC" : DFT grid, Ax = £, M > 2K + 1
Je = (1)° In(x)e X ax Jo= (1) S0 awaxe 1
[0.%] 1<) s <M
ES(xo)i= [ En(x)S(x — Xp)ax ESp) = (L)° S En(AS(Ax—xp)
0.4 1< s <M
@ conservation properties? @ complexity : ~ Ng® + M®log M
(charge, energy, momentum) (for S(x) = (Ax)~3B4(x/Ax))
@ well-defined for point particles @ aliasing errors, invariants ?
@ complexity : ~ NK® @ ill-defined for point particles

1. Langdon-Birdsall ('70), Vlad Briguglio et al ('01), Lifschitz et al ('09), Decyk ('11), Ohana et al ('17),
2. Evstatiev-Shadwick ('13), Shadwick-Stamm-Evstatiev ('14), Ameres ('18)
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Spectral solvers : Particle-in-Fourier (PIF) vs. spectral PIC

@ here, the Hamiltonian framework allows to

> distinguish PIF and spectral PIC by the projections M°

> better understand the conservation properties of spectral PIC
> extend to hybrid field solvers and curvilinear geometries

> handle anti-aliasing techniques and Fourier back-filtering

@ PIFis gridless @ PIC" : DFT grid, Ax = 4, M > 2K + 1
Joi= (D3 [ (e ¥ ax Jo= (1) S0 anaxe 1
[0,%] 1<j1:2,s<M
E (Xp) :=/ , En(x)S(x —xp) dx ES(xp) == (5)° SO En(iax)S(iax —xp)
0.4 1<)t s <M
@ conservation properties? @ complexity : ~ Ng® + M®log M
(charge, energy, momentum) (for S(x) = (Ax)~3B4(x/Ax))
@ well-defined for point particles @ aliasing errors, invariants ?
@ complexity : ~ NK® @ ill-defined for point particles

1. Langdon-Birdsall ('70), Vlad Briguglio et al ('01), Lifschitz et al ('09), Decyk ('11), Ohana et al ('17),
2. Evstatiev-Shadwick ('13), Shadwick-Stamm-Evstatiev ('14), Ameres ('18)
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Compatible Finite Elements meet Fourier spaces

@ functional de Rham structure ' @ continuous fields
. B v E ve
Vo grad Vi curl V2 div Ve (t) € ’ (t): J(t) €
o l,—p l,—,z lns e discrete fields
Vlo grad oo v, Bu(t) € Vi,  En(t), Ju(t) € V2
h <«--- h <« --- h <«--- h
divy curlp grad,

@ discrete Maxwell equations

@ commuting diagram operators 0
{ &Ey, — curl By = —M2J

grad° = N' grad, curlN' = N2curl, divn? = n°div 9By, + curly Ey = 0

o for spectral solvers : V¢ = Fourier spaces
> gridless setting : L2 projections, truncated Fourier series

2iThkx 2iTkx

PG= 3 F(@T wih  F(@) = [G0e " ax
[kI<K L

> with a grid : DFT with M > 2K + 1 points, pseudo differentials, Fourier filtering

2irk 2inkj

M
~ —1 i 1 ) _
(PG = ("[") Fuk@G)  with  Fyu(G) = 1> GUAX)e W
=

1. Bossavit ('88 - '98), Hiptmair ('99), Arnold-Falk-Winther ('06), Buffa-Rivas-Sangalli-Vazquez ('11),
CP-Sonnendriicker ('17), Kraus-Kormann-Morrison-Sonnendriicker ('17), CP-Gugla ('21), ...
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Outline

e Variational derivation of Hamiltonian FEM-PIC schemes
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Discrete action principle
@ continuous Lagrangian' (Vlasov-Maxwell)

L= /f(to,xo, Vo) ((mV+ qA(t, X)) - X' — (gVQ + q¢>(t,X))) dxg dvg

41 / | grad ¢(t, x) + A'(t, x)|? dx — 1/ | curl A(t, x)[? dx
2 Ja 2 Ja
@ discrete Lagrangian (Particle-Field)

