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What is Data Assimilation?

The seamless integration of large data sets into sophisticated
computational models provides one of the central challenges for the
mathematical sciences in the 21st century. When the computational
model is based on dynamical systems, and the data set is time ordered,
the process of combining models and data is called data assimilation.

Sebastian Reich and Andrew Stuart, SIAM News 2015

source: https://www.focus.de/panorama/videos/wettervorhersage-
unwettergefahr-hier-drohen-starkregen-und-hagel id 5763860.html
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Applications of Data Assimilation

Data assimilation provides important techniques for the incorporation of
data in models in various fields of science and engineering:

Numerical Weather Prediction

extrapolation of the present
state of the atmosphere using
computational models into the
future

Oil reservoir modeling

Biological systems

Different observation systems

source: https://www.dwd.de/EN/research/weatherforecasting/
num modelling/ 02 data assimilation/data assimilation node.html
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Applications of Data Assimilation

Data assimilation provides important techniques for the incorporation of
data in models in various fields of science and engineering:

Numerical Weather Prediction

Oil reservoir modeling

improvement of the accuracy of
the reservoir simulator by data

Biological systems

Reservoir in the Gulf of Mexico

Over the next few years, practicing reservoir engineers
will have to cope with a vast increase in data describing
field performance. This will come from operational deploy-
ment of time-lapse seismic and fully instrumented wells
providing real-time pressure and rate information.

The current approach to history matching of reservoir
models usually involves time-consuming adjustments of
simulator input parameters by an engineer. These adjust-
ments, based on the difference between the predictions of
the reservoir simulator and observed field production and
pressure data, can involve several man months of effort. 

Reservoir model history matches are almost always
nonunique—more than one combination of reservoir
model input parameters (porosity, permeability, trans-
missibility barriers, etc.) will match observed production
data.

Recently, commercial aids to history matching have
been developed. These programs compute gradients of
reservoir models response with respect to model input
parameters. The codes have the ability to automatically
generate a history matched model but do not guarantee
that it is the correct “global optimum” solution.

Generating multiple history matched models. Our
approach is to develop multiple history-matched models
and use the range of possible models to quantify the uncer-
tainty in future performance. By generating many possi-
ble solutions, the task of updating the history match when
new data come in should be reduced to selecting the mod-
els that match the new data.

The approach we use is a stochastic sampling program
originally developed for earthquake seismology. The algo-
rithm, known as the Neighborhood Algorithm, uses infor-
mation obtained from previous runs to bias the sampling
of model parameters to regions of parameter space where
a good fit is likely. In this way it attempts to overcome a
main concern of stochastic sampling—poor convergence.
A full description of the algorithm is given by Sambridge
(Geophysical Journal International, 1999).

Quantitative probability estimates using a stochastic
sampling algorithm depend critically on accurate estima-
tion of the likelihood. This depends on both errors in the
data and errors in the modeling.

Errors in time-lapse signal can be due to survey repeata-
bility, for example variations in source-receiver positions,
shot-to-shot repeatability, ambient noise such as wave
action or tide-induced noise in marine seismic, or differ-
ent processing decisions and interpretations such as picks
of individual horizons.

Generally, cross-equalization is carried out to remove
as many of these differences as possible. Filters are designed
to minimize differences in regions assumed to have no
changes due to production and to warp the data volumes
to align amplitudes or attribute distributions on horizons.

The two principal errors in reservoir simulation are
numerical diffusion, which is an artificial smearing of
sharp fronts, and cell-aspect ratio errors, where the results
of a simulation are sensitive to the ratio of cell height to
cell thickness. Numerical diffusion means that it is impos-

sible to resolve a front over fewer than three cells, and gen-
erally fronts might be smeared over four or five cells and
perhaps more. For a relatively coarsely gridded model, this
raises the question of how quantitative we can be in com-
paring seismic with simulation.

Application to Teal South. Teal South is a reservoir in the
Gulf of Mexico that has been the subject of a number of
time-lapse surveys managed through Energy Resources
Clearing House (ERCH) in Houston. Many institutions
have been using the data to test and develop processing
techniques for time-lapse seismic. At Heriot-Watt, we have
used Teal South as one example data set in the Edinburgh
Time-Lapse Project, which focuses on developing seismic
processing and interpretation methods, and the
Uncertainty Project, a reservoir engineering project to
develop prediction methods for uncertainty quantifica-
tion.

