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Tensor networks

Tensor networks are prominent tools for the representation or approximation of
multivariate functions or multidimensional arrays.

@ A long history in quantum physics.

@ Tree tensor networks appeared independently in numerical analysis, as an extension
of low-rank decompositions to high-order tensors.

o Growing use in statistics, data science and probabilistic modelling.
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Computing with tensor networks

@ For the approximation of a known tensor u with respect to a certain norm, we aim
at finding a tensor network v with low complexity that minimizes

lu—=v].

Here, the aim is the compression of u or the extraction of information from u (data
analysis).

@ For the solution of an equation Au = b (e.g. in quantum physics, uncertainty
quantification, stochastic calculus), we aim at finding a tensor network v with low
complexity that minimizes some distance to u, e.g. some residual norm

[|[Av — b||.

The aim is here to obtain an approximation of the solution u with a low
computational complexity.
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Computing with tensor networks

@ In tensor completion, knowing some entries (u(i))icq of a multidimensional array, we
try to find a tensor network that suitably fit the data, e.g. by minimizing

. 2
D lu(i) = v,
ieQ
The aim is here to recover (or complete) a tensor from partial information, by
exploiting low-rank structures of the tensor.

@ For inverse problems, we want to identify a tensor u from indirect and partial
observations y = Au or y = Au + ¢, where A is an observation map. We try to find
a tensor network that suitably fit the observations by minimizing some distance

d(y, Av)

between observations and the prediction Av.
Exploiting low-rank structures in u allows to reduce the number of parameters to
estimate and possibly makes the problem well-posed.
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Computing with tensor networks

@ Approximating a function u from evaluations u(x*) at some points x*, e.g. by
minimizing

1 n
3wl — v
k=1
Depending on the context, points can be given or chosen. Here we want to exploit

at best the given evaluations or obtain a good approximation using a small number
of evaluations.
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Computing with tensor networks

@ In supervised or unsupervised learning, tensor networks are used as a powerful model
class for high-dimensional tasks.

@ Supervised learning of the relation between a random variable Y and another
random variable X. Introduction of a risk functional

R(v) = E(¢(Y, v(X)))

that quantifies some expected distance between observations Y and predictions
v(X). In practice, using samples {(x«, yx)}r—1, we optimize an empirical risk

LSt vy

@ Estimation of the density of a random variable X from samples {xi};_;. If the
density u minimizes some functional

R(v) = E(v(v, X)),

we minimize in practice an empirical risk
1 n
=3 (v, x)
n
k=1
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Outline of the course

@ Part I: Tensors, ranks and tensor networks
@ Part Il: Approximation theory of tree tensor networks

e Part lll: Computational aspects
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Algebraic tensors

Given d index sets [, = {1,..., N, }, 1 <v < d, we introduce the multi-index set
I =h x...xl4.
An element v of the vector space R’ is a tensor of order d.
It can be represented by a multidimensional array
(vidier = (Vi,....ig Jingh,....ig€ly
that contains the coefficients of v in the canonical basis of R’, also denoted
v(i) =v(i,..., i)

The order d is the number of dimensions, also known as ways or modes.

d=1 d=2 d=3
A
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Tensor diagram notations

A tensor is represented by a solid shape and tensor indices are notated by lines emanating
from this shape.

d=1 d=2 d=3
9 f h—Q— is
i J I2
i

Connecting two index lines means contraction (or summation) over the corresponding

indices.
J
i—(A)—v) =2 A6)v0)
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Algebraic tensors

Given d vectors v(*) € R, 1 < v < d, the tensor product of these vectors
V= v(l)®...®v(d)
is called an elementary tensor and is such that

v(i) = vW(i)...v(ig)

Using matrix notations, v ® w is

identified with the matrix vw .
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Algebraic tensors

