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Mathematical Formulation of the Problem

We assume a model of the unknown z in the form of

zn+1 = Ψ(zn) + ζn , n ∈ N
z0 ∼ N (m0, C0)

with Ψ ∈ C(Rnz ,Rnz), ζ = (ζ)n an iid sequence with ζ0 ∼ N (0,Σ),
Σ > 0, z0 and ζ are assumed to be independent.

There is a true trajectory of z that produces noisy observations

yn+1 = Hzn+1 + ηn+1 , n ∈ N

with H ∈ L(Rnz ,Rny) and η = (η)n an iid sequence, independent of
(z0, ζ) with η1 ∼ N (0,Γ), Γ > 0.

The aim of data assimilation is to characterize the conditional
distribution of zn given the observations.
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Smoothing Problem
Find the signal z on a discrete time interval N0 = {0, . . . , N}

zn+1 = Ψ(zn) + ζn , j ∈ N0

z0 ∼ N (m0, C0) ζ0 ∼ N (0,Σ)

from given data y on the discrete time interval N = {1, . . . , N}

yn+1 = Hzn+1 + ηn+1 , j ∈ N , η1 ∼ N (0,Γ) .
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Smoothing Problem
Find the signal z on a discrete time interval N0 = {0, . . . , N}

zn+1 = Ψ(zn) + ζn , j ∈ N0

z0 ∼ N (m0, C0) ζ0 ∼ N (0,Σ)

from given data y on the discrete time interval N = {1, . . . , N}

yn+1 = Hzn+1 + ηn+1 , j ∈ N , η1 ∼ N (0,Γ) .

Prior
P(z0, . . . , zN ) =

N−1∏
n=0

P(zn+1|zn)P(z0)

with
P(z0) ∝ exp(1

2 |z0 −m0|2C0 )
and

P(zn+1|zn) ∝ exp(1
2 |zn+1 −Ψ(zn)|2Σ) .
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Smoothing Problem
Find the signal z on a discrete time interval N0 = {0, . . . , N}

zn+1 = Ψ(zn) + ζn , j ∈ N0

z0 ∼ N (m0, C0) ζ0 ∼ N (0,Σ)

from given data y on the discrete time interval N = {1, . . . , N}

yn+1 = Hzn+1 + ηn+1 , j ∈ N , η1 ∼ N (0,Γ) .

Prior
P(z0, . . . , zN ) ∝ exp(−Θ(z0, . . . , zn))

with

Θ(z0, . . . , zN ) = 1
2 |z0 −m0|2C0 +

N−1∑
n=0

1
2 |zn+1 −Ψ(zn)|2Σ .
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Smoothing Problem
Find the signal z on a discrete time interval N0 = {0, . . . , N}

zn+1 = Ψ(zn) + ζn , j ∈ N0

z0 ∼ N (m0, C0) ζ0 ∼ N (0,Σ)

from given data y on the discrete time interval N = {1, . . . , N}

yn+1 = Hzn+1 + ηn+1 , j ∈ N , η1 ∼ N (0,Γ) .

Likelihood

P(y1, . . . , yN |z0, . . . , zN ) =
N−1∏
n=0

P(yn+1|z0, . . . , zN )
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Smoothing Problem
Find the signal z on a discrete time interval N0 = {0, . . . , N}

zn+1 = Ψ(zn) + ζn , j ∈ N0

z0 ∼ N (m0, C0) ζ0 ∼ N (0,Σ)

from given data y on the discrete time interval N = {1, . . . , N}

yn+1 = Hzn+1 + ηn+1 , j ∈ N , η1 ∼ N (0,Γ) .

Likelihood

P(y1, . . . , yN |z0, . . . , zN ) =
N−1∏
n=0

P(yn+1|z0, . . . , zN )

=
N−1∏
n=0

P(yn+1|zn+1)
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Smoothing Problem
Find the signal z on a discrete time interval N0 = {0, . . . , N}

zn+1 = Ψ(zn) + ζn , j ∈ N0

z0 ∼ N (m0, C0) ζ0 ∼ N (0,Σ)

from given data y on the discrete time interval N = {1, . . . , N}

yn+1 = Hzn+1 + ηn+1 , j ∈ N , η1 ∼ N (0,Γ) .

Likelihood

P(y1, . . . , yN |z0, . . . , zN ) =
N−1∏
n=0

P(yn+1|z0, . . . , zN )

∝ exp(−Φ(z0, . . . , zn; y1, . . . , yn)

with Φ(z0, . . . , zn; y1, . . . , yn) =
∑N−1

n=0
1
2 |yn+1 −Hzn+1|2Γ
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Smoothing Problem
Find the signal z on a discrete time interval N0 = {0, . . . , N}

zn+1 = Ψ(zn) + ζn , j ∈ N0

z0 ∼ N (m0, C0) ζ0 ∼ N (0,Σ)

from given data y on the discrete time interval N = {1, . . . , N}

yn+1 = Hzn+1 + ηn+1 , j ∈ N , η1 ∼ N (0,Γ) .

Bayes’ Theorem
The posterior smoothing distribution on z0, . . . , zn|y1, . . . , yn is given by

P(z0, . . . , zn|y1, . . . , yn) ∝ exp(−Φ(z0, . . . , zn; y1, . . . , yn)−Θ(z0, . . . , zn)) .
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Filtering Problem

Find the pdf P(zn|y1, . . . yn) associated with the probability measure on
the random variable zn|y1, . . . yn, i.e. sequentially update the pdf
P(zn|y1, . . . yn) as n is incremented.