Figure 1 shows the 4500-ft sand, which is bounded on
three sides by faults and closed by dip to the north. A sin-
gle well penetrates the sand, which is initially overpres-
sured at 3096 psi. Monthly production rates of oil, water,
and gas are available; there are only two pressure data
points—the initial pressure of 3096 psi and a measure-
ment of 2458 psi after 570 days of production. Pennington
(TLE, 2001) analyzed some time-lapse results and cross-
equalization issues were described by Druzhinin et al.
(SEG 2001 Expanded Abstracts).

Data available to aid the history matching study
included a depth-converted top-structure map of the 4500-
ft sand, pvt data, and estimates of reservoir thickness. We
had no access to relative permeability data.

We set up a history matching process using produc-
tion data only. Key unknowns in our history matching
procedure were horizontal and vertical permeabilities,
water-oil and gas-oil relative permeability, rock com-
pressibility, water-oil contact, and aquifer strength.

We created a corner point grid using FloGrid. Initially
we set up a model with three layers and sampled for rel-
ative permeabilities, water-oil contact, and constant val-
ues of horizontal and vertical permeability. We used this

286 THE LEADING EDGE MARCH 2002

Multiple history-matched models for Teal
South

MIKE CHRISTIE, COLIN MACBETH, and SAM SUBBEY, Heriot-Watt University, Edinburgh, U.K.

Figure 1. Teal South 4500-ft sand structure map and sim-
ulation grid.

source: Christie et al.
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Applications of Data Assimilation

Data assimilation provides important techniques for the incorporation of
data in models in various fields of science and engineering:

Numerical Weather Prediction

Oil reservoir modeling

Biological systems

confront biological models with
measurement data

ErbB signaling pathways

source: Chen et al.
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Challenges in Data Assimilation

High-dimensional problems.

Highly nonlinear forward models.

Robustness of data assimilation algorithms w.r. to numerical / model
error.

Assessment of uncertainty in the predictions.

C. Schillings (U Mannheim) Data Assimilation 21. 7. 2021 5 / 33



Mathematical Formulation of the Problem

We assume a model of the unknown z in the form of

zn+1 = Ψ(zn) + ζn , n ∈ N
z0 ∼ N (m0, C0)

with Ψ ∈ C(Rnz ,Rnz), ζ = (ζ)n an iid sequence with ζ0 ∼ N (0,Σ),
Σ > 0, z0 and ζ are assumed to be independent.

There is a true trajectory of z that produces noisy observations

yn+1 = Hzn+1 + ηn+1 , n ∈ N

with H ∈ L(Rnz ,Rny) and η = (η)n an iid sequence, independent of
(z0, ζ) with η1 ∼ N (0,Γ), Γ > 0.

The aim of data assimilation is to characterize the conditional
distribution of zn given the observations.
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Mathematical Formulation of the Problem

The discrete dynamics

zn+1 = Ψ(zn) + ζn , n ∈ N , z0 ∼ N (m0, C0)

often result from the solution of an ordinary differential equation (ODE)

dz
dt = f(z) , z(0) = z0

for given right hand side (r.h.s.) f ∈ C1(Rnz ,Rnz).
In this case, Ψ is the solution operator for the ODE, i.e.

z(t) = Ψ(z0; t) , t ∈ (0,∞)
Ψ(z0; t+ s) = Ψ(Ψ(z0; s); t) , s, t ∈ (0,∞)

Ψ(z0; 0) = z0 .

For some fixed h > 0, we define Ψ(·) = Ψ(·;h) linking the discrete
dynamics with continuous-time ODEs.
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Mathematical Formulation of the Problem

The discrete dynamics

zn+1 = Ψ(zn) + ζn , n ∈ N , z0 ∼ N (m0, C0)

with ζ = (ζ)n an iid sequence with density ρ(·), z0 ⊥ ζ.
Then, (zj)n is a Markov chain with

P(zj+1|zj) = ρ(zj+1 −Ψ(zj))

and P(zj+1 ∈ A|zj) =
∫
A
ρ(zj+1 −Ψ(zj))dzj+1 .
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with ζ = (ζ)n an iid sequence with density ρ(·), z0 ⊥ ζ.
Then, (zj)n is a Markov chain with

P(zj+1|zj) = ρ(zj+1 −Ψ(zj))

and P(zj+1 ∈ A|zj) =
∫
A
ρ(zj+1 −Ψ(zj))dzj+1 .