The tensor space R! = R**-*li 3lso denoted R* ® ... ® R", is defined by
R =R'®.. oR" :span{v(1)®...®v(d) Sy ER’”,l <v<d}
The canonical norm on R/, also called the Frobenius norm, is given by
Ivil =, /> v(i)?
icl

and makes R’ a Hilbert space. It coincides with the natural norm on £>(/). It is the only
norm associated with an inner product and having the crossnorm property

IV ©... @ V) = [Vl [

2= v = (V) (V)

In tensor diagram notations
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Tensor product of functions

Let V,, C R*” be a space of functions defined on X,.
X, can be (a subset of) R, C, N, Z, or a set of vectors, sequences, graphs, images...
The tensor product of functions v(*) € V,, denoted
v = v(1)®...®v(d),
is a multivariate function defined on X = X; x ... x Xy and such that

V(Xl, .. 7Xd) = V(l)(X]_) e V(d)(Xd)

Example

For i € N§, the monomial x' = xi* ...x is an elementary tensor.
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Tensor product of functions

The algebraic tensor product of spaces V,, is defined as
V1®...®Vd:span{v(1)®...®v(d) v ¢ V,,1<v <d}

which is the space of multivariate functions v which can be written as a finite linear
combination of elementary (separated functions), i.e.

v(xi, ..., xd) = Z v,El)(xl) e vﬁd)(xd),
k=1

Example
A polynomial 3, aix’ with x' = x* ... xJ/.

Up to a formal definition of the tensor product ®, the above construction can be
extended to more general vector spaces (not only spaces of functions), including spaces
of matrices or operators.
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Infinite dimensional tensor spaces

For infinite dimensional spaces V,, a Hilbert (or Banach) tensor space equipped with a

norm || - || is obtained by the completion (w.r.t. || - ||) of the algebraic tensor space

V“‘H :m“'ﬂ‘

If the V., are Hilbert spaces with inner products (+,-), and associated norms || - ||.,, a
canonical inner product on V can be first defined for elementary tensors

(v(l) @..ov@? wle.  ® W(d)) = (v(l), W(l)) . (v(d), W(d))
and then extended by linearity to the whole space V.

The associated norm || - || is called the canonical norm.
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Infinite dimensional tensor spaces

Example (LP spaces)

Let1<p<oo. IfV, =1L,

(X,), then
LZ1(X1) R...Q de(Xd) @ LZ(.)G X ... X Xd)

with =1 ® ... ® pa, and

L) ®... 00, " =L15(X x ... x Xy

where || - || is the natural norm on Lf (X1 x ... x Xy).

Example (Bochner spaces)

Let X be equipped with a finite measure y, and let W be a Hilbert (or Banach) space.
For 1 < p < oo, the Bochner space Lf,(X; W) is the set of Bochner-measurable functions
u: X — W with bounded norm ||ull, = ([, [|u(x)]5, p(dx))*/P, and

Lo(X W) = Wa L) .
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Infinite dimensional tensor spaces

Example (Sobolev spaces)

The Sobolev space H*(X) of functions defined on X = A3 x ... x Xy, equipped with the

norm

= > D%z,

[l <k

2
[l

is a Hilbert tensor space

H (X) = AR () ® ... ® HF(Xq) -

The Sobolev space HX; (X) equipped with the norm

lullfe = D I1D%ulf,
™ aleo<k

is a different tensor Hilbert space

-1l gt

Hr[:nx(X) = Hk(X1)®®Hk(Xd) mix |

||UHH'I;”_X is the canonical tensor norm on H*(X1) ® ... ® H*(Xa).
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Tensor product basis

If {QSE")},'E,V is a basis of V,,, then a basisof V= V1 ®...® Vy is given by

{oi=0Pe. @) ici=hx. . xl}.

A tensor v € V admits a decomposition

v:Za;¢;:Z...Za;l ,,,,, ;d¢§11)®..4®¢§:)7

icl n€h  igEly
and v can be identified with the set of its coefficients

aceR.