Update P(zn+1|y1, . . . yn+1) from P(zn|y1, . . . yn) via

prediction P(zn|y1, . . . yn) 7→ P(zn+1|y1, . . . yn) and

analysis P(zn+1|y1, . . . yn) 7→ P(zn+1|y1, . . . yn+1).
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Filtering Problem

Update P(zn+1|y1, . . . yn+1) from P(zn|y1, . . . yn) via

prediction P(zn|y1, . . . yn) 7→ P(zn+1|y1, . . . yn) and

analysis P(zn+1|y1, . . . yn) 7→ P(zn+1|y1, . . . yn+1).

Prediction

P(zn+1|y1, . . . yn) =
∫
Rnz

P(zn+1|y1, . . . yn, zn)P(zn|y1, . . . yn)dzn

=
∫
Rnz

P(zn+1|zn)P(zn|y1, . . . yn)dzn .

C. Schillings (U Mannheim) Data Assimilation 21. 7. 2021 5 / 37



Filtering Problem

Update P(zn+1|y1, . . . yn+1) from P(zn|y1, . . . yn) via

prediction P(zn|y1, . . . yn) 7→ P(zn+1|y1, . . . yn) and

analysis P(zn+1|y1, . . . yn) 7→ P(zn+1|y1, . . . yn+1).

Analysis

P(zn+1|y1, . . . yn+1) = P(zn+1|y1, . . . , yn, yn+1)

= P(yn+1|zn+1, y1, . . . , yn)P(zn+1|y1, . . . , yn)
P(yn+1|y1, . . . , yn)

= P(yn+1|zn+1)P(zn+1|y1, . . . , yn)
P(yn+1|y1, . . . , yn) .
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Particle Filter

Sequential Importance resampling (SIR) filter, Bootstrap filter

1: Set n = 0 and µJ0 = µ0.
2: Draw J independent realizations z(j)

n from µJn and set w(j)
n = 1/J for

j = 1, . . . , J .
3: Define µJn =

∑J
j=1w

(j)
n δ

z
(j)
n

.

4: Forecast ensemble: Draw ẑ
(j)
n+1 ∼ p(z

(j)
n , ·) with kernel

p(zn, zn+1) = P(zn+1|zn).
5: Define gn(zn+1) ∝ P(yn+1|zn+1) and compute

w
(j)
n+1 = w̃

(j)
n+1/(

J∑
j=1

w̃
(j)
n+1) , w̃

(j)
n+1 = gn(ẑ(j)

n+1)w(j)
n , j = 1, . . . , J .

6: Analysis ensemble: Set µJn+1 =
∑J
j=1w

(j)
n+1δẑ(j)

n+1
.

7: n← n+ 1, goto 2.
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Particle Filter

Convergence
Assume g is bounded from below and above, i.e. κ ≤ gn(z) ≤ κ−1 for κ ∈ (0, 1], z ∈ Rnz .

For all n ≥ 0, there exists a constant C, independent of J such that for
any φ ∈ B(Rnz)

E[(µJn(φ)− µn(φ))2] ≤ C ‖φ‖
2

J
.

See e.g. D. Crisan and A. Doucet 2002 A survey of convergence results on
particle filtering methods for practitioners IEEE Transactions on Signal Processing 50
for a convergence proof.
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Particle Filter
Convergence
Assume g is bounded from below and above, i.e. κ ≤ gn(z) ≤ κ−1 for κ ∈ (0, 1], z ∈ Rnz .

For all n ≥ 0, there exists a constant C, independent of J such that for
any φ ∈ B(Rnz)

E[(µJn(φ)− µn(φ))2] ≤ C ‖φ‖
2

J
.

The rate of convergence is independent of the state dimension nz, i.e.
particle methods can circumvent the curse of dimensionality.
The constant C depends on the state dimension nz in general. For the
standard setting, the number of particles must increase exponentially as
problem sizes increases to avoid degenerary.
T. Bengtsson, P. Bickel and B. Li 2008 Curse-of-dimensionality revisited:
Collapse of the particle filter in very large scale systems IMS Collections 2
C. Snyder, T. Bengtsson, P. Bickel and J. Anderson 2008 Obstacles to
high-dimensional particle filtering Monthly Wea. Rev. 136
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Example

Evolution model

zn+1 = 1.2 Id zn + ζn , j ∈ {0, . . . , 10}, z0 ∼ N (1, 0.01 Id),
ζ0 ∼ N (0, 0.01 Id) .Observation model

yn+1 = Id zn+1 + ηn+1 , j ∈ {1, . . . , 10}, η1 ∼ N (0, 0.1 Id) .
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Example

Evolution model

zn+1 = 1.2 Id zn + ζn , j ∈ {0, . . . , 10}, z0 ∼ N (1, 0.01 Id),
ζ0 ∼ N (0, 0.01 Id) .Observation model

yn+1 = Id zn+1 + ηn+1 , j ∈ {1, . . . , 10}, η1 ∼ N (0, 0.1 Id) .

d = 1,J = 100,N = 1
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Example

Evolution model

zn+1 = 1.2 Id zn + ζn , j ∈ {0, . . . , 10}, z0 ∼ N (1, 0.01 Id),
ζ0 ∼ N (0, 0.01 Id) .Observation model

yn+1 = Id zn+1 + ηn+1 , j ∈ {1, . . . , 10}, η1 ∼ N (0, 0.1 Id) .

