Lecture 2: Introduction to Data Assimilation -
Methods
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Outline

© Particle Filter

© Ensemble Kalman Filter

© Filtering Approach to the Inverse Problem
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Mathematical Formulation of the Problem

We assume a model of the unknown z in the form of

Zn+1 \I/(Zn,) + Cn: n €N
20 ~ N(mo,Co)
with ¥ € C(R™:,R"=), ¢ = (), an iid sequence with (o ~ N (0,X),
> >0, zp and ¢ are assumed to be independent.

There is a true trajectory of z that produces noisy observations

Yn+1 — HZ’IL-‘,—l + n+1, neN

with H € L(R™=,R™) and n = (n), an iid sequence, independent of
(20,¢) with n; ~ N(0,T), T' > 0.

The aim of data assimilation is to characterize the conditional
distribution of z, given the observations.
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Smoothing Problem
Find the signal z on a discrete time interval 9 = {0,..., N}

Zn+l = \I’(zn)+Cn7 jemo
20 ~ N(mg,Co) Go ~ N(0,%)

from given data y on the discrete time interval Mt = {1,..., N}

Yn+1 :H2n+1+77n+1a jema UlNN(OaP)
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Smoothing Problem

Find the signal z on a discrete time interval 9y = {0,..., N}

Zn+l = \I](Zn) + Cn» .7 € 9AtO
20 ~ N(mg,Co) Co ~N(0,%)

from given data y on the discrete time interval 9t = {1,..., N}

Unt1 = Hzpp1 + Mngr jen, m ~N(,T).

@ Prior N—1
P(2,...,2n) = [] P(znt1]2n)P(20)
n=>0
with

P(z0) o exp(]z0 — mol&,)
and 1
P(zn+1]2n) o< exp(5 l2nt1 — U(zn)[3) -
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Smoothing Problem
Find the signal z on a discrete time interval 9ty = {0,..., N}

Zn+l = W(%L)"‘Cn» JEMN
29 ~ N(mg,Co) Go ~N(0,%)

from given data y on the discrete time interval Mt = {1,..., N}

Yn+1 :H2n+1+77n+1; j€m7 UlNN(OaF)

@ Prior
P(z0,...,2N) x exp(—O(z0,...,2n))

with
N-1

1 1
20, 2n) = Gleo = moley + ) Hlamst = Vlan)lE

n=0
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Smoothing Problem
Find the signal z on a discrete time interval 9ty = {0,..., N}

Zn+l = W(%L)"‘Cn» JEMN
29 ~ N(mg,Co) Go ~N(0,%)

from given data y on the discrete time interval Mt = {1,..., N}

Yn+1 :H2n+1+77n+1; jemv nlNN(Ovr)

e Likelihood
N-1
P(yl,...,yN‘Zo,...,ZN> = H P(y7,,+1‘Z0,...,ZN)
n=0
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Smoothing Problem

Find the signal z on a discrete time interval 9y = {0,..., N}

Zn+1 = ‘I](Zn) +Cns JEMN
zo ~ N(mo,Co) G ~N(0,%)
from given data y on the discrete time interval Mt = {1,..., N}

Yn+1 :H2n+1+77n+1; j€m7 UlNN(OaF)

o Likelihood
N-1
P(Z/la"'vl/N‘z()’"'?ZN) = HP(yn-Fl‘ZO?""ZN)
n=0
N-—1
= H P(yn+1|2n+1)
n=0
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Smoothing Problem
Find the signal z on a discrete time interval 9ty = {0,..., N}

Zn+l = W(%L)"‘Cn» JEMN
29 ~ N(mg,Co) Go ~N(0,%)

from given data y on the discrete time interval Mt = {1,..., N}

Yn+1 :H2n+1+77n+1; j€m7 UlNN(OaF)

e Likelihood
N-1
P(yl,...,yN|Zo,...,ZN) = H P(yn+1|z0,...,zN)
n=0

o exp(—P(z0, -y 20 Y1y« -5 Yn)

. N-—-1
with ©(Z0>-~~7Zn;y17"->yn):z 0 %|yn+1_HZn+1|%

n=

C. Schillings (U Mannheim) Data Assimilation 21. 7. 2021 4 /37



Smoothing Problem
Find the signal z on a discrete time interval 9ty = {0,..., N}

Zn+l = ‘Il(zn)+Cn7 JEMN
29 ~ N(mg,Co) Go ~N(0,%)

from given data y on the discrete time interval Mt = {1,..., N}

Yn+1 :H2n+1+77n+17 j€m7 nlNN(Oar)

Bayes' Theorem

The posterior smoothing distribution on 2g, ..., z,|y1, . .., Ys is given by

P(z0,. .., 2n|Y1, -y Yn) X exp(—P(20, .-« 20 Y1y -, Yn)—O(20,- .-, 2n)) -
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Filtering Problem

Find the pdf P(z,|y1,...y,) associated with the probability measure on
the random variable z,|y1, ... yn, i.e. sequentially update the pdf
P(zn|y1, ... yn) as n is incremented.
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Filtering Problem

Find the pdf P(z,|y1,...y,) associated with the probability measure on
the random variable z,|y1, ... yn, i.e. sequentially update the pdf
P(zn|y1, ... yn) as n is incremented.