20/157



Hilbert tensor spaces

If the {d)f.y)},-elv are orthonormal bases of spaces V,, then {¢;}ic/ is an orthonormal basis

of the Hilbert tensor space vl equipped with the canonical norm. A tensor

vV = Za;¢;

icl
is such that
2 2 2
IvIZ =" a7 == |lal>.
icl
Therefore, the map
ar Z a;d);
icl

defines a linear isometry from ¢>(/) to V for finite dimensional spaces, and between £>(/)
and V"l for infinite dimensional spaces.
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Tensor product feature map

If V is a space of functions defined on X = X1 x ... x Xy, we introduce the feature map

(%) = (¢;fv (x2))i,er, € R™ and the tensor product feature map & : X — R’ such
that

o(x) = oV (x)@... ® ¢V (x) € R’

and a tensor v in V' admits the representation
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Rank of order-two tensors

The rank of an order-two tensor u € V ® W, denoted rank(u), is the minimal integer r

such that
,
u= Z Vi &Q Wy
k=1

for some vk € V and wy, € W.

A tensor u € R” ® R™ is identified with a matrix u € R"™™. The rank of u coincides with
the matrix rank, which is the minimal integer r such that
r
u= Z kakT = VWT7
k=1

where V = (vi,...,v,) €R™ and W = (wq,...,w,) € R™*".
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Singular value decomposition of order-two tensors

When V and W are Hilbert spaces (possibly infinite-dimensional), an algebraic tensor
u € V ® W admits a singular value decomposition

u= E OkVik & Wk,

k>1

where v and wj are orthonormal vectors (singular vectors) and oy € R* are the singular
values.

The rank of u is finite and coincides with the number of non-zero singular values,

rank(u) = #{k : ox # 0}.

Example (Singular value decomposition of matrices)
For V =R" and W = R™, u is identified with a matrix in R"*" and

rank(u)
W= Z kakaT:VSWT

k=1

with orthogonal matrices V and W, and a diagonal matrix S.
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Singular value decomposition of order-two tensors

An algebraic tensor u € V ® W can be identified with a linear operator from W to V
with rank equal to rank(u).

For infinite dimensional Hilbert spaces, the closure V ® WY of v ® W with respect to
the injective norm (corresponding to the operator norm or spectral norm) coincides with
the space of compact operators.

Atensorue V® WY still admits a singular value decomposition

u= E OKVik Q Wk.

k>1

and the rank (number of non-zero singular values) is possibly infinite.
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Singular value decomposition of order-two tensors

Example (Proper Orthogonal Decomposition)

For Q x | a space-time domain and V a Hilbert space of functions defined on €, a
function u € L?(/; V) admits a singular value decomposition

u(t) = ZUkaWk(t)
k=1
which is known as the Proper Orthogonal Decomposition (POD).

Example (Karhunen-Loeve decomposition)

For a probability space (£, 1), an element u € L%(S; V) is a second-order V-valued
random variable. If u is zero-mean, the singular value decomposition of u is known as the
Karhunen-Loeve decomposition

u(w) = oxviewi(w)

where wy : Q — R are uncorrelated (orthogonal) random variables.
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Low-rank format for order-two tensors

The set of tensors in V ® W with rank bounded by r, denoted
Rr = {v :rank(v) < r},
is not a linear space nor a convex set. However, it has many favorable properties for a

numerical use.

@ The application v — rank(v) is lower semi-continuous, and therefore the set R, is
closed, which makes best approximation problems in R, well posed.

@ R, is the union of smooth manifolds of tensors with fixed rank.
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Canonical rank of higher-order tensors

For tensors u € V1 ® ... ® Vg with d > 3, there are different notions of rank.

The canonical rank, which is the natural extension of the notion of rank for order-two
tensors, is the minimal integer r such that

r

u(xy,...,xd) = Z vﬁl)(xl) .. V,Ed)(xd)7
k=1

for some vectors v\*) € V.

Example

e A monomial x' = x{* ...x('f has rank 1.