d = 1,J = 100,N = 2
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Example

Evolution model

zn+1 = 1.2 Id zn + ζn , j ∈ {0, . . . , 10}, z0 ∼ N (1, 0.01 Id),
ζ0 ∼ N (0, 0.01 Id) .Observation model

yn+1 = Id zn+1 + ηn+1 , j ∈ {1, . . . , 10}, η1 ∼ N (0, 0.1 Id) .

d = 1,J = 100,N = 3
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Example

Evolution model

zn+1 = 1.2 Id zn + ζn , j ∈ {0, . . . , 10}, z0 ∼ N (1, 0.01 Id),
ζ0 ∼ N (0, 0.01 Id) .Observation model

yn+1 = Id zn+1 + ηn+1 , j ∈ {1, . . . , 10}, η1 ∼ N (0, 0.1 Id) .

d = 1,J = 100,N = 4
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Example

Evolution model

zn+1 = 1.2 Id zn + ζn , j ∈ {0, . . . , 10}, z0 ∼ N (1, 0.01 Id),
ζ0 ∼ N (0, 0.01 Id) .Observation model

yn+1 = Id zn+1 + ηn+1 , j ∈ {1, . . . , 10}, η1 ∼ N (0, 0.1 Id) .

d = 1,J = 100,N = 5
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Example

Evolution model

zn+1 = 1.2 Id zn + ζn , j ∈ {0, . . . , 10}, z0 ∼ N (1, 0.01 Id),
ζ0 ∼ N (0, 0.01 Id) .Observation model

yn+1 = Id zn+1 + ηn+1 , j ∈ {1, . . . , 10}, η1 ∼ N (0, 0.1 Id) .

d = 1,J = 100,N = 6
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Example

Evolution model

zn+1 = 1.2 Id zn + ζn , j ∈ {0, . . . , 10}, z0 ∼ N (1, 0.01 Id),
ζ0 ∼ N (0, 0.01 Id) .Observation model

yn+1 = Id zn+1 + ηn+1 , j ∈ {1, . . . , 10}, η1 ∼ N (0, 0.1 Id) .

d = 1,J = 100,N = 7
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Example

Evolution model

zn+1 = 1.2 Id zn + ζn , j ∈ {0, . . . , 10}, z0 ∼ N (1, 0.01 Id),
ζ0 ∼ N (0, 0.01 Id) .Observation model

yn+1 = Id zn+1 + ηn+1 , j ∈ {1, . . . , 10}, η1 ∼ N (0, 0.1 Id) .

d = 1,J = 100,N = 8
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Example

Evolution model

zn+1 = 1.2 Id zn + ζn , j ∈ {0, . . . , 10}, z0 ∼ N (1, 0.01 Id),
ζ0 ∼ N (0, 0.01 Id) .Observation model

yn+1 = Id zn+1 + ηn+1 , j ∈ {1, . . . , 10}, η1 ∼ N (0, 0.1 Id) .

d = 1,J = 100,N = 9
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Example

Evolution model

zn+1 = 1.2 Id zn + ζn , j ∈ {0, . . . , 10}, z0 ∼ N (1, 0.01 Id),
ζ0 ∼ N (0, 0.01 Id) .Observation model

yn+1 = Id zn+1 + ηn+1 , j ∈ {1, . . . , 10}, η1 ∼ N (0, 0.1 Id) .

d = 1,J = 100,N = 10
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Example

Evolution model

zn+1 = 1.2 Id zn + ζn , j ∈ {0, . . . , 10}, z0 ∼ N (1, 0.01 Id),
ζ0 ∼ N (0, 0.01 Id) .Observation model

yn+1 = Id zn+1 + ηn+1 , j ∈ {1, . . . , 10}, η1 ∼ N (0, 0.1 Id) .

d = 1,J = 1000,N = 10
1000 SIR runs
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Example

Evolution model

zn+1 = 1.2 Id zn + ζn , j ∈ {0, . . . , 10}, z0 ∼ N (1, 0.01 Id),
ζ0 ∼ N (0, 0.01 Id) .Observation model

yn+1 = Id zn+1 + ηn+1 , j ∈ {1, . . . , 10}, η1 ∼ N (0, 0.1 Id) .

d = 10,J = 1000,N = 10
1000 SIR runs
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Example

Evolution model

zn+1 = 1.2 Id zn + ζn , j ∈ {0, . . . , 10}, z0 ∼ N (1, 0.01 Id),
ζ0 ∼ N (0, 0.01 Id) .Observation model

yn+1 = Id zn+1 + ηn+1 , j ∈ {1, . . . , 10}, η1 ∼ N (0, 0.1 Id) .

d = 50,J = 1000,N = 10
1000 SIR runs

C. Schillings (U Mannheim) Data Assimilation 21. 7. 2021 8 / 37



Extensions

High-Dimensional Problems
A. Beskos, D. Crisan, A. Jasra 2014 On the stability of SMC methods in
high dimensions The Annals of Applied Probability 24
P. Rebeschini and R. van Handel 2015 Can local particle filters beat the
curse of dimensionality? The Annals of Applied Probability 25
Arnaud Doucet’s SMC and Particle Filters Resources
https://www.stats.ox.ac.uk/ doucet/smc resources.html
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Ensemble Kalman Filter

1: Set n = 0. Draw J independent realizations z(j)
n from µ0.