Update P(zp+1|y1, - - - Yns1) from P(z,|y1, ... ypn) via

prediction P(z,|y1,...yn) — P(znt1ly1,...yn) and

analysis P(zn+1ly1s - - - Yn) = P(znt1ly1, - - - Ynt1)-
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Filtering Problem

Update P(2p+1|y1, - - - Yn+1) from P(z,|y1, ... ypn) via

prediction P(z,|y1,...yn) — P(znt1ly1,...yn) and

analysis P(zntilyt,---yn) = P(znti|yi, - - Ynt1)-

o Prediction

P(2n+1|y17 .- -yn) = an P Zn+1|yly - Yn, zn)P(zn|yl7 .- -yn)dzn

= L. P(znt1l2n)P(znly1, - - - yn)dz, -
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Filtering Problem

Update P(2p+1|y1, - - - Yn+1) from P(z,|y1, ... ypn) via

prediction P(z,|y1,...yn) — P(znt1ly1,...yn) and

analysis P(zntilyt,---yn) = P(znti|yi, - - Ynt1)-
o Analysis
P(znt1lyts - ynt1) = Plzntalyi, oo Un, Ynt1)

P(Yni1lzns1, Y1, -5 Un)P(2ng1|y1, - -, Yn)
P(ynt1ly1, -5 yn)
P(yni1lznr1)P(znt1lys, - yn)
P(Ynt1ly1,-- - Yn) '
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Particle Filter

Sequential Importance resampling (SIR) filter, Bootstrap filter

1: Set n =0 and uf = po.

(4)

2: Draw J independent realizations 2,7’ from g} and set w =1/J for

7=1,...,J. ‘
3: Define MT{ = Z}'le wﬁf)éz(j).
4: Forecast ensemble: Draw 27(1];21 (zflj), -) with kernel

p(zn, Zn—l—l) = P(Zn+1’2n).
5. Define g,,(2n+1) o< P(Yn+1|2n+1) and compute

. J . 3 - .
whli=alL /ety wl =gl =10
6: Analysis ensemble: Set ,u;{Jrl = Z}I:l wff_)HéA(j)
Zn+1

7. n<n+1, goto 2.
21.7.2021  6/37



Particle Filter

Convergence

Assume g is bounded from below and above, i.e. x < gn(2) < k71 for k € (0,1], 2 € R™=.

For all n > 0, there exists a constant C, independent of J such that for
any ¢ € B(R™)

2
E[(1](9) — pn(9))?] < c”@ |

See e.g. D. CRrisaN AND A. DouceT 2002 A survey of convergence results on
particle filtering methods for practitioners |IEEE Transactions on Signal Processing 50
for a convergence proof.
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Particle Filter

Convergence

Assume g is bounded from below and above, i.e. kK < gn(2) < k™1 for k € (0,1], 2 € R™=.
For all n > 0, there exists a constant C, independent of .J such that for
any ¢ € B(R™)

2
E[(4(#) — pin(6))2] < c@.

@ The rate of convergence is independent of the state dimension n,, i.e.
particle methods can circumvent the curse of dimensionality.

@ The constant C' depends on the state dimension n. in general. For the
standard setting, the number of particles must increase exponentially as
problem sizes increases to avoid degenerary.

T. BENGTSSON, P. BICKEL AND B. L1 2008 Curse-of-dimensionality revisited:
Collapse of the particle filter in very large scale systems IMS Collections 2

C. SNYDER, T. BENGTSSON, P. BICKEL AND J. ANDERSON 2008 Obstacles to
high-dimensional particle filtering Monthly Wea. Rev. 136
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Example

Evolution model

Zpt1 = 1.2 I3 2+ G, §€40,...,10}, 29 ~ N(1,0.01 1),

Observation model Go ~ N(0,0.01 I).

Yni1 = 1g 2n41 + v, J€{1,...,10}, m ~N(0,0.1 I).
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Example

Evolution model

Znt1 =12 15 2, + (o, §€{0,...,10}, 20 ~N(1,0.01 Iy),
Observation model Go ~ N(0,0.01 I).

Ynt1l = Iq Zn4l + M1, J € {17 5009 10}7 m ~ N(0,0l Id) .

Filter distribution/ Particl
d=1,J =100,N =1 20 ilter distribution/ Particles
15
>10
5
0
0 2 4 6 8 10
X
100
@
o
=3
£ 50
&
&
#*
0 . .
0 0.2 0.4 0.6 0.8 1
weights
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Example

Evolution model

Znt1 =12 15 2, + (o, §€{0,...,10}, 20 ~N(1,0.01 Iy),
Observation model Go ~ N(0,0.01 I).