@ A polynomial >, aix' has rank #A.
o A Gaussian function exp(—al|x — a||3) = H:.i:l exp(—a(x; — a;)?) has rank 1.

1

has infinite rank.
[Ix]]2

@ The function
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Canonical format

The subset of tensors in V = V4 ® ... ® V4 with canonical rank bounded by r is denoted

R, ={v e V:rank(v) <r}.

A tensor in R, has a representation

V(X ..., Xd) = v,fl)(xl) . V,Ed)(Xd)

k=1

The storage complexity of tensors in R, is

d
storage(R,) = erim(Vy) = O(rdn)
v=1

for dim(V,) = O(n).
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Canonical format

For d > 3, the set R, looses many of the favorable properties of the case d = 2.
o Determining the rank of a given tensor is a NP-hard problem.
@ The set R, is not an algebraic variety.
@ No notion of singular value decomposition.

@ The application v — rank(v) is not lower semi-continuous and therefore, R, is not
closed.

Example

Consider the order-3 tensor
v=a®a®b+akbRat+tbR®a®a

where a and b are linearly independent vectors in R™. The rank of v is 3. The sequence
of rank-2 tensors

1 1 1
va = n(a+ ;b)®(a—|— ;b)@(a—i—;b)—na@a@a
converges to v as n — 0.

@ The consequence is that for most problems involving approximation in canonical
format R,, there is no robust method when d > 2.
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a-rank

For a non-empty subset « of D ={1,...,d}, atensoru € V=V1 ®...® Vg can be
identified with an order-two tensor

Ma(u) € Vo ® Vae,

where V, = ®V€a V., and a° = D\ a. The operator M, =V — Vo ® V,ec is called
the matricisation (or unfolding) operator.
My M2y

The a-rank of u, denoted rank,(u), is the rank of the order-two tensor M (u),
rankq (u) = rank(Mq (u)),

which is the minimal integer r, such that
o
M (u) = Z Vi @ wi
k=1

for some v¢ € V,, and Wk“c € V,e. We note that rank, (u) = rankae (u).
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a-rank

A multivariate function u(x, ..., xq) with ranks(v) < ro is such that

u() = 37 v () ()

for some functions v (xa) and w (xac) of groups of variables

Xao = {XV}VGQ and Xac = {XD}VEOLC'
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a-rank

Example
o u(x) = u(x1)...u%(xq) can be written u(x) = u*(xa)u® (Xac), with

u*(xa) = [I,cq u”(x). Therefore, for any a, ranks(u) = 1.

o u(x) =30 ui(x1)... uf(xq) can be written 321, uf(xa)uf (Xac) with
Ul (Xa) = [1,cq Uk (xv). Therefore, for any a, ranke(u) < r, with equality if the
functions {ug(xa)} and the functions {ug (xac)} are linearity independent.

We deduce the following relation between a-ranks and canonical rank:
ranka(u) < rank(u), for any a.

o u(x) = ut(x1) + ...+ u(xg) can be written u(x) = u®(xa) + U™ (xac), with
U*(xa) = > ,cq U’ (x). Therefore, ranke (u) < 2.

o u(x) =[],er u*(xa) with T a collection of disjoint subsets, is such that
ranka(u) =1 for all & € T, and ranky(u) <[], c7 anyz0 rankyna(u®) for all 4.
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a-ranks and minimal subspaces

For a subset o of D = {1,...,d}, the minimal subspace
Ul (u)

of atensor u € Vi ®...® Vy is defined as the smallest subspace

Us C V., :®Vy

vEa

such that
MQ(U) (S U(y %) VQC.