2: Forecast ensemble: Set ẑ(j)
n+1 = Ψ(z(j)

n ) + ζ
(j)
n for j = 1, . . . , J . Use the

ensemble (ẑ(j)
n+1)Jj=1 to define the empirical mean and covariance

m̂n+1 = 1
J

J∑
j=1

ẑ
(j)
n+1 and Ĉm+1 = 1

J − 1

J∑
j=1

(ẑ(j)
n+1−m̂n+1)⊗(ẑ(j)

n+1−m̂n+1)

.
3: Kalman update formulas

mn+1 = m̂n+1 +Kn+1(yn+1 −Hm̂n+1) Cn+1 = Ĉn+1 −Kn+1HĈn+1

with Kn+1 = Ĉn+1H
>(HĈn+1H

> + Γ)−1.
4: Define (z(j)

n+1)Jj=1 by a linear transformation D with z(j)
n+1 =

∑J
i=1 ẑ

(i)
n+1dij

such that

1
J

J∑
j=1

z
(j)
n+1 = mn+1 and 1

J − 1

J∑
j=1

(z(j)
n+1−mn+1)⊗(z(j)

n+1−mn+1) = Cn+1 .

5: n← n+ 1, go to 2.
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Ensemble Kalman Filter

EnKF with perturbed observations

z
(j)
n+1 =

J∑
i=1

ẑ
(i)
n+1dij

with observations y(j)
n+1 = yn+1 + η

(j)
n+1, η(j)

n+1 ∼ N(0,Γ) and
dij = δij − 1

J−1 (ẑ(j)
n+1 − m̂n+1)>H>(HĈn+1H

> + Γ)−1(Hz(j)
n+1 − y

(j)
n+1).

Ensemble square root filter (ESFR)

z
(j)
n+1 =

J∑
i=1

ẑ
(i)
n+1dij

with dij = wi − 1
J

+ sij , where Ĉn+1 = 1
J−1Pn+1P

>
n+1,

S = (sij)i,j = (I + 1
J−1 (HPn+1)>Γ−1HPn+1)− 1

2 and
w = 1

J
1− 1

J−1S
2P>n+1H

>Γ−1(Hm̂n+1 − yn+1).

C. Schillings (U Mannheim) Data Assimilation 21. 7. 2021 11 / 37



Ensemble Kalman Filter

EnKF with perturbed observations

z
(j)
n+1 =

J∑
i=1

ẑ
(i)
n+1dij

with observations y(j)
n+1 = yn+1 + η

(j)
n+1, η(j)

n+1 ∼ N(0,Γ) and
dij = δij − 1

J−1 (ẑ(j)
n+1 − m̂n+1)>H>(HĈn+1H

> + Γ)−1(Hz(j)
n+1 − y

(j)
n+1).

Ensemble square root filter (ESFR)

z
(j)
n+1 =

J∑
i=1

ẑ
(i)
n+1dij

with dij = wi − 1
J

+ sij , where Ĉn+1 = 1
J−1Pn+1P

>
n+1,

S = (sij)i,j = (I + 1
J−1 (HPn+1)>Γ−1HPn+1)− 1

2 and
w = 1

J
1− 1

J−1S
2P>n+1H

>Γ−1(Hm̂n+1 − yn+1).
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The ensemble parameter estimate lies in the linear span of the initial
ensemble [23].

In the linear case, the EnKF estimate converges in the limit J →∞ to the
solution of the regularised least-squares problem [24, 31]. In the nonlinear
setting, convergence to the mean-field Kalman filter is proven in [30].

Ernst et al. [21] showed that the EnKF is not consistent with the Bayesian
perspective in the nonlinear setting, but can be interpreted as a point
estimator of the unknown parameters.

Kelly et al. [28, 29, 42, 41] presented an analysis of the long-time behavior
and ergodicity of the ensemble Kalman filter with arbitrary ensemble size
establishing time uniform bounds to control the filter divergence and
ensuring in addition the existence of an invariant measure.

Long term stability and accuracy is established for ensemble Kalman-Bucy
filters applied to continuous-time filtering problems [20, 44].

Higher order updates by polynomial chaos expansion can be found in [34].
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Connection to inverse problems

Find the unknown data u ∈ X from noisy observations

y = G(u) + η

Bridging Sequence
Introduction of an artificial discrete time dynamical system which maps the prior µ0 into
the posterior µ. The effective variance is amplified by N = 1/h at each step,
compensating for the redundant, repeated use of the data.
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Analysis of Ensemble Kalman Inversion
Assumption: The forward operator is linear , i.e. G = A ∈ L(X,Rny).
EnKF with perturbed observations

du(j) = C(u)A∗Γ−1A(u† + η − u(j)) dt+ C(u)A∗Γ−
1
2 dW (j) ,

where W (1), . . . ,W (J) are pairwise cylindrical Wiener processes and y denotes the noisy
observational data.

(a) Global Existence of Solutions

(b) Ensemble Collapse

(c) Convergence of Residuals

Strongly convergent discretization scheme .
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Continuous Time Limit (Linear Case)

Assumption: Linear response operator G(u) = Au with A ∈ L(X,Y )

u
(j)
n+1 = u(j)

n + hC(un)A∗Γ−1(y(j)
n+1 −Au

(j)
n+1)

with C(un) = 1
J

∑J

j=1(u(j)
n − un)⊗ (u(j)

n − un) and un = 1
J

∑J

j=1 u
(j)
n .