The function p : Rnz × B(Rnz )→ R+ is a Markov kernel if

for each z ∈ Rnz , p(z, ·) is a probability measure on (Rnz ,B(Rnz ))

z 7→ p(z,A) is B(Rnz )-measurable for all A ∈ B(Rnz ).
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Mathematical Formulation of the Problem

The discrete dynamics

zn+1 = Ψ(zn) + ζn , n ∈ N , z0 ∼ N (m0, C0)
with ζ = (ζ)n an iid sequence with density ρ(·), z0 ⊥ ζ.
Then, (zj)n is a Markov chain with

P(zj+1|zj) = ρ(zj+1 −Ψ(zj))

and P(zj+1 ∈ A|zj) =
∫
A
ρ(zj+1 −Ψ(zj))dzj+1 .

We define the Markov kernel

p(z,A) =
∫
A
ρ(x−Ψ(z))dx

with pdf
p(z, x) = ρ(x−Ψ(z))
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Mathematical Formulation of the Problem
If zj ∼ µj with pdf ρj , then

µj+1(A) = P(zj+1 ∈ A)

=
∫
Rnz

P(zj+1 ∈ A|zj)ρj(zj)dzj

=
∫
Rnz

p(z,A)ρj(z)dz

and
ρj+1(x) =

∫
Rnz

p(z, x)ρj(z)dz

=
∫
Rnz

ρ(x−Ψ(z))ρj(z)dz .

We define the map
ρj+1 = Pρj

with P being the operator

(Pπ)(x) =
∫
Rnz

ρ(x−Ψ(z))π(z)dz .
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Bayes’s Formula as a Map

Bayes’s formula states

P(a|b) = 1
P(b)P(b|a)P(a) .

We can view the application of Bayes’ theorem as a nonlinear map L from
the prior P(a) to the posterior P(a|b) given by

P(a|b) = P(b|a)P(a)∫
Rn P(b|a)P(a)da =: L(P(a))
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Smoothing Problem
Find the signal z on a discrete time interval N0 = {0, . . . , N}

zn+1 = Ψ(zn) + ζn , j ∈ N0

z0 ∼ N (m0, C0) ζ0 ∼ N (0,Σ)

from given data y on the discrete time interval N = {1, . . . , N}

yn+1 = Hzn+1 + ηn+1 , j ∈ N , η1 ∼ N (0,Γ) .
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Find the signal z on a discrete time interval N0 = {0, . . . , N}

zn+1 = Ψ(zn) + ζn , j ∈ N0

z0 ∼ N (m0, C0) ζ0 ∼ N (0,Σ)

from given data y on the discrete time interval N = {1, . . . , N}

yn+1 = Hzn+1 + ηn+1 , j ∈ N , η1 ∼ N (0,Γ) .

Prior µ0
P(z0, . . . , zN ) =

N−1∏
n=0

P(zn+1|zn)P(z0)

with
P(z0) ∝ exp(1

2 |z0 −m0|2C0 )
and

P(zn+1|zn) ∝ exp(1
2 |zn+1 −Ψ(zn)|2Σ) .
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Smoothing Problem
Find the signal z on a discrete time interval N0 = {0, . . . , N}

zn+1 = Ψ(zn) + ζn , j ∈ N0

z0 ∼ N (m0, C0) ζ0 ∼ N (0,Σ)

from given data y on the discrete time interval N = {1, . . . , N}

yn+1 = Hzn+1 + ηn+1 , j ∈ N , η1 ∼ N (0,Γ) .

Prior µ0
P(z0, . . . , zN ) ∝ exp(−Θ(z0, . . . , zn))

with

Θ(z0, . . . , zN ) = 1
2 |z0 −m0|2C0 +

N−1∑
n=0

1
2 |zn+1 −Ψ(zn)|2Σ .
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Smoothing Problem
Find the signal z on a discrete time interval N0 = {0, . . . , N}

zn+1 = Ψ(zn) + ζn , j ∈ N0

z0 ∼ N (m0, C0) ζ0 ∼ N (0,Σ)

from given data y on the discrete time interval N = {1, . . . , N}

yn+1 = Hzn+1 + ηn+1 , j ∈ N , η1 ∼ N (0,Γ) .