N
Lh=" wp ((mVp +qA%(Xp)) - X} — (g Vi+ Q¢S(Xp)))
p=1

]
+1/ | grad,, n(x) + Ay(x)[2 dx — 7/ | curly, Ap(x)|? dx.
2 Q 2 Q

@ Xy, Vy : collections of particle trajectories

@ A, e V2, ¢p € V2 : discrete (FEM) potential fields
@ coupling potentials

AS(X,) = iea/ (A,, -M?(eq Sx, )) dx,
a=1 Q b

0°0p) = [ (9n7%(Sx,)) dx

with smoothing kernels Sy, (x) = S(x — Xp)
1. Low ('58)
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Variational principle with commuting diagrams

@ Variational principle ' leads to Euler-Lagrange equations, eg : %gﬁ{’l = :;XL:,
> this gives
mp Vo o _ / Ay - T (€a(Vp -grad Sx,) — Vp(e. -grad Sy,))
gp dt Q
~ [ Ay P(eaSy,) + [ 6n°(eq grad Sx,)
Q Q
:/A,,~I'Izcurl(ea x VpSXp)—/atAh~ﬂ2(eanp)+/¢hﬂ3div(easxp)
Q Q Q
:/Ah.curll'ﬂ(ea X VpSXp)f/6,Ah-l'l2(easxp)+/qﬁhdivl'ls(easxp)
Q Q Q
_ / curly Ay - 11" (ex X VpSy,) —/(8,Ah+gradh¢h)~ﬂz(easxp)
Q Q
:/Bh~|‘|‘(ea x VpSx,) +/ Ej - M%(eaSx,)
Q Q
> hence, %%p =V, x B5(X,) + E°(X,) |, with coupling fields
P
3 3
BS(Xp) := Zea/ B,-M'(eaSx,) and  ES(Xp) ::Zea/ E; - %(eaSx,)
a=1 Q a=1 Q

1. Lewis ('70), Morrison ('80-’16), Eastwood ('91), Kraus ('13), Turchetti-Sinigardi-Londrillo ('14), ...
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Resulting variational FEM-PIC system
@ Field equations
{ —0:Ep + curl By, = ﬂzdﬁ

with n2Jgs = M2(V,S
0tBp + curl, Ep = 0 V=D @M*(VeSx,)

p=1---N
with the discrete weak operator curl, : V2 — V}
@ trajectory equations
av q forp=1,...,N
Ttp = FP(ES(XP) + Vo x B3(Xy))
/o

@ coupling fields

3 3
B5(X,) = Zea/QBhJ'ﬂ(eanp) ES(Xp) = Zea/QEh-l'lz(eaSXp),
a=1 a=1

@ variational Gauss laws (exact invariant)

{ div Ep = N°pj

with néps = né(s
divy By = 0 = 2 am(Sx)

p=1.--N
with the discrete weak operator div, : V! — VP
@ extends GEMPIC scheme (spline FEM, strong Faraday equation, S = ¢)
1. Kraus-Kormann-Morrison-Sonnendriicker ('17)
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FEM-PIC loop ' : reminder

@ Numerical particles @ Particles push
> positions {Xx }k<n L3
> velocities { Vi }k<n dtxk = Vk (inR*)
> weights {W}i<n % w=F(xe,vk)  (inR%)

Particles push
{Xk7 Vitk +— F

) ~ Lorentz force ~ Current deposition | )
' F « EsB, In < Xk Vi Widk '
Fields update
Ep, By <+ Jp
@ Maxwell FEM @ Fields update
|
» FEM spaces --- V! cur, V2. OEp — curl B, = —J, (inV2)
ic fi 1
> magnetic field B, € V) 8:B, + curly E, = 0 (in V,1, )

> electric field E, € V2

1. Boris ('70), Marder ('87), Eastwood ('91), Villasenor-Buneman ('92), Langdon (’92), Lapenta-Brackbill ("98),
Munz-Omnes-Schneider-Sonnendriicker-VoB('00), Weiland ('03), Kim-Chacén-Lapenta ('05), Markidis-Lapenta
('11,17), Pagés-CP ('20, )...
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Hamiltonian structure