Noise-free Case

Limiting SDE

du(j) = C(u)A∗Γ−1A(u† + η − u(j)) dt+ C(u)A∗Γ−
1
2 dW (j) ,

or equivalently,
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Continuous Time Limit (Linear Case)

Assumption: Linear response operator G(u) = Au with A ∈ L(X,Y )

u
(j)
n+1 = u(j)

n + hC(un)A∗Γ−1(y(j)
n+1 −Au

(j)
n+1)

with C(un) = 1
J

∑J

j=1(u(j)
n − un)⊗ (u(j)

n − un) and un = 1
J

∑J

j=1 u
(j)
n .

Noise-free Case

Limiting ODE

du(j) = C(u)A∗Γ−1A(u† + η − u(j)) dt+ C(u)A∗Γ−
1
2 dW (j) ,

or equivalently,
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Continuous Time Limit (Linear Case)

Assumption: Linear response operator G(u) = Au with A ∈ L(X,Y )

u
(j)
n+1 = u(j)

n + hC(un)A∗Γ−1(y(j)
n+1 −Au

(j)
n+1)

with C(un) = 1
J

∑J

j=1(u(j)
n − un)⊗ (u(j)

n − un) and un = 1
J

∑J

j=1 u
(j)
n .

Noise-free Case

Limiting ODE

du(j) = C(u)A∗Γ−1A(u† − u(j)) dt ,

or equivalently, d
dtu

(j) = −C(u)DuΦ(u(j); y)

with potential Φ(u; y) = 1
2‖Γ

− 1
2 (y −Au)‖2.
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Long-time Behaviour (Linear Case)

(a) Global Existence of Solutions

(b) Ensemble Collapse

(c) Convergence of Residuals
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Long-time Behaviour (Linear Case)

(a) Global Existence of Solutions
Assume that y is the image of a truth u† ∈ X under A. Let u(j)(0) ∈ X
for j = 1, . . . , J and define X0 to be the linear span of the {u(j)(0)}Jj=1.

Then, the limiting ODE has a unique solution u(j)(·) ∈ C([0,∞);X0) for
j = 1, . . . , J.
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Long-time Behaviour (Linear Case)

(a) Global Existence of Solutions
Assume that y is the image of a truth u† ∈ X under A. Let u(j)(0) ∈ X
for j = 1, . . . , J and define X0 to be the linear span of the {u(j)(0)}Jj=1.

Then, the limiting ODE has a unique solution u(j)(·) ∈ C([0,∞);X0) for
j = 1, . . . , J.

Sketch of Proof

Quantities

e(j) = u(j) − u , r(j) = u(j) − u† ,

Elj = 〈Ae(l), Ae(j)〉Γ , Rlj = 〈Ar(l), Ar(j)〉Γ , Flj = 〈Ar(l), Ae(j)〉Γ .
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Long-time Behaviour (Linear Case)

(a) Global Existence of Solutions
Assume that y is the image of a truth u† ∈ X under A. Let u(j)(0) ∈ X
for j = 1, . . . , J and define X0 to be the linear span of the {u(j)(0)}Jj=1.

Then, the limiting ODE has a unique solution u(j)(·) ∈ C([0,∞);X0) for
j = 1, . . . , J.

Sketch of Proof

d
dt e

(j) = − 1
J

J∑
k=1

Ejke
(k) ,

d
dt r

(j) = − 1
J

J∑
k=1

Fjkr
(k) , j = 1, . . . , J

d
dtE = − 2

J
E2 ,

d
dtR = − 2

J
FF> ,

d
dtF = − 2

J
FE

Global existence of E, R and F ⇒ global existence of r and e
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Long-time Behaviour (Linear Case)

(b) Ensemble Collapse
Assume that y is the image of a truth u† ∈ X under A. Let u(j)(0) ∈ X
for j = 1, . . . , J .

Then, the matrix valued quantity E(t) converges to 0 for t→∞ and,
indeed ‖E(t)‖ = O(Jt−1).
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Long-time Behaviour (Linear Case)

(b) Ensemble Collapse
Assume that y is the image of a truth u† ∈ X under A. Let u(j)(0) ∈ X
for j = 1, . . . , J .

Then, the matrix valued quantity E(t) converges to 0 for t→∞ and,
indeed ‖E(t)‖ = O(Jt−1).

The rate of convergence of E and F is algebraic with a constant growing with
larger ensemble size J .
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Long-time Behaviour (Linear Case)

(c) Convergence of Residuals
Assume that y is the image of a truth u† ∈ X under A and the forward operator A is
one-to-one. Let Y ‖ denote the linear span of the {Ae(j)(0)}Jj=1 and let Y ⊥ denote the
orthogonal complement of Y ‖ in Y with respect to the inner product 〈·, ·〉Γ and assume
that the initial ensemble members are chosen so that Y ‖ has the maximal dimension
min{J − 1, dim(Y)}.

Then Ar(j)(t) may be decomposed uniquely as

Ar
(j)
‖ (t) +Ar

(j)
⊥ (t) with Ar(j)

‖ ∈ Y
‖ and Ar(j)

⊥ ∈ Y
⊥.