Likelihood

P(y1, . . . , yN |z0, . . . , zN ) =
N−1∏
n=0

P(yn+1|z0, . . . , zN )
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Smoothing Problem
Find the signal z on a discrete time interval N0 = {0, . . . , N}

zn+1 = Ψ(zn) + ζn , j ∈ N0

z0 ∼ N (m0, C0) ζ0 ∼ N (0,Σ)

from given data y on the discrete time interval N = {1, . . . , N}

yn+1 = Hzn+1 + ηn+1 , j ∈ N , η1 ∼ N (0,Γ) .

Likelihood

P(y1, . . . , yN |z0, . . . , zN ) =
N−1∏
n=0

P(yn+1|z0, . . . , zN )

∝ exp(−Φ(z0, . . . , zn; y1, . . . , yn)

with Φ(z0, . . . , zn; y1, . . . , yn) =
∑N−1

n=0
1
2 |yn+1 −Hzn+1|2Γ
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Smoothing Problem
Find the signal z on a discrete time interval N0 = {0, . . . , N}

zn+1 = Ψ(zn) + ζn , j ∈ N0

z0 ∼ N (m0, C0) ζ0 ∼ N (0,Σ)

from given data y on the discrete time interval N = {1, . . . , N}

yn+1 = Hzn+1 + ηn+1 , j ∈ N , η1 ∼ N (0,Γ) .

Bayes’ Theorem
The posterior smoothing distribution on z0, . . . , zn|y1, . . . , yn is given by

P(z0, . . . , zn|y1, . . . , yn) ∝ exp(−Φ(z0, . . . , zn; y1, . . . , yn)−Θ(z0, . . . , zn)) .
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Well-Posedness of the Smoothing Problem
Well-posedness
Let Y = (y1, . . . , yN ) and Y ′ = (y′1, . . . , y′N ) be both contained in a ball
of radius R. We denote by µ and µ′ the posterior distributions associated
with the two data sets Y and Y ′. Further, assume that
z̃ =

∑n
j=1(1 + |Hzj |2) satisfies Eµ0 [z̃] <∞.

Then, there exists a constant c(R) such that for all |Y |, |Y ′| < R

dHell(µ, µ
′) ≤ c(R)|Y − Y ′| .
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Well-Posedness of the Smoothing Problem
Corollary
Let Y = (y1, . . . , yN ) and Y ′ = (y′1, . . . , y′N ) be both contained in a ball
of radius R. We denote by µ and µ′ the posterior distributions associated
with the two data sets Y and Y ′. Further, assume that
z̃ =

∑N
j=0(1 + |Hzj |2) satisfies Eµ0 [z̃] <∞. Let f : RN+1×nz → Rp be

such that Eµ0 |f(Z)|2 <∞ with Z = (z0, . . . , zN ).

Then, there exists a constant c(R) such that for all |Y |, |Y ′| < R

|Eµ[f(Z)]− Eµ′ [f(Z)]| ≤ c(R)|Y − Y ′| .
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Filtering Problem

Find the pdf P(zn|y1, . . . yn) associated with the probability measure on
the random variable zn|y1, . . . yn, i.e. sequentially update the pdf
P(zn|y1, . . . yn) as n is incremented.

Update P(zn+1|y1, . . . yn+1) from P(zn|y1, . . . yn) via

prediction P(zn|y1, . . . yn) 7→ P(zn+1|y1, . . . yn) and

analysis P(zn+1|y1, . . . yn) 7→ P(zn+1|y1, . . . yn+1).
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Filtering Problem

Update P(zn+1|y1, . . . yn+1) from P(zn|y1, . . . yn) via

prediction P(zn|y1, . . . yn) 7→ P(zn+1|y1, . . . yn) and

analysis P(zn+1|y1, . . . yn) 7→ P(zn+1|y1, . . . yn+1).

Prediction

P(zn+1|y1, . . . yn) =
∫
Rnz

P(zn+1|y1, . . . yn, zn)P(zn|y1, . . . yn)dzn

=
∫
Rnz

P(zn+1|zn)P(zn|y1, . . . yn)dzn .
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Filtering Problem

Update P(zn+1|y1, . . . yn+1) from P(zn|y1, . . . yn) via

prediction P(zn|y1, . . . yn) 7→ P(zn+1|y1, . . . yn) and

analysis P(zn+1|y1, . . . yn) 7→ P(zn+1|y1, . . . yn+1).