Ynt1 = 1 Zn+1 + Mnv1, JE {1,. ..,10}, n NN(O’O.l Id)-

Filter distribution/ Particl:
d=1,J =100,N =2 20 er distribution/ Particles
15
>10
5
0
0 2 4 6 8 10
X
100
@
<
S
£ 50
&
@
#*
0 . .
0 0.2 0.4 0.6 0.8 1
weights
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Example

Evolution model

Znt1 =12 15 2, + (o, §€{0,...,10}, 20 ~N(1,0.01 Iy),
Observation model Go ~ N(0,0.01 I).

Yn+1 = Id Zn+1 + Mn+1, ] € {1, coag 10}, m ~ N(0,0.l Id) .

Filter distribution/ Particl:
d=1,J =100,N =3 20 ilter distribution/ Particles
15
>10
’ A
0
0 2 4 6 8 10
X
100
@
<
=
£ 50
&
&
#*
0 . .
0 0.2 0.4 0.6 0.8 1
weights

C. Schillings (U Mannheim) Data Assimilation



Example

Evolution model

Znt1 =12 15 2, + (o, §€{0,...,10}, 20 ~N(1,0.01 Iy),
Observation model Go ~ N(0,0.01 I).

Ynt1 = 1 Zn+1 + Mnv1, JE {1,. ..,10}, n NN(O’O.l Id)-

d=1,J =100,N =4 Filter distribution/ Particles

50

# samples

0 0.2 0.4 0.6 0.8 1
weights
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Example

Evolution model

Znt1 =12 15 2, + (o, §€{0,...,10}, 20 ~N(1,0.01 Iy),
Observation model Go ~ N(0,0.01 I).

Ynt1 = 1 Zn+1 + Mnv1, JE {1,. ..,10}, n NN(O’O.l Id)-

Filter distribution/ Particl:
d=1,J =100,N =5 20 ilter distribution/ Particles
15
>10
’ M A
0 -
0 2 4 6 8 10
X
100
@
<
=
£ 50
&
&
#*
0 . .
0 0.2 0.4 0.6 0.8 1
weights
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Example

Evolution model

Znt1 =12 15 2, + (o, §€{0,...,10}, 20 ~N(1,0.01 Iy),
Observation model Go ~ N(0,0.01 I).

Ynt1 = 1 Zn+1 + Mnv1, JE {1,. ..,10}, n NN(O’O.l Id)-

Filter distribution/ Particl
d=1,J =100,N =6 20 ilter distribution/ Particles
15
>10
g ||V
0
0 2 4 6 8 10
X
100
@
o
=3
£ 50
&
&
#*
0 . .
0 0.2 0.4 0.6 0.8 1
weights
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Example

Evolution model

Znt1 =12 15 2, + (o, §€{0,...,10}, 20 ~N(1,0.01 Iy),
Observation model Go ~ N(0,0.01 I).

Yn+1 = Id Zn+1 + Mn+1, ] € {1, coag 10}, m ~ N(0,0.l Id) .

d=1,J=100,N =7 Filter distribution/ Particles

k Jﬂl\l\l\{\

X

50

# samples

0 0.2 0.4 0.6 0.8 1
weights
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Example

Evolution model

Znt1 =12 15 2, + (o, §€{0,...,10}, 20 ~N(1,0.01 Iy),
Observation model Go ~ N(0,0.01 I).

Yn+1 = Id Zn+1 + Mn+1, ] € {1, coag 10}, m ~ N(0,0.l Id) .

d=1,J =100,N = 8 Filter distribution/ Particles

k J@{\AI\{\A

6 8 10

# samples
Iy
3

0 0.2 0.4 0.6 0.8 1
weights
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Example

Evolution model

Znt1 =12 15 2, + (o, §€{0,...,10}, 20 ~N(1,0.01 Iy),
Observation model Go ~ N(0,0.01 I).

Ynt1 = 1 Zn+1 + Mnv1, JE {1,. ..,10}, n NN(O’O.l Id)-

d=1,J =100,N =9 Filter distribution/ Particles

5 J@{\AI\{\AAG

X

# samples
Iy
3

0 0.2 0.4 0.6 0.8 1
weights
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Example

Evolution model

Znt1 =12 15 2, + (o, §€{0,...,10}, 20 ~N(1,0.01 Iy),
Observation model Go ~ N(0,0.01 I).

Ynt1 = 1 Zn+1 + Mnv1, JE {1,. ..,10}, n NN(O’O.l Id)-

d=1,J =100,N = 10 Filter distribution/ Particles

: J@I\AI\{\AAG A

X

# samples
Iy
3

0 0.2 0.4 0.6 0.8 1
weights
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Example

Evolution model

Znt1 =12 15 2, + (o, §€{0,...,10}, 20 ~N(1,0.01 Iy),
Observation model Go ~ N(0,0.01 I).