The a-rank of u is the dimension of the minimal subspace UZ™(u),
ranka(u) = dim(UZ" (v)).
If u admits the representation

rankq (v)

u(x) = Z VE (X )V (Xac)

k=1

then UT™(u) = span{vg : 1 < k < rankq(u)}.
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a-ranks and minimal subspaces

For any partition {aa,...,am} of D, an algebraic tensor u is such that
ue UM (u)®...® UT"(u)
Moreover, for any o C D and any partition {f1,...,3s} of «, it holds
Ur™(u) Uﬂ"(u) ®...Q Ug’s""(u)
that implies

ranka (u) < H rankg, (u)
k=1

Also, for any p € {1, ...,s}

rankg, (1) < ranka(u) H rankg, (u)
(A
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a-ranks and minimal subspaces

Example

The function
u(x1, x2, x3) = cos(x1+x2) + x1(x2 +2x3) = cos(x1) cos(x2) —sin(x1) sin(x2) + x1.x2 + 2x1x3

has for minimal subspaces and ranks

o UM (u) = span{cos(x1),sin(x1),x1}, n =

o UF'"(u) = span{cos(x2),sin(x2), x2}, r»=3

o Uy™(u) = span{l,x3s}, r=2

° "”"(u) span{cos(x1 + x2), x1x2,x1}, rnp2=3

o U39 (u) = span{cos(x2),sin(x2), x2 + 2x3}, r23 =3
o Uf(u) = span{cos(x1),sin(x1), xt, x1xs}, rz=4

In particular, we can check that
U{"'3"( ) C U{"’"(u) ® Ué"i"(u) = span{cos(x1), sin(x1), x1, cos(x1)xs, sin(x1)x3, x1x3 }

n3<nr, n<nszrm, nrnsn
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Tree-based tensor format

Tree-based (Hierarchical) tensor formats [Hackbusch-Kuhn'09] are subsets of tensors
7,7 ={veV:ranky(v) < ra,a € T}

where r = (ra)act and where T is a dimension partition tree T over D = {1,...,d},
with root D and leaves £(T) = {{r} : 1 <v < d}. All nodes in T are non empty
subsets of D. The set of children of a € T is either empty (for a leaf node) or is a
nontrivial partition of a (for an interior node).

{1’2’ 37 47 5’ 6}

{2+ {3

The tree-based rank of a tensor v is the tuple rankr(v) = (ranka(v))acT.

By convention, rankp(v) = 1.
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Tree-based tensor format

Elements of 7,” admit an explicit representation. Let v € T,” with T-rank r = (fa)acT.
At the first level, v admits the representation

By Bs
D
v =) - Zd ..... o) v (xs,)
kﬁ1*1 kps=

where {81, ...,8s} = S(D) are the children of the root node D, and {Vk(f)}lgkﬁgrﬁ form
a basis of the minimal subspace U5"(v).

{1,2,3,4,5,6}

{1,2,3} {4,5,6}

X4,5,6

40/ 157



Tree-based tensor format

Then, for an interior node « of the tree, with children S(a) = {51, ..., Bs}, the functions

(or tensors) v,ﬁj) admit the representation

« @ B Bs
Vel a) = 3 D Gl v G) v (xs).

{1,2,3,4,5,6}

{17273} {47576}

{1H2,3} {4} {5} {6}
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Tree-based tensor format as a tree tensor network

Finally, the tensor v admits the representation

v(x) = Z H C((’i))fcsm ka H Vku (xv)

1<kg<rg a€T\L(T veL(T)
BET

where the parameters C* and v(*) form a tree tensor network.

{1,2,3,4,5,6}

{1,2,3} {4,5,6}

{1} {4} {5} {6}

{2} {3}
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Tree-based tensor format as a tree tensor network

Given bases {¢ (X« )}isecro of functions for the spaces V., for o € L(T),
V) =D D ali . ia)da (xa) - by (xa)
welr  jgerd

. ) oy (@) .
with a(is, ..., is) = Y1<ky<ry [laeriom C(:;)%S(n)‘km [Macen C,.(f_)ku or using tensor
BET o

diagram notations
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Representation complexity

The representation complexity for the representation of a tensor in 7’,T(V) is

C(T,r): Z H rg + Z #Iara

a€T\L(T) BES(a) vel(T
If ro = O(R) and #I1% = O(N),
C(T,r)= O(dNR + (#T —d — 1)R*"' + R®),

where s = maxqer\ () #S5() is the arity of the tree.