@ continuous VM system

i]-'(f7 E,B)={F,H}

> with %(f, E, B) = 1 [, ws|VI?fdxdv + § [ (|E[* + |BJ?) dx and

0 6F 048G 948G 0 F 9 5F 04G
= f B. dxd
{F,g} /MR3 ((av of ox of ov of ox of ) + (8v st~ ov 6f)> xav

+/ O0F 0Of 6G 6G Of OF dxdv +/ 6]: |5£ ﬁ IE) dx
QxR3 SE 9v 6f OE ov of SE 0B JOE 0B
@ discrete VM system?

d
377 XN, Vv, En, Bp) = {Fp, Ha}n
> with Hh(XN,VN,Eh,Bh) 5 Zp W,,|Vp|2+ f(lEh‘z-i- |Bh| ) and

N
. 1 6Fn 606G  OFn G §Fhn G
{fh,gh}h—z[wp (G 35 ) + 800 (5 < 500 )
p=1

6Fh 5 6Gh 59h > 0Fh ) / (5.7:}, 6Gn 6Gh 5]:;1)
- — -N°( Sx, —- -N°( Sx, —— — -ourl — — — -curl —-
/Q (55,, ( "P&vp> 3Ep (% 5vp) * o \GE, " 5B, ~ sE, " 5B,
1. Morrison ('80), Marder-Weinstein ('82), Weinstein-Morrison ('81)

2. CP-Kormann-Sonnendriicker ('21)
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© Application to spectral solvers
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Resulting variational scheme : Fourier-GEMPIC

@ Abstract variational scheme (Hamiltonian)
> particle push

{a,x,,_v,, L ACE [ Ena() (M S )(x) ax
wi
Avp = E5(Xp) + Vp x B (Xp) BS (xp) := /Bh,a(X)(I'ILSxp)(X) dx

> field solve

{ —0Ep + curl By = J§

with JS=N3(SxJd) = VS,
OBy, +curl Ey =0 h (Sxdp)= D wo*(voSy,)

p=1---N

@ Application to Fourier spaces :
> particle push

Ef (Xp) = L3 Ek.a(M2,5x, )k
K

{ OXp = Vp "
U
avp = Ej (Xp) + Vp x By (xp) BS..(xp) = L3S By.o (M, Sk, )k
k
> field solve

—0tEx + 27K x By = wpN?(vpSx, )k
P

0By + 27K x Ex =0
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Fourier-GEMPIC : discrete Hamiltonian system
@ discrete variables

X (Xp)p<n
u = (5] = & | ®
b (Bi) k| oo <k

@ discrete Hamiltonian
H=1IVTWnV + Je"M2e + b"M'b
with W, : particle weighting matrix, M', M2 : FEM mass matrices
@ Hamiltonian system
OO

@ Poisson matrix (antisymmetric, Jacobi identity)

0 Wi/m 0 0
J(U) _ *W1/m Wq/mB1 (X, b)W1/m Wq/mSZ(X)(X) 0
- 0 —S2(X)"Wg/m 0 cmhH-!
0 0 —(M")~'cT 0
C = discrete curl matrix
with S2(X)px = N? coupling of p-th particle with mode k

B'(X,b)pp = magnetic rotation of p-th trajectory with N coupling
p.p
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Fourier-GEMPIC scheme : conservation properties
@ conservation of Gauss laws : ok
dr(div Ep) = —divdy = —M3 divdy = a(M3pp)
{ Ot(div Bp) = —div(curl Ey) =0