Yn+1 = Ig Zn41 + 41, JEL{L,...,10}, m ~N(0,0.1Iy).

d=1,J =1000,N =10 1000
1000 SIR runs %00
800
700
600

500

# samples

400

300

200

100

0 L ' L L
0 0.2 0.4 0.6 0.8 1

max weights
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Example

Evolution model

Znt1 =12 15 2, + (o, §€{0,...,10}, 20 ~N(1,0.01 Iy),
Observation model Go ~ N(0,0.01 I).

Yn+1 = Ig Zn41 + 41, JEL{L,...,10}, m ~N(0,0.1Iy).

d=10,J =1000,N =1 1000
1000 SIR runs %00
800
700
600

500

# samples

400

300
200
100
0 i

0 0.2 0.4 0.6 0.8 1
max weights
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Example
Evolution model

Znt1 =12 15 2, + (o, §€{0,...,10}, 20 ~N(1,0.01 Iy),
Observation model Go ~ N(0,0.01 I).

Yn+1 = Ig Zn41 + 41, JEL{L,...,10}, m ~N(0,0.1Iy).

d =50,J =1000,N =1 1000
1000 SIR runs %00
800
700
600

500

# samples

400

0 0.2 0.4 0.6 0.8 1
max weights
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Extensions

@ High-Dimensional Problems
A. BEskos, D. CRISAN, A. JASRA 2014 On the stability of SMC methods in
high dimensions THE ANNALS OF APPLIED PROBABILITY 24
P. REBESCHINI AND R. VAN HANDEL 2015 Can local particle filters beat the
curse of dimensionality? The Annals of Applied Probability 25

@ Arnaud Doucet’s SMC and Particle Filters Resources
https://www.stats.ox.ac.uk/ doucet/smc_resources.html|
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Ensemble Kalman Filter

1: Set n = 0. Draw J mdependent real|zat|ons 29 from Lo-
2: Forecast ensemble: Set 2 J)rl = \Il( )—|— an) forj=1,...,J. Use the

ensemble (Aiﬂ)l) _, to define the empirical mean and covariance

J

. 1 e A . () A

Mpg1 = jZfoll and  Chnyr = Z 0 =)@ )
j=1 j=1

3: Kalman update formulas

Mpt1 = Mps1 + Knp1(Yni1 — Hitpg1)  Cpg1 = Cpyr — K1 HCy 4

with K41 = Cp i1 H (HC, (1 HT +T)7 1.
4: Define (z @) )7—1 by a linear transformation D with fﬁl = Z;’ 1 AT(LIJ)rld

n+1
such that
1N J ,
j Z 21(7,]4)»1 = Mp+1 and J 1 Z n+1—mn+1 ®(Z£Lj<|)>1_mn+1) = Cn+1 .

Jj=1
5: n<+<n-+1, goto 2.
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Ensemble Kalman Filter

EnKF with perturbed observations

~(7)
n+1 = Z Zn+1dij

with observations yffil = Ynt1 + 177(1]3_1, 775121 ~ N(0,T') and

dij = 0ij — 75 (B9}, — 1) TH (HCn i H +T) N (HY), —~

C. Schillings (U Mannheim) Data Assimilation
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Ensemble Kalman Filter

EnKF with perturbed observations

~(7)
n+1 = Z Zn+1dij

with observations y(])1 = Ynt1 + 777(1J+)1 77n+1 ~ N(0,T') and

J - 51] - 1 (27(121 - mn-&—l)T (ch+1HT + F) (Hzr(izl - ygjq)q)

Ensemble square root filter (ESFR)

NO)
n+1 = Z Zny1dij

with di; = w; — % + 845, where C’n+1 = ﬁPn_HPM_I,
S = (sij)i; = (I + ﬁ(HPnH)TF*lHPnH)*z and
w=211- 58Pl H T (Hini1 — Ynia).
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@ The ensemble parameter estimate lies in the linear span of the initial
ensemble [23].

@ In the linear case, the EnKF estimate converges in the limit J — oo to the
solution of the regularised least-squares problem [24, 31]. In the nonlinear
setting, convergence to the mean-field Kalman filter is proven in [30].

@ Ernst et al. [21] showed that the EnKF is not consistent with the Bayesian
perspective in the nonlinear setting, but can be interpreted as a point
estimator of the unknown parameters.

o Kelly et al. [28, 29, 42, 41] presented an analysis of the long-time behavior
and ergodicity of the ensemble Kalman filter with arbitrary ensemble size
establishing time uniform bounds to control the filter divergence and
ensuring in addition the existence of an invariant measure.

@ Long term stability and accuracy is established for ensemble Kalman-Bucy
filters applied to continuous-time filtering problems [20, 44].

@ Higher order updates by polynomial chaos expansion can be found in [34].
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Connection to inverse problems

Find the unknown data u € X from noisy observations

y=G(u)+n

Bridging Sequence

Introduction of an artificial discrete time dynamical system which maps the prior po into
the posterior u. The effective variance is amplified by N = 1/h at each step,
compensating for the redundant, repeated use of the data.
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Analysis of Ensemble Kalman Inversion

Assumption: The forward operator is linear , i.e. G =A € L(X,R™).
EnKF with perturbed observations

du") = C(u) AT A(ut +n— uD)dt + C(u)A* T2 AW W)

where W W) are pairwise cylindrical Wiener processes and y denotes the noisy

observational data.