Analysis

P(zn+1|y1, . . . yn+1) = P(zn+1|y1, . . . , yn, yn+1)

= P(yn+1|zn+1, y1, . . . , yn)P(zn+1|y1, . . . , yn)
P(yn+1|y1, . . . , yn)

= P(yn+1|zn+1)P(zn+1|y1, . . . , yn)
P(yn+1|y1, . . . , yn) .
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Relation between Smoothing and Filtering

We denote by P(z0, . . . , zN |y1, . . . , yN ) the smoothing distribution and by
P(zN |y1, . . . yN ) the filtering distribution at time N . Then, the marginal
of the smoothing distribution on zN coincides with the filtering
distribution at time N , i.e.∫

P(z0, . . . , zN |y1, . . . , yN )dz0 . . . dzN−1 = P(zN |y1, . . . yN ) .

Note that the marginal of the smoothing distribution on zn, n < N is in
general not equal to the filter P(zn|y1, . . . yn).
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Well-Posedness of the Filtering Problem
Corollary
Let Y = (y1, . . . , yN ) and Y ′ = (y′1, . . . , y′N ) be both contained in a ball
of radius R. We denote by µ and µ′ the smoothing distributions
associated with the two data sets Y and Y ′. Further, assume that
z̃ =

∑N
j=0(1 + |Hzj |2) satisfies Eµ0 [z̃] <∞. Let g : Rnz → Rp be such

that Eµ0 |g(zN )|2 <∞.

Then, there exists a constant c(R) such that for all |Y |, |Y ′| < R

|EµN [g(zN )]− Eµ′ [g(zN )]| ≤ c(R)|Y − Y ′| ,

where µN and µ′N denote the filtering distributions at time N
corresponding to data zN and z′N , i.e. the marginals of µ and µ′ in N .
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Further Reading

Bayesian Inference

Kaipio and Somersalo 2005, Stuart 2010, Tarantola 2005

Well-posedness

Stuart 2010, Law, Stuart, Zygalakis 2015

Bayesian Estimators

Kaipio and Somersalo 2005, Stuart 2010, Dashti, Law, Stuart and Voss
2013, Agapiou, Burger, Dashti, and Helin 2018

Link to Optimal Transport

Villani 2009, Van Leeuwen, Cheng and Reich 2015, Marzouk, Moselhy,
Parno and Spantini 2016
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Linear Example

Smoothing Problem
Evolution model

zn+1 = azn + ζn , j ∈ {0, . . . , N}, z0 ∼ N (m0, σ
2), ζ0 ∼ N (0, σ2) .

Observation model

yn+1 = hzn+1 + ηn+1 , j ∈ {1, . . . , N}, η1 ∼ N (0, γ2) .
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zn+1 = azn + ζn , j ∈ {0, . . . , N}, z0 ∼ N (m0, σ
2), ζ0 ∼ N (0, σ2) .

Observation model

yn+1 = hzn+1 + ηn+1 , j ∈ {1, . . . , N}, η1 ∼ N (0, γ2) .

Prior

P (z0, . . . , zn) ∝ exp(−Θ(z0, . . . , zn))

with

Θ(z0, . . . , zn) = 1
2σ2 |z0 −m0|2 +

N−1∑
n=0

1
2σ2 |zn+1 − azn|2 .
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zn+1 = azn + ζn , j ∈ {0, . . . , N}, z0 ∼ N (m0, σ
2), ζ0 ∼ N (0, σ2) .

Observation model

yn+1 = hzn+1 + ηn+1 , j ∈ {1, . . . , N}, η1 ∼ N (0, γ2) .

Likelihood

P(y1, . . . , yn|z0, . . . , zn) ∝ exp(−Φ(z0, . . . , zn; y1, . . . , yn)

with

Φ(z0, . . . , zn; y1, . . . , yn) =
N−1∑
n=0

1
2γ2 |yn+1 − hzn+1|2
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zn+1 = azn + ζn , j ∈ {0, . . . , N}, z0 ∼ N (m0, σ
2), ζ0 ∼ N (0, σ2) .

Observation model

yn+1 = hzn+1 + ηn+1 , j ∈ {1, . . . , N}, η1 ∼ N (0, γ2) .