Furthermore Ar(j)
‖ (t)→ 0 as t→∞ and Ar(j)

⊥ (t) = Ar
(j)
⊥ (0) = Ar

(1)
⊥ .
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Long-time Behaviour (Linear Case)

(c) Convergence of Residuals
Assume that y is the image of a truth u† ∈ X under A and the forward operator A is
one-to-one. Let Y ‖ denote the linear span of the {Ae(j)(0)}Jj=1 and let Y ⊥ denote the
orthogonal complement of Y ‖ in Y with respect to the inner product 〈·, ·〉Γ and assume
that the initial ensemble members are chosen so that Y ‖ has the maximal dimension
min{J − 1, dim(Y)}.

Then Ar(j)(t) may be decomposed uniquely as

Ar
(j)
‖ (t) +Ar

(j)
⊥ (t) with Ar(j)

‖ ∈ Y
‖ and Ar(j)

⊥ ∈ Y
⊥.

Furthermore Ar(j)
‖ (t)→ 0 as t→∞ and Ar(j)

⊥ (t) = Ar
(j)
⊥ (0) = Ar

(1)
⊥ .

Adaptive choice of the initial ensemble to ensure convergence of the residuals.
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Long-time Behaviour (Linear Case)
Idea of Proof

Subspace property

Ae(j)(t) =
J∑
k=1

`jk(t)Ae(k)(0)

where the matrix L = {`jk} is invertible.

Decomposition of the residual

Ar(j)(t) =
J∑
k=1

αkAe
(k)(t) +Ar

(1)
⊥

Convergence of the residuals

Boundedness of the coefficient vector

|α(t)|2 ≤
λ

(J)
0

λmin
0
|α(0)|2

gives convergence of the residuals.
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Long-time Behaviour (Linear Case)

(a) Global Existence of Solutions
(b) Ensemble Collapse
(c) Convergence of Residuals

No Gaussian prior assumption.

Convergence result opens up the perspective to use the EnKF as a
linear solver in case of a boundedly invertible forward operator.

In the finite dimensional setting, the results can be used to
characterise the parameter space informed by the data.
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Continuous Time Limit

EnKF with perturbed observations

du(j) = C(u)A∗Γ−1A(u† + η − u(j)) dt+ C(u)A∗Γ−
1
2 dW (j) ,

where W (1), . . . ,W (J) are pairwise independent cylindrical Wiener processes and y
denotes the noisy observational data.
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Continuous Time Limit

EnKF with perturbed observations

du(j) = C(u)A∗Γ−1A(u† − u(j)) dt ,

or equivalently, d
dtu

(j) = −C(u)DuΦ(u(j); y)

with potential Φ(u; y) = 1
2‖Γ

− 1
2 (y −Au)‖2.

ClS and Stuart A M 2017 Analysis of the ensemble Kalman filter for inverse
problems SINUM.
ClS and Stuart A M 2017 Convergence analysis of ensemble Kalman inversion: the
linear, noisy case Applicable Analysis.
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Long-time Behaviour (Linear Case)

Continuous time limit of the EnKF

du(j) = C(u)A∗Γ−1A(u†+η − u(j)) dt+C(u)A∗Γ−
1
2 dW (j) ,

(a) Global Existence of Solutions

(b) Ensemble Collapse

(c) Convergence of Residuals
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Well-posedness of the EnKF inversion

Let S be the linear span of {u(j)
0 }Jj=1, then u(j)

t ∈ S for all
(t, j) ∈ [0,∞)× {1, . . . , J} almost surely.
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Well-posedness of the EnKF inversion

Let S be the linear span of {u(j)
0 }Jj=1, then u(j)

t ∈ S for all
(t, j) ∈ [0,∞)× {1, . . . , J} almost surely.

Transformation to SDE in finite dimensional space

Assume that the initial ensemble (u(j)
0 )j∈{1,...,J} is linearly

independent almost surely.
Transformation of the original SDE to

du(j)
t = C(ut)A∗Γ−1(y −Au(j)

t ) dt+ C(ut)A∗Γ−1/2 dW (j)
t .

with linear operator A : RJ → RK .
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Well-posedness of the EnKF inversion

(a) Global Existence of Solutions [Blömker, ClS, Wacker, Weissmann 18]

Let u0 = (u(j)
0 )j∈{1,...,J} be F0-measurable maps u(j)

0 : Ω→ X which are
linearly independent almost surely.
Then for all T ≥ 0 there exists a unique strong solution (ut)t∈[0,T ] (up to
P-indistinguishability) of the set of coupled SDEs

du(j)
t = C(ut)A∗Γ−1(y −Au(j)

t ) dt+ C(ut)A∗Γ−1/2 dW (j)
t . (1)
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Well-posedness of the EnKF inversion

(a) Global Existence of Solutions [Blömker, ClS, Wacker, Weissmann 18]

Let u0 = (u(j)
0 )j∈{1,...,J} be F0-measurable maps u(j)

0 : Ω→ X which are
linearly independent almost surely.
Then for all T ≥ 0 there exists a unique strong solution (ut)t∈[0,T ] (up to
P-indistinguishability) of the set of coupled SDEs

du(j)
t = C(ut)A∗Γ−1(y −Au(j)

t ) dt+ C(ut)A∗Γ−1/2 dW (j)
t . (1)

Sketch of Proof

Local weak monotonicity
Local weak coercivity
Existence of a stochastic Lyapunov function V ∈ C2(X;R+) such that for some
c > 0

LV (x) := Vx(x)F (x) + 1
2 trace(GT (x)Vxx(x)G(x)) ≤ cV (x),

inf
|x|>R

V (x)→∞ as R→∞ .
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Quantification of the Ensemble Collapse

Quantities of Interest

e(j) = u(j) − u, e(j) := Γ−
1
2Ae(j)

(b) Ensemble Collapse [Blömker, ClS, Wacker, Weissmann 18]

Let u0 = (u(j)
0 )j∈{1,...,J} be F0-measurable maps with C0 = E[ 1

J

J∑
j=1
|e(j)

0 |2] <∞.