C. Schillings (U Mannheim) Data Assimilation 21. 7. 2021 14 / 37



Analysis of Ensemble Kalman Inversion

Assumption: The forward operator is linear , i.e. G =A € L(X,R™).
EnKF with perturbed observations

du") = C(u) AT A(ut +n— uD)dt + C(u)A* T2 AW W)

where W W) are pairwise cylindrical Wiener processes and y denotes the noisy

observational data.

(a) Global Existence of Solutions
(b) Ensemble Collapse

(c) Convergence of Residuals

Strongly convergent discretization scheme .
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Continuous Time Limit (Linear Case)

Assumption: Linear response operator G(u) = Au with A € L(X,Y)

un]J)rl ul?) + hC(up) AT~ (yg—i)—l - A“ELJL)

with  Clup) =237 () =) ® (Wi —@a) and T = 237w
Limiting SDE

du) = C(u) A T A(ul + n — u®) dt + C(u) A T2 dW ) |
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Continuous Time Limit (Linear Case)

Assumption: Linear response operator G(u) = Au with A € L(X,Y)

)y = + hC(u) AT (y), — Aulll)

with — Clun) =337 (uf —%) ® (uf %) and T =537 ul).

Noise-free Case

Limiting ODE

du) = C(u) A T Al + 7 — u®) dt + C(u) A T2 AW,
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Continuous Time Limit (Linear Case)

Assumption: Linear response operator G(u) = Au with A € L(X,Y)

ud)y = uf) + hC(u) AT (), — Aufl),)

with Clun) =% Z}Izl(ugj) — ) ® (u) —u,) and Up =+ Z;-I:1 u.
Noise-free Case

Limiting ODE

du') = C(u)A* TP A(ul — w9 dt,

or equivalently, ) )
iu(a) = —C(u)D,®(u);y)
dt

with potential ®(u;y) = %HFf%(y — Au)|2.
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Long-time Behaviour (Linear Case)

(a) Global Existence of Solutions
(b) Ensemble Collapse

(c) Convergence of Residuals

C. Schillings (U Mannheim) Data Assimilation



Long-time Behaviour (Linear Case)

(a) Global Existence of Solutions

Assume that ¥ is the image of a truth uf € X under A. Let u()(0) € X
for j =1,...,J and define X to be the linear span of the {u(j)(())};]:l.

Then, the limiting ODE has a unique solution u)(-) € C([0, 00); Xp) for
j=1,...,J.
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Long-time Behaviour (Linear Case)

(a) Global Existence of Solutions

Assume that ¥ is the image of a truth uf € X under A. Let u()(0) € X
for j =1,...,J and define X to be the linear span of the {u(j)(())}}]:l.

Then, the limiting ODE has a unique solution u)(-) € C([0, 00); Xp) for
j=1,...,J.

Sketch of Proof
Quantities
) = 4 7, r@) =@ oyt

Eyj = (Ae® AeW)r | Ryj = (Ar(®D | ArG)yp | Fyj = (Ar(®] Ae@)p
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Long-time Behaviour (Linear Case)

(a) Global Existence of Solutions

Assume that ¥ is the image of a truth uf € X under A. Let u()(0) € X
for j =1,...,J and define X to be the linear span of the {u(j)(())};]:l.

Then, the limiting ODE has a unique solution u)(-) € C([0, 00); Xp) for
i=1,...,J

Sketch of Proof

J J
d gy_ 1 ) q0 1 .
Ee —fj;E]ke , fj; ]kr i=1...,J
d 2 d 2 d 2
“E=-ZE ~R=-ZFF “F=_ZFE
dt J dt J ’ dt J

Global existence of E, R and F = global existence of r and e

C. Schillings (U Mannheim) Data Assimilation 21. 7. 2021 17 / 37



Long-time Behaviour (Linear Case)

(b) Ensemble Collapse

Assume that ¥ is the image of a truth uf € X under A. Let u()(0) € X
forj=1,...,J.

Then, the matrix valued quantity E(¢) converges to 0 for ¢ — oo and,
indeed | E(t)|| = O(Jt~1).
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Long-time Behaviour (Linear Case)

(b) Ensemble Collapse

Assume that ¥ is the image of a truth uf € X under A. Let u()(0) € X
forj=1,...,J.

Then, the matrix valued quantity E(¢) converges to 0 for ¢ — oo and,
indeed | E(t)|| = O(Jt~1).