Posterior

P(z0, . . . , zn|y1, . . . , yn) ∝ exp(−Φ(z0, . . . , zn; y1, . . . , yn)−Θ(z0, . . . , zn)) .
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Linear Example

Smoothing Problem
Evolution model

zn+1 = azn + ζn , j ∈ {0, . . . , N}, z0 ∼ N (m0, σ
2), ζ0 ∼ N (0, σ2) .

Observation model

yn+1 = hzn+1 + ηn+1 , j ∈ {1, . . . , N}, η1 ∼ N (0, γ2) .

Posterior

z|y ∼ N (m,C)
with

C
−1 =


1/σ2 + a2/σ2 −a/σ2

−a/σ2 h2/γ2 + a2/σ2 + 1/σ2 −a/σ2

. . .
. . .

. . .
−a/σ2

−a/σ2 h2/γ2 + 1/σ2

 , C
−1
m =

m0/σ
2

h/γ2y1
...

h/γ2yn

 .
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Linear Example

Filtering Problem
Evolution model

zn+1 = azn + ζn , j ∈ {0, . . . , N}, z0 ∼ N (m0, σ
2), ζ0 ∼ N (0, σ2) .

Observation model

yn+1 = hzn+1 + ηn+1 , j ∈ {1, . . . , N}, η1 ∼ N (0, γ2) .
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2), ζ0 ∼ N (0, σ2) .

Observation model

yn+1 = hzn+1 + ηn+1 , j ∈ {1, . . . , N}, η1 ∼ N (0, γ2) .

Prediction

P(zn+1|y1, . . . yn) =
∫
Rnz

P(zn+1|y1, . . . yn, zn)P(zn|y1, . . . yn)dzn

=
∫
Rnz

P(zn+1|zn)P(zn|y1, . . . yn)dzn .
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Linear Example

Filtering Problem
Evolution model

zn+1 = azn + ζn , j ∈ {0, . . . , N}, z0 ∼ N (m0, σ
2), ζ0 ∼ N (0, σ2) .

Observation model

yn+1 = hzn+1 + ηn+1 , j ∈ {1, . . . , N}, η1 ∼ N (0, γ2) .

Prediction

zn+1|y1, . . . yn ∼ N (amn, a
2cn + σ2) = N (m̂n+1, ĉn+1)

with
zn|y1, . . . yn ∼ N (mn, cn)
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2), ζ0 ∼ N (0, σ2) .

Observation model

yn+1 = hzn+1 + ηn+1 , j ∈ {1, . . . , N}, η1 ∼ N (0, γ2) .

Analysis

P(zn+1|y1, . . . yn+1) = P(yn+1|zn+1)P(zn+1|y1, . . . , yn)
P(yn+1|y1, . . . , yn) .
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Filtering Problem
Evolution model

zn+1 = azn + ζn , j ∈ {0, . . . , N}, z0 ∼ N (m0, σ
2), ζ0 ∼ N (0, σ2) .

Observation model

yn+1 = hzn+1 + ηn+1 , j ∈ {1, . . . , N}, η1 ∼ N (0, γ2) .

Analysis

zn+1|y1, . . . yn+1 ∼ N (mn+1, cn+1)

with

mn+1 = m̂n+1 + ĉn+1h(hĉn+1h+ γ2)−1(yn+1 − hm̂n+1)
cn+1 = ĉn+1 − ĉn+1h(hĉn+1h+ γ2)−1hĉn+1

zn+1|y1, . . . yn ∼ N (m̂n+1, ĉn+1) .
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Linear Example
Evolution model

zn+1 = 1.2zn + ζn , j ∈ {0, . . . , 10}, z0 ∼ N (1, 0.01), ζ0 ∼ N (0, 0.01) .

Observation model

yn+1 = 1zn+1 + ηn+1 , j ∈ {1, . . . , 10}, η1 ∼ N (0, 0.1) .
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Evolution model
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Observation model

yn+1 = 1zn+1 + ηn+1 , j ∈ {1, . . . , 10}, η1 ∼ N (0, 0.1) .
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Linear Example
Evolution model

zn+1 = 1.2zn + ζn , j ∈ {0, . . . , 10}, z0 ∼ N (1, 0.01), ζ0 ∼ N (0, 0.01) .