@ conservation of energy : ok
%(% /\Eh|2 + \Bh|2) = /E,, - (curl B, — N?Jy) — By, - curl By = —/Eh -MPJy
d
<1 (32 welvpP) = D7 wovp - (vp x BS(x0) + ES(x0)) = > wp / M2(VpS(x — Xp)) - En(x)
P P P
@ conservation of momentum? P =3 wpVp + L3>, Ex x Bk
d
E(Z wpvp) pr (Eka (M Sxp ko0 + Vp,at1 Biag1 (M Sxp )k, a¢1)
P

and, using that 3", (k x Ck) x Cx = — Yk (k - Cx)Cx,

fLSZEk X Bk = LSZEk X ( TXEk) + <2i7er X Bk — (|_|2JN)k> XB7k

=0 Z —(M®pn)kEk — (MPdy)k x By
K

> okif % =N}, = N2 = N3 (eg, L? projections)
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@ Fully discrete spectral schemes
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Hamiltonian time splitting

@ Step Hep:
d
—Xp =0
at "’
d
?tvp—Ei?(xp)
ie.,
—E =curl B
it h url By
d
— By, = —curl E
at h curl ep
@ Step Hp,o, for1 <a <3:
d [o]
—Xp =V,
at”?
9 p—VL] x Bj (xp)
d
Ep = —2(JL)
dt (Jp")
4B,—0
ar "

where Gl .= &, (&, - G)

: preserving the Poisson structure

d —

Expfo

3V :LSZEk,a(nisxp)k T<ax<3
for p=1---N

dE 21‘rrk x Bk |k|oo < K

EBI‘:7¥ ><Ek

%Xp,a = Vp,a
LXp ot = SVpa =0
ie., okt = ¢L‘°'ijvp,aM(nlmsxp)k
LEga=— Z WoVp,a (M2 Sk, )k
P
%Ek,azh = %Bk =0

@ exact solutions, explicit formulas ~ spectral PIC with non-standard DFT

1. Crouseilles, Einkemmer, Faou ('15), Kraus, Kormann, Morrison, Sonnendriicker ('17)
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Hamiltonian time splitting : conservation properties

@ Discrete Gauss laws and Hamiltonian structure : preserved

@ Energy : preserved within bounds, by backward error analysis
@ Momentum ? Step He :

(), - S (Eis)
%LS(X‘(: B x ?k>a =L Zk: —(M®pN)kEak

Step Hp,a, for 1 <a < 3:
% (; vap)ai1 =F % wpl® (vp,afmm(rljx¥1 sxp)k)

d 3 B _ 43 2 a—
L (Xk:Ek x B,()ai1 ] pgl;wpvp,a(nasxp)k X Bagik
> Projection discrepancy, solved with velocity kicks
(HeB) Voo =L Exa(1'Sep)ks (Hpa) wVpatt =FLD VpaBras1(117 Sk
k k

@ variational scheme and coincide in gridless PIF
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Hamiltonian time splitting ! : variational scheme (again)
@ Step Hes:

—Xp =0
at” dxp =0
d —_
?tv” = ES (%p) HVpa = L° Z Eko(M2,5x, )k 1<ax<3
i.e., for p=1---N
EE,, = curl By, S E = 27k « By |Kloo < K
d dpB, — ,M
—By = —curlEy ‘“Bk B
dt
@ Step Hp,o, for1 <a <3:
d [a] %Xp,a =Vp,a
Exp =Vp d d
aXp.att = giVpa =0
(o] S -
ave = Ve X Bixo) e WVpatt = FLD VpaBiag1(Myz1Sk)k
d .e., k
Ey = —N2(Jy
dt ( ) ;tE = _ZWPVP Oé(n SXp)
P
—Bh =0
dt %Ek’ai*] = %Bk =0

where Gl .= &, (&, - G)

@ exact solutions, explicit formulas ~ spectral PIC with non-standard DFT

1. Crouseilles, Einkemmer, Faou ('15), Kraus, Kormann, Morrison, Sonnendriicker ('17)
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Hamiltonian time splitting? : momentum-preserving variant