The rate of convergence of E and F is algebraic with a constant growing with
larger ensemble size J.
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Long-time Behaviour (Linear Case)

(c) Convergence of Residuals

Assume that y is the image of a truth u! € X under A and the forward operator A is
one-to-one. Let Y denote the linear span of the {Ae(j)(O)};’:l and let Y+ denote the
orthogonal complement of Yl in ) with respect to the inner product (-,-)r and assume

that the initial ensemble members are chosen so that Y has the maximal dimension
min{J — 1,dim(Y)}.

Then Ar(j)(t) may be decomposed uniquely as

Arﬁj) (t) + ATS'_j) (t) with Arﬁj) c Yl and ATY) cY*t.

Furthermore Arﬁj)(t) — 0 ast— oo and Ar(f)(t) = Ar(f)(O) = Ar(j).
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Long-time Behaviour (Linear Case)

(c) Convergence of Residuals

Assume that y is the image of a truth u! € X under A and the forward operator A is
one-to-one. Let Y denote the linear span of the {Ae(j)(O)};’:l and let Y+ denote the
orthogonal complement of Yl in ) with respect to the inner product (-,-)r and assume
that the initial ensemble members are chosen so that Yl has the maximal dimension

min{J — 1,dim(Y)}.
Then Ar(j)(t) may be decomposed uniquely as
Arﬁj)(t) - Ar(f)(t) with A'rﬁj) e Yl and Ar(f) eyt

Furthermore Arﬁj) (t) - 0 as t — oo and Ar(f) (t) = Ar(f)(O) = Ar®Y

1 -

Adaptive choice of the initial ensemble to ensure convergence of the residuals.
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Long-time Behaviour (Linear Case)

Idea of Proof

Subspace property
J

Ae@(t Z (t)Ae™ (0

where the matrix L = {{;;,} is invertible.

Decomposition of the residual

J
Art (¢ Z apAe® (1) + Ar(l)
k=1
Convergence of the residuals
Boundedness of the coefficient vector
2 < (J) 2
@l < Sla(O)

gives convergence of the residuals.
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Long-time Behaviour (Linear Case)

(a) Global Existence of Solutions
(b) Ensemble Collapse

(c) Convergence of Residuals

@ No Gaussian prior assumption.

@ Convergence result opens up the perspective to use the EnKF as a
linear solver in case of a boundedly invertible forward operator.

@ In the finite dimensional setting, the results can be used to
characterise the parameter space informed by the data.
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Continuous Time Limit

EnKF with perturbed observations

du) = C(u) A T Al + 1 — u®)dt + C(u) A T2 aW 1)

where W W) are pairwise independent cylindrical Wiener processes and y

denotes the noisy observational data.
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Continuous Time Limit

EnKF with perturbed observations

du) = C(u) AT A(ut — ) dt,

or equivalently, d

el ) R D ®(u9-
dtu C(u)Dy®(uV’;y)

with potential ®(u;y) = %HF_%(y — Au)|*

CIS and Stuart A M 2017 Analysis of the ensemble Kalman filter for inverse
problems SINUM.

CIS and Stuart A M 2017 Convergence analysis of ensemble Kalman inversion: the
linear, noisy case Applicable Analysis.
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Long-time Behaviour (Linear Case)

Continuous time limit of the EnKF

du") = C(u) AT A(uf +9 — u@) dt+C (u) A* T2 AW ) |

(a) Global Existence of Solutions
(b) Ensemble Collapse

(c) Convergence of Residuals
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Well-posedness of the EnKF inversion

Let S be the linear span of {uéj)}jzl, then ugj) € S for all
(t,7) € [0,00) x {1,...,J} almost surely.
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Well-posedness of the EnKF inversion

Let S be the linear span of {ugj)}jzl, then ugj) € S for all
(t,7) € [0,00) x {1,...,J} almost surely.

Transformation to SDE in finite dimensional space

@ Assume that the initial ensemble (u(()j))je{lr_.,‘]} is linearly
independent almost surely.

@ Transformation of the original SDE to

dul?) = C(u) ATy — Aul?) dt + C(ur) A*T~2 aw?),

with linear operator A : R/ — R/,
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Well-posedness of the EnKF inversion

(a) Global Existence of Solutions [Blémker, CIS, Wacker, Weissmann 18]
Let ug = (ugj))je{L_“’J} be Fy-measurable maps u(()j) : Q — X which are
linearly independent almost surely.

Then for all T' > 0 there exists a unique strong solution (u)sc(o.77 (up to
P-indistinguishability) of the set of coupled SDEs

dul?) = C(u) AT~ (y — Aul) dt + C(u) AT~ 2aw . (1)

v
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Well-posedness of the EnKF inversion

(a) Global Existence of Solutions [Blémker, CIS, Wacker, Weissmann 18]

Let ug = (ugj))je{lw"]} be Fp-measurable maps u(()j) : 2 — X which are
linearly independent almost surely.