Since #T <2d+1,
C(T,r) = O(dNR + dR*™ + R*)
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Tucker format

The Tucker format [Hitchcock'27] corresponds to a trivial tree with one level, arity

s=d, #T =d+1,
{1,2,3,4,5}

- s e

{1+ {2+ {3r {4 {5}

The representation of a tensor v in 7,” is

The representation complexity

C(T,r) = O(dNR + R%)
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Tensor train Tucker format

The tensor train Tucker format corresponds to a linear binary tree

{1,2,3,4,5}

{11 {2

The representation of a tensor u in 7," is

X5
X4
X3

X1 X2

The representation complexity C(T,r) = O(dNR + (d — 2)R® + R?).
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Tensor train format

The tensor train format [Oseledets-Tyrtyshnikov'09] was discovered independently in
quantum physics [Baxter'68 , Affleck'87] and coined Matrix Product State (MPS).
It corresponds to a degenerate tree-based format where T is a subset of a linear tree

{1,2,3,4,5}

{1,2,3,4}

{1,2,3}
T={{1},{1,2},{1,2,3},....{1,....d}} (1.2 {5}

{1} {2}
The representation of a tensor u in 7, ? ? ? ? ? or explicitly
""" d—1)
u(xy, ..., X Z Z vk (x1 vk1 kz(Xz) e ,Ed 5 kg 1(xd 1)de 1(xd)

la=1  ky_1=1
The complexity is C(T,r) = O(dNR?).
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Tree tensor networks as a compositional function network

By identifying a tensor C(®) € R™ X+ X"sXra \with 3 R'-valued multilinear function
FO L R™ x . x R™ - R,

a function v in 7,7 admits a representation as a tree-structured composition of
multilinear functions {#(*)},c7.

£1,2,3,4.5

2 3

v(x) = FO(F23 (01 (), F22(F2 (92 (x2)), £ (97 (x3))), £°(F7(9" (xa)), F7(9°(x6))))
where ®¥(x,) = (¢% (x))i,err € R*!".

48 /157



Tree tensor networks as feed-forward neural networks

It corresponds to a sum-product feed forward neural network with a sparse architecture
(given by T), a number of hidden layers equal to depth(T) + 1 (including a featuring
layer), and width at level £ related to the a-ranks of the nodes « of level ¢.

dase 99999

99990900

90000 daos 000 20000 9000 20000000 200 900000

Figure: Tree tensor network and corresponding feed-forward sum-product neural network with 10
features per variable x,, (right)
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Properties of tree-based tensor formats

Many favorable properties inherited from the matrix case.
o Complexity is linear in d and polynomial in the rank for storage, evaluation,
differentiation, integration...

@ Not so nonlinear approximation tool. A tensor u in tree-based format admits a
multilinear parametrization with parameters (Cy)ac7 forming a tree tensor network,
i.e.

u=R((Ca)aerT)
with R a multilinear map.

@ Topological properties ensure the well-posedness of optimization problems and
existence of stable algorithms

o Geometrical properties can be exploited for optimization and dynamical
approximation.

@ Possible extensions of singular value decomposition for u in a Hilbert tensor space
V, and a way to obtain approximations u, in 7, (V) such that

lu—ul < Co inf fu—v]|
vET,T(V)

with Cy ~ V/d.
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General tensor networks

More general tensor networks are associated with graphs G = (N, £) with nodes
(vertices) N and edges &, d of the nodes being associated with variables x,,, 1 <v < d

They have a multilinear parametrization of the form

d N
via, . oxa)= > VY e (ke)ecr) T €Y ((ke)ece,)

1<ke<re v=1 v=d+1
ecé

Tree tensor networks is a particular case where G is a tree.
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Examples of tensor networks

Tensor ring (MPS with periodic
boundary conditions)
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General tensor networks