Then, the ensemble collapse is quantified by

E[ 1
J

J∑
j=1
|e(j)
t |2] ≤ 1

J+1
J2 t+ 1

C0

.
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Quantification of the Ensemble Collapse

Quantities of Interest

e(j) = u(j) − u, e(j) := Γ−
1
2Ae(j)

(b) Ensemble Collapse (Parameter Space)
[Blömker, ClS, Wacker, Weissmann 18]

Let u0 = (u(j)
0 )j∈{1,...,J} be F0-measurable maps with C0 = E[ 1

J

J∑
j=1
|e(j)

0 |2] <∞.

Further assume that the linear operator A is one-to-one.

Then, the ensemble collapse is quantified by

E[ 1
J

J∑
j=1
|e(j)
t |2] ≤ 1

σmin

1
J+1
J2 t+ 1

C0

,

where σmin is the smallest eigenvalue of A∗Γ−1A.
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Quantification of the Ensemble Collapse

Quantities of Interest

e(j) = u(j) − u, e(j) := Γ−
1
2Ae(j)

(c) Almost Sure Ensemble Collapse [Blömker, ClS, Wacker, Weissmann 18]

Let u0 = (u(j)
0 )j∈{1,...,J} be F0-measurable maps and γ : R+ → R+ a positive,

monotonically increasing and differentiable function such that
∫∞

0
γ′(s)2

γ(s) ds <∞.

Then the trivial solution of

de(j)
t = −C(et)e(j)

t dt+ C(et)d(W (j)
t −W t)

is almost surely asymptotically stable with rate function ρ(t) = (γ(t))−
1
2 .

In particular, (e(j)
t )j=1,...,J converges to zero almost surely as t→∞.
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Quantification of the Ensemble Collapse

Quantities of Interest

e(j) = u(j) − u, e(j) := Γ−
1
2Ae(j)

(c) Almost Sure Ensemble Collapse [Blömker, ClS, Wacker, Weissmann 18]

Let u0 = (u(j)
0 )j∈{1,...,J} be F0-measurable maps and γ : R+ → R+ a positive,

monotonically increasing and differentiable function such that
∫∞

0
γ′(s)2

γ(s) ds <∞.

Then the trivial solution of

de(j)
t = −C(et)e(j)

t dt+ C(et)d(W (j)
t −W t)

is almost surely asymptotically stable with rate function ρ(t) = (γ(t))−
1
2 .

In particular, (e(j)
t )j=1,...,J converges to zero almost surely as t→∞.

Under the assumption that A is one-to-one, the result holds true in the
parameter space too.
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Convergence of the Residuals

Quantities of Interest

r(j) = u(j) − u†, r(j) := Γ−
1
2Ar(j)

(c) Convergence of the Residuals [Blömker, ClS, Wacker, Weissmann 18]

Let y be the image of a truth u† ∈ X under A and u0 = (u(j)
0 )j∈{1,...,J} be

F0-measurable maps u(j)
0 : Ω→ X such that E[ 1

J

J∑
j=1
|r(j)

0 |2] <∞.

Then

E[ 1
J

J∑
j=1
|r(j)t |2]

1
2

is monotonically decreasing.
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Convergence of the Residuals
Quantities of Interest

r(j) = u(j) − u†, r(j) := Γ−
1
2Ar(j)

(c) Convergence of the Residuals with Variance Inflation
[Blömker, ClS, Wacker, Weissmann 18]

Assume that y is the image of a truth u† ∈ X under A and let

r0 = (r(j)
0 )j∈{1,...,J} be F0-measurable maps such that E[ 1

J

J∑
j=1
|r(j)

0 |2] <∞,

B ∈ L(RK ,RK) a positive definite operator and (r(j)
t )t≥0,j=1,...,J the solution of

dr(j)
t = −(C(rt) + 1

tα +R
B)r(j)

t dt+ C(rt) dW (j)
t , α ∈ (0, 1), R > 0.

Then it holds true that

lim
t→∞

E[ 1
J

J∑
j=1
|r(j)t |2] = 0.
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Convergence of the Residuals

Quantities of Interest
r(j) = u(j) − u†, r(j) := Γ−

1
2Ar(j)

(c) Convergence of the Residuals with Variance Inflation
[Blömker, ClS, Wacker, Weissmann 18]

Assume that y is the image of a truth u† ∈ X under A and let
r0 = (r(j)

0 )j∈{1,...,J} be F0-measurable maps, B ∈ L(RK ,RK) a positive definite
operator and (r(j)

t )t≥0,j=1,...,J the solution of

dr(j)
t = −(C(rt) + 1

tα +R
B)r(j)

t dt+ C(rt) dW (j)
t , α ∈ (0, 1), R > 0.