Then for all T' > 0 there exists a unique strong solution (ut);c(o,7] (up to
P-indistinguishability) of the set of coupled SDEs

duf?) = C(u) ATy — Aul?) dt + Clu) AT~ 2aw . (1)

v

Sketch of Proof

@ Local weak monotonicity

@ Local weak coercivity

@ Existence of a stochastic Lyapunov function V' € C?(X;R+) such that for some
c>0

LV (z) := Vy(z)F(x) + %trace(GT(x)Vm(a:)G(x)) < cV(z),

inf V(z) > o00as R— 0.
|lz|>R
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Quantification of the Ensemble Collapse

Quantities of Interest

(b) Ensemble Collapse [Blsmker, CIS, Wacker, Weissmann 18]

. J
Let ug = (uéj))je{l,m,J} be Fy-measurable maps with Cp = E[+ 21 |e(()])|2] < 0.
=

Then, the ensemble collapse is quantified by

J
B Y P < o
= Zite
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Quantification of the Ensemble Collapse

Quantities of Interest

e =4 g ) .= T340

(b) Ensemble Collapse (Parameter Space)
[Blomker, CIS, Wacker, Weissmann 18]

. J
Let ug = (ugj))je{lph_,‘]} be Fy-measurable maps with Cy = [% Z e (J)|2] < o0
Further assume that the linear operator A is one-to-one.
Then, the ensemble collapse is quantified by

1J
Bl 3161 <

1 1
- L+ &

where opiy is the smallest eigenvalue of A*T—1A.
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Quantification of the Ensemble Collapse

Quantities of Interest

e =4 g ) .= T340

(c) Almost Sure Ensemble Collapse [Blémker, CIS, Wacker, Weissmann 18]

Let ug = (U(()j))je{]_"'."]} be Fp-measurable maps and v : R4+ — R, a positive,
monotonically increasing and differentiable function such that fooo % ds < oo.

Then the trivial solution of
del) = —C(e)e?dt + C(e) (WP — W)

1
2

is almost surely asymptotically stable with rate function p(t) = (v(¢))" 2.

In particular, (egj))jzl,,,,”] converges to zero almost surely as ¢t — oo.
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Quantification of the Ensemble Collapse

Quantities of Interest

e =4 g ) .= T340

(c) Almost Sure Ensemble Collapse [Blémker, CIS, Wacker, Weissmann 18]

Let ug = (U(()j))je{]_"'."]} be Fp-measurable maps and v : R4+ — R, a positive,
monotonically increasing and differentiable function such that fooo % ds < oo.

Then the trivial solution of
del!) = —C(e)e?dt + C(e)d(WP — W)

1
2

is almost surely asymptotically stable with rate function p(t) = (v(¢))" 2.

In particular, (egj))jzl,,,,”] converges to zero almost surely as ¢t — oo.

Under the assumption that A is one-to-one, the result holds true in the
parameter space too.
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Convergence of the Residuals

Quantities of Interest

r@ = @ — b, ) = P35 A0

(c) Convergence of the Residuals [Blomker, CIS, Wacker, Weissmann 18]

Let y be the image of a truth uf € X under A and ug = (ugj))je{17,,_,J} be

: J
Fo-measurable maps u’ : Q — X such that DED 1c712] < o0.
j=1

Then

1= (4)271
EIUURE
Jj=1

is monotonically decreasing.
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Convergence of the Residuals

Quantities of Interest

(c) Convergence of the Residuals with Variance Inflation
[Blémker, CIS, Wacker, Weissmann 18]

Assume that y is the image of a truth uf € X under A and let

. J )
to = (t(()J))je{Lm’J} be Fp-measurable maps such that IE[% Zl |t(()ﬂ)|2] < 00,
=

B € L(RE,RX) a positive definite operator and (t);5¢ j—1.... s the solution of

de) = —(C(r) + By dt + O(e)dW”, o € (0,1),R > 0.

t“+R

Then it holds true that

t—o0

R QA
lim E[Jj; k2] = 0.
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Convergence of the Residuals

Quantities of Interest
r@ = @ — b, ) = P35 Ar ()

(c) Convergence of the Residuals with Variance Inflation

[Blomker, CIS, Wacker, Weissmann 18]

Assume that y is the image of a truth ul € X under A and let

T = (téj))je{ly___ﬂ]} be Fo-measurable maps, B € L(R,RX) a positive definite
operator and (t,g]))tzo,j:l’__“] the solution of

del? = —(C(xe) + By dt + C(e)dW,”, o € (0,1),R > 0.

1+ R

Then the solution is almost surely asymptotically stable with rate function
8

p(t)=t"2 forall g€ (0,1—a).

(j))

In particular, (t;"’);—1,... . converges to zero almost surely as ¢ — oo.

v
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Convergence of the Residuals

Variance Inflation in the Parameter Space

Let y € AS with AS = span{Au”,..., Au())}.