When the graph contains cycles,
@ integers re (bond dimensions) may not have an interpretation as a-ranks,
@ no notion of singular value decomposition,

@ loss of nice geometrical and topological properties,

computational complexity increases,

but yet powerful for some high-dimensional applications.
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Tensorization of vectors

A vector v € RY with N = b" can be identified with a tensor of order L
veR ®...®R" = (R")®*
such that for i € {0,..., N — 1}
v(i) = v(i,... i)

where (i, ...,it) € {0,...,b— 1} are the integers of the representation of i in base b

d
. o L—k . .
I:ZIkb :[11,---,/L]b~
k=1
The map which associates to v its tensorization v is a linear isometry from £>(R") to
£5(RP)®*,

Some matrix-vector operations can be efficiently implemented using tensor algebra, such
as the Hadamard transform
HLVE(H1®...®H1)V
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Tensorization of tensors

Atensor v € RV @ ... @ RV = (RY)®¢ with N = b" can be identified with a tensor of
order dL
v e (RP)®%
with
V(ity e ooyia) = V(L oy ity iy i)

where

. .1 L,

iw="Tiy...i,"]s
Other orderings of variables can be considered, such as

v(il,.,.,id):v(ill,...,ii,...,if,...,ij)

Tensors with different dimensions can be considered, i.e.
veRM"@...9RM, N, =b

is identified with a tensor of order 3¢ . L

v=1"~V"
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Tensorization of univariate functions

Consider a function f € RI%Y defined on the interval [0,1).
@ For b, L € N, we subdivide uniformly the interval [0,1) into b* intervals. Any

x € [0,1) can be written

x=b"ti+y), ie{0,...,b"—1}, ye[0,1).
bty
_—
2 X 3 1

0 0 1

@ The integer i admits a representation in base b

L
i=Y b =l e, ik€{0,...,b—1}
k=1

] ]
T 1

0 00 01 10 11 1
o f is thus identified with a multivariate function (tensor of order L + 1)
) iL’ y)

fe(R)®F@ROY  such that  f(x) = F(in,..
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Tensorization of univariate functions

Examples of elementary tensors f(x) = v1(iy)...vL(i)viFi(y) (b= 2)

(a) do(is) (b) 81(i1)d0(i3)d0(i7) (c) do(in)y (L =4)
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Ranks of polynomials and splines

Polynomials

Consider a polynomial g(x) of degree p. For any o C {1,...,L},

a(x) = q(b"" (O ikb" " +y)) = q(g(ia) + &(iac)) Zg(la) hj(iac)
so that rank.(q) < p+1.

Trigonometric polynomials

The tensorization of function cos(wx + ¢) at resolution L has all ranks equal to 2.

Then a trigonometric polynomial g(x) of degree p is such that for any o C {1,..., L},

rankq(q) < 2p+ 1.
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Ranks of polynomials and splines

Splines

A spline oy of degree p over N b-adic intervals forming a partition of [0,1) is such that

p+N, 1<v<l.

ank v <
rankya, ..., }(‘PN) = {p—i—l, (<v<lL

where b~¢ is the minimal length of intervals.
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Tensorization of multivariate functions

A function f(xu,...,xq) defined on [0,1)¢ can be similarly identified with a tensor of
order (L+ 1)d

fe (Rb)®Ld ® (R[O,l))@Jd
such that

F(xty o ooxa) = F(its oo iy ety i e,y vd)

L
where x, = b_L(Z isptk 4 yu) = b_L([lﬁ e ilf]b + )
k=1
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Tensorization of multivariate functions

The map T,,q which associates to a function f its tensorization f is a linear isometry
from LP([0,1)) to LP({0,...,b— 1} x [0,1)9) for any 0 < p < oo.
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Approximation tools based on tree tensor networks

For the approximation of a target function u(xy,...,xq), a first approach is to introduce
subspaces Vj; = of finite dimension (e.g. polynomials, splines, wavelets...) and consider
tensor networks f € 7,7 (Vi) with

V= Vy, ®...0 Vi,

e.g. with the tensor train format

with ¢" a feature map associated with Vj .