Then the solution is almost surely asymptotically stable with rate function
ρ(t) = t−

β
2 for all β ∈ (0, 1− α).

In particular, (r(j)t )j=1,...,J converges to zero almost surely as t→∞.
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Convergence of the Residuals

Variance Inflation in the Parameter Space

Let y ∈ AS with AS = span{Au(1)
0 , . . . , Au(J)}.

du(j)
t = (C(ut) + 1

tα +R
B)A∗Γ−1(y −Au(j)

t ) dt+ C(ut)A∗Γ−
1
2 dW (j)

t (VI)

j = 1, . . . , J , for B positive definite, R > 0 and α ∈ (0, 1)
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Convergence of the Residuals

Variance Inflation in the Parameter Space
Let y ∈ AS with AS = span{Au(1)

0 , . . . , Au(J)}.

du(j)
t = (C(ut) + 1

tα +R
B)A∗Γ−1(y −Au(j)

t ) dt+ C(ut)A∗Γ−
1
2 dW (j)

t (VI)

j = 1, . . . , J , for B positive definite, R > 0 and α ∈ (0, 1)

Let y ∈ AS and assume that y is the image of a truth u† ∈ X under A and let
(u(j)
t )t≥0,j=1,...,J be the solution of (VI). Then,

lim
t→∞

E[ 1
J

J∑
j=1
|e(j)
t |2] = 0.

lim
t→∞

E[ 1
J

J∑
j=1
|r(j)
t |2] = 0.

(r(j)
t )t≥0 converges almost surely to zero with rate function ρ(t) = t−

β
2 for

all β ∈ (0, 1− α).
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Long-time Behaviour (Linear Case)

(a) Global Existence of Solutions
(b) Ensemble Collapse
(c) Convergence of Residuals

No Gaussian prior assumption (in the case of the EnKF with
perturbed observations).

The discretization via the ensemble particles and properties of the
forward operator allow to transfer the results to the parameter space
informed by the data.
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Numerical Experiments (Linear Case)
1-dimensional elliptic equation

−d2p

dx2 + p = u in D := (0, π) , p = 0 in ∂D ,

where

A = O ◦ L−1 with L = − d2

dx2 + id and D(L) = H2(D) ∩H1
0 (D)

O : X 7→ RK , equispaced observation points in D with spacing τON = 2−NK at
xk = k

2NK , k = 1, . . . , 2NK − 1, ok(·) = δ(· − xk) with K = 2NK − 1.
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Numerical Experiments (Linear Case)
1-dimensional elliptic equation

−d2p

dx2 + p = u in D := (0, π) , p = 0 in ∂D .

The goal of computation is to recover the unknown data u† from observations

y = OL−1u† = Au† .
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Numerical Experiments (Linear Case)
1-dimensional elliptic equation

−d2p

dx2 + p = u in D := (0, π) , p = 0 in ∂D .

The goal of computation is to recover the unknown data u† from observations

y = OL−1u† = Au† .

Computational Setting
Noise-free case, Γ = I.
u ∼ N (0, C) with C = β(A− id)−1 and with β = 10.
Finite element method using continuous, piecewise linear ansatz functions on a uniform
mesh with meshwidth h = 2−8 (the spatial discretisation leads to a discretisation of u, i.e.
u ∈ R28−1).

The space A = span{u(j)
0 }

J
j=1 is chosen based on the KL expansion of C = β(A− id)−1.
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Numerical Experiments (Linear Case)
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truth
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EnKF VI est. with J=5 and 1000 paths
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Numerical Experiments (Linear Case)
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Numerical Experiments (Ensemble Collapse)

10
0

10
2

10
4

10
6

t

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

E[(Ae)
2
] with J=5 and 1000 paths

E[(Ae)
2
] VI with J=5 and 1000 paths

C. Schillings (U Mannheim) Data Assimilation 21. 7. 2021 28 / 37



Numerical Experiments (Ensemble Collapse)

10
0

10
2

10
4

10
6

t

10
-4

10
-3

10
-2

10
-1

10
0

10
1

E[e
2
] with J=5 and 1000 paths

E[e
2
] VI with J=5 and 1000 paths

C. Schillings (U Mannheim) Data Assimilation 21. 7. 2021 28 / 37



Numerical Experiments (Convergence of the Residuals)
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Numerical Experiments (Convergence of the Residuals)
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Extensions
Variance inflation, Localization
G. Evensen 2006 Data Assimilation: The Ensemble Kalman Filter
Springer
E. Kalnay 2003 Atmospheric Modeling, Data Assimilation and
Predictability Cambridge
Multilevel strategies
A. Chernov, H. Hoel, K. Law, F. Nobile and R. Tempone
2016 Multilevel ensemble Kalman filtering for spatially extended
models
Regularization
N. Chada, A. Stuart, X. Tong 2019 Tikhonov regularization
within Ensemble Kalman Inversion
Subsampling strategies
M. Hanu, J. Latz, ClS 2021(in preparation)
Ensemble tranform filters

Hybrid Methods ...
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Summary

Basic concepts of smoothing, filtering.

(Ensemble) Kalman filter.

Particle filter.

Main references

Kody Law, Andrew Stuart and Konstantinos Zygalakis, Data
Assimilation: A Mathematical Introduction, Springer, 2015
Sebastian Reich and Colin Cotter, Probabilistic Forecasting and
Bayesian Data Assimilation, Cambridge University Press, 2015
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