. 1 j 1 j
dug? = (Clu) + 1 BAT Hy = Ayt + Clu) AT W (V1)

j=1,...,J, for B positive definite, R > 0 and o € (0, 1)
C. Schillings (U Mannheim)
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Convergence of the Residuals

Variance Inflation in the Parameter Space

Let y € AS with AS = span{Auél), oo AuD Y

dugj) = (C(u) +

1 . .
= FBAT (Y~ AuDYdt + C(u) AT 2 dw (Vi)
j=1,...,J, for B positive definite, R > 0 and « € (0,1)

Let y € AS and assume that y is the image of a truth ul € X under A and let
(u(J))tZO,j:L..A,J be the solution of (VI). Then,

J
: 1 (4)
° thm E[5 > le;”’|?] = 0.

Jj=1

° (t,@)tzo converges almost surely to zero with rate function p(t) = t=% for
all € (0,1—a).
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Long-time Behaviour (Linear Case)

(a) Global Existence of Solutions
(b) Ensemble Collapse

(c) Convergence of Residuals

@ No Gaussian prior assumption (in the case of the EnKF with
perturbed observations).

@ The discretization via the ensemble particles and properties of the
forward operator allow to transfer the results to the parameter space
informed by the data.
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Numerical Experiments (Linear Case)

1-dimensional elliptic equation

d?p

L —5+p=u inD:=(0,7), p=0 indD,

where

A=0oL ' with L =— dz—l—zdandD( ) = H2(D)OHO(D)
0: X —RE, eqmspaced observation points in D with spacing TN 27NK at
k=1,...,2« —1, or(-) =4d(- —a:k)W|thK:2NK—1‘

Tk = 2NK7
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Numerical Experiments (Linear Case)

1-dimensional elliptic equation

d2p

_@‘i‘p:u inD:=(0,7), p=0 indD.

The goal of computation is to recover the unknown data u' from observations

y = OL 't =Aul.
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Numerical Experiments (Linear Case)

1-dimensional elliptic equation

d?p

_@_Fp:u |nD:(O’7r),p:0 in 0D .

The goal of computation is to recover the unknown data u' from observations
y = OL W= Aut.

Computational Setting

@ Noise-free case, I' = I.
@ u~ N(0,C) with C = B(A —id)~! and with 8 = 10.

@ Finite element method using continuous, piecewise linear ansatz functions on a uniform
mesh with meshwidth h = 2—8 (the spatial discretisation leads to a discretisation of w, i.e.

u € st’l).
@ The space A = span{uéj)}j:1 is chosen based on the KL expansion of C' = B(A —id) 1.
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Numerical Experiments (Linear Case)

0.6

truth ,
= EnKF est. with J=5 and 1000 paths
= EnKF VI est. with J=5 and 1000 paths

0 1 2 3 4
X
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Numerical Experiments (Linear Case)

0.08 —e
°
®*.
0.06 ) ° ]
L ]
0.04 ¢
. . ® 0
0.02+ L] .
o (]
[ ® ) J
0 8 ®
-0.02 ¢ ,
O observations
-0.04 - * EnKF est. with J=5 and 1000 paths |
* EnKF VI est. with J=5 and 1000 paths
-0.06 : : :
0 1 2 3 4
X
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Numerical Experiments (Ensemble Collapse)

107"

10°F — -
E[(Aef] with J=5 and 1000 paths
—E[(Aef] VI with J=5 and 1000 paths

-6
10
10° 102 10* 108
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Numerical Experiments (Ensemble Collapse)

107 ¢ 20 i
= E[e"] with J=5 and 1000 paths

— E[e?] VI with J=5 and 1000 paths

-4
10
10°
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Numerical Experiments (Convergence of the Residuals)

10°
107"
1072
10
— E[(Arf] with J=5 and 1000 paths
—E[(Arf] VI with J=5 and 1000 paths
-4 ! |
10
10° 102 10* 108
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Numerical Experiments (Convergence of the Residuals)

102

= E[r®] with J=5 and 1000 paths
—E[r?] VI with J=5 and 1000 paths

10°
10° 102 10* 108
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Extensions

@ Variance inflation, Localization
G. EVENSEN 2006 Data Assimilation: The Ensemble Kalman Filter
Springer
E. KALNAY 2003 Atmospheric Modeling, Data Assimilation and
Predictability Cambridge

o Multilevel strategies
A. CHErRNOV, H. HOEL, K. LAw, F. NOBILE AND R. TEMPONE
2016 Multilevel ensemble Kalman filtering for spatially extended
models

@ Regularization
N. CHADA, A. STUART, X. TONG 2019 Tikhonov regularization
within Ensemble Kalman Inversion

@ Subsampling strategies
M. Hanu, J. LaTtz, CLS 2021(in preparation)

@ Ensemble tranform filters

@ Hybrid Methods ...
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Summary

@ Basic concepts of smoothing, filtering.
e (Ensemble) Kalman filter.

o Particle filter.

Main references

Kody Law, Andrew Stuart and Konstantinos Zygalakis, Data
Assimilation: A Mathematical Introduction, Springer, 2015

Sebastian Reich and Colin Cotter, Probabilistic Forecasting and
Bayesian Data Assimilation, Cambridge University Press, 2015
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