Observation model

yn+1 = 1zn+1 + ηn+1 , j ∈ {1, . . . , 10}, η1 ∼ N (0, 0.1) .
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Kalman Smoother

For a linear model zn+1 = Azn + ζn with A ∈ L(Rnz ,Rnz) and linear
observations yn+1 = Hzn+1 + ηn+1 with H ∈ L(Rnz ,Rny), the
conditional density P(Z|Y ) is proportional to

exp(−1
2

N−1∑
j=0
|yj+1 −Hzj+1|2Γ −

1
2

N−1∑
j=0
|zj+1 −Azj |2Σ −

1
2 |z0 −m0|2C0) .
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Kalman Smoother

Kalman Smoother
The posterior smoothing distribution on Z|Y for the linear dynamics
model is a Gaussian measure µ = N (m,C) on RN+1×nz .
The covariance C is the inverse of a symmetric positive definite precision matrix

L =


L11 L12
L21 L22 L23

. . .
. . .

. . .

. . .
. . . LNN+1

LN+1N LN+1N+1


with Lij ∈ Rnz×nz , L11 = C−1

0 + A>Σ−1A, Ljj = H>Γ−1H + A>Σ−1A + Σ−1 for j = 2, . . . , N ,
LN+1N+1 = H>Γ−1H + Σ−1, Ljj+1 = −A>Σ−1, Ljj+1 = −Σ−1A for j = 1, . . . , N .
The mean m solves

Lm = r

with r1 = C−1
0 m0, rj = H>Γ−1yj−1 for j = 2, . . . , J + 1.
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Kalman Smoother

The mean of the posterior smoothing distribution µ = N (m,C) is a
minimizer of the functional

J(Z, Y ) = −1
2

N−1∑
j=0
|yj+1−Hzj+1|2Γ + 1

2

N+1∑
j=0
|zj+1−Azj |2Σ−

1
2 |z0−m0|2C0

w.r. to Z.

The inverse covariance is given by the Hessian matrix of the functional J .
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Kalman Filter
For a linear model zn+1 = Azn + ζn with A ∈ L(Rnz ,Rnz) and linear
observations yn+1 = Hzn+1 + ηn+1 with H ∈ L(Rnz ,Rny), the filtering
problem is to estimate the state at time j given the data from the past up
to time j, i.e. the goal of computation is the pdf associated with the
measure on the random variable zj |y1, . . . yj .

We consider
Prediction Step µ̂j+1 = Pµj
Analysis Step µj+1 = Ljµ̂j+1.

Then, the prediction and analysis step provide a mapping from

P(zj |y1, . . . yj)

to
P(zj+1|y1, . . . yj+1).
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Kalman Filter

Kalman Filter
The filtering distribution on zj |y1, . . . yj for the linear dynamics model is a
Gaussian measure µj = N (mj , Cj) on Rnz .

The covariance Cj is symmetric positive definite and the inverse is given by

C−1
j+1 = (ACjA> + Σ)−1 +H>Γ−1H

and the mean is determined by

C−1
j+1mj+1 = (ACjA> + Σ)−1Amj +H>Γ−1yj+1 .
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Kalman Filter

For a linear model zn+1 = Azn + ζn with A ∈ L(Rnz ,Rnz) and linear
observations yn+1 = Hzn+1 + ηn+1 with H ∈ L(Rnz ,Rny), the
conditional density P(zn+1|y1, . . . yn+1) is proportional to

exp(−1
2 |yn+1 −Hzn+1|2Γ −

1
2 |zn+1 − m̂n+1|2Ĉn+1

)

where (m̂n+1, Ĉn+1) = (Amn, ACnA
> + Σ) is the forecast mean and

covariance.

We have zn+1|y1, . . . yn+1 ∼ N (mn+1, Cn+1) with

mn+1 = (I −Kn+1H)m̂n+1 +Kn+1yn+1

Cn+1 = (I −Kn+1H)Ĉn+1

where Kn+1 = Ĉn+1H
>(Γ +HĈn+1H

>)−1 is the Kalman gain.
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Kalman Filter

The filter is named after Rudolf E. Kálmán.
R. Kalman and R. Bucy 1961 A new approach to linear filtering and
prediction problems Journal of Basic Engineering 82

Widely used in practice for control tasks, time series analysis,
trajectory optimization, ...

Gaussian linear assumption.

Connection to deterministic optimization approaches (→ 3DVAR,
4DVAR).

Extensions to nonlinear systems with non Gaussian prior distributions,
→ Ensemble Kalman filter.
G. Evensen 2003 The ensemble Kalman filter: Theoretical formulation and
practical implementation Ocean dynamics 53
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