@ Step Hep:
d
—Xp =0
ar” X0 =0
d —_
FVp = Ef?(xp) Edfvp,a =L Z Ei,a (11" S )k 1sas3
dt ie., k for p=1---N
5 En = curl By SE = 2K x By |Kloo < K
i __ %Bk = 7% X Eg
dtBh curl Ep,
@ Step Hp,a,for1 <a <3:
d _
ix _ Ll ke = Vp,a
a PP 4 _ 4y
ai¥p.ott = gVpa =0
Ay, =vlel BS(xp) d 3
="V 5 (Xp . IVpatt = FLD VpaBrazt(I17 Sx)k
d .e., k
E, = —M2(J}Y!
at " ™) Bk =— Y WpVp,a (M3 Sx, )k
d P
—Bp=0 d d
dt aEk,oc:H = aBk =0

where Gl .= &, (&, - G)

@ exact solutions, explicit formulas ~~ spectral PIC with

1. Crouseilles, Einkemmer, Faou ('15), Kraus, Kormann, Morrison, Sonnendriicker ('17)
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Long-time conservation of energy and momentum (Weibel instability)

Energy errors (relative)

10710

——sf-pic
bff-pic
1078 107 — oot
Energy errors, cubic smoothing Energy errors, 7-degree smoothing
Momentum errors (relative) Momentum errors (relative)

time

time.

Momentum errors, cubic smoothing Momentum errors, 7-degree smoothing
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Convergence of energy and momentum errors (4-th order time splitting)

Time-averaged energy errors

Energy errors, cubic smoothing

‘Time-averaged momentum errors

Time-averaged energy errors

1010

02 003 004 005 006 007 0.080090.1 002
At

%~ bif-gempic.

—¥—st-pic
bf-pic

e orclerd.

004 005 006 007 0.080090.1
A

Energy errors, 5-degree smoothing

10°

1010
- gempi
¥ sf-gempic
- bit-gempic
—#—st-pic
107® bif-pic 107%
oo orderd
107 10° 10"

2K/M

Momentum errors, cubic smoothing Momentum errors, 7-degree smoothing
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E, field energy

o sf-gomplc
bif-gempic
i-pi

strong damping with an M = 8 grid

E, field energy

weak damping with an M = 8 grid

Anti-aliasing with back-filtered projection operators (Landau damping)

E, field energy

o sf-gompic
bif-gempic

..... stpic
bif-pic

- gempif

strong damping with an M = 16 grid

E, field energy

1M

o 5 10 15 2 25 30 %
time

weak damping with an M = 16 grid
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Anti-aliasing and back-filtering (FGI for a single mode oscillation)

E, energy: amplitude of the main modes E, energy: amplitude of the main modes

‘
\

PIF (K = 16) : no spurious modes GEMPIC with quadratic splines
E, energy: amplitude of the main modes E, energy: amplitude of the main modes

0ok

3
-6
9
1
1

0 50 100 150 200 0 50 100 150 200
time time

7-degree smoothing, no back-filtering  7-degree smoothing with back-filtering
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© summary
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Summary
@ unifying framework for Hamiltonian FEM-PIC schemes
@ particle-field coupling encoded by commuting projection operators

@ key physical invariants on general geometries

application to FEEC and broken-FEEC schemes on complex domains

application to spectral particle schemes :
» L2 projection operators : gridless PIF (energy+momentum preserving)

DFT projection operators : new spectral PIC (energy preserving)
std spectral PIC : momentum preserving variant
fast convergence to PIF with anti-aliasing (smooth particles) + back-filtering

vy v Y

(]

with J. Ameres, K. Kormann and E. Sonnendrlicker :
» Variational Framework for Structure-Preserving Electromagnetic PIC Methods (2021)
» On Geometric Fourier Particle In Cell Methods (2021)
> On Particle-in-Cell approximations to Particle-in-Fourier schemes (2021)
with Y. Gicl, S. Hadjout, F. Patrizi and F. Schnack :
Broken-FEEC approximations of Hodge-Laplace problems (2021)
A broken-FEEC framework for EM pbms on mapped multipatch domains (2022)
CONGA schemes for polar splines (in progress)
broken-FEEC for multi-patch domains with non-matching grids (PhD of F. Schnack)

(]
\

vyvyy

> open problems (and positions) : large-scale codes, extension to GK models
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