Spaces Vjy have to be well chosen, e.g. polynomials for analytic functions, splines with a
degree adapted to the regularity of the target function...
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Approximation tools based on tree tensor networks

An approximation tool ® = (®,)ncn is then defined by
®,={f €7, (W):NeN reN" compl(f) < n}.

The dimensions N and the ranks r are free parameters, and compl(-) is some complexity
measure.
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Approximation tools based on tree tensor networks

An alternative is to rely on tensorization of functions. A d-variate function f is identified
with a tensor
f = Tha(f) € (R")®H g (RIOV)®

such that

f(x1,...,xq) = f(ill,.‘.,id,...,ilL,...,iﬁ,yl,...,yd) with  x, = b_L([i,}...ilf]b—l—y,,).

Then we consider functions whose tensorization at resolution L are in the tensor space
v, = (Rb)®Ld ® &9

with S € RI®Y) some subspace of univariate functions.

IfS=Pn, V.= T[;dl(VL) is identified with the space of multivariate splines of degree m
over a uniform partition with b elements, i.e.

Vi=Vy, ®...0 Vg,

with Ny = ... = Ny = b" and Vy, a space of univariate splines of degree m over a
uniform partition with N, = bt intervals.

Note that different resolutions L, could be used to tensorize the different variables x, .
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Approximation tools based on tree tensor networks
Then as an approximation tool, we consider functions f whose tensorization is a tensor
network in 7,7t(V.), with T, a dimension tree over {1,...,Ld + d}.

Using the tensor train format, the corresponding function f(xi, ..., x4) has the
representation

Yd

with ¢s the feature map associated with S. This is similar to the quantized tensor train
(QTT) format [Kazeev, Khoromskij, Oseledets, Schwab, ...]

Later on, we consider S = P, and ¢s(y) = (1,y,...,y™*) or any other polynomial basis.
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Approximation tools based on tree tensor networks

An approximation tool ® = (®,)nen is then defined by
O, ={fed 7, : LNy, re Nt compl(f) < n}

with ® 7, . the functions whose tensorization at resolution L is in T (V).

The resolution L and ranks r are free parameters, and compl(-) is some complexity
measure.
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Complexity measures and corresponding approximation tools

The complexity compl(f) of f is defined as the complexity of the associated tensor
network v = {v®}aer.

o Number of parameters (full tensors network)

complz(f) = Znumber of _entries(v®)

@ Number of non-zero parameters (sparse tensors network)
compls(F) = 3 V"o
«@
Complexity measures complr and complg yield two different approximation tools
®7  and d>f

such that
o7 c o
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Approximation with tree tensor networks

Given a function f from a Banach space X, the best approximation error of f by an
element of &, is

E(f, ®n)x := inf |If —glix
Fundamental questions are:

o does E(f,®,)x converge to 0 for any f 7
(universality)

@ does a best approximation exist ?
(proximinality)

@ how fast does it converge for functions from classical function classes ?
(expressivity)

@ what are the functions for which E(f, ®,)x converges with some given rate ?
(characterization of approximation classes)

Another fundamental problem (addressed later) is to provide algorithms to practically

compute approximations using available information on the function (model equations,
samples...)
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Universality

First note that for any algebraic feature tensor space V, and any tree T,
Ur'(v)=v.

so the question of universality of tree tensor networks boils down to conditions on the
tensor feature spaces.

o Consider the first family of approximation tools with variable feature spaces Vy,
N e N7

If Uy Vi is dense in X, then the tools are universal for functions in X.

In particular, this is true for X = LP((0,1)¢), p < oo, and for polynomial or splines
spaces Vy.

o Consider the second family of approximation tools using tensorization.
If U, VL is dense in X, then the tools are universal for functions in X.

In particular, this is true for X = LP((0,1)9), p < oo, assuming that S contains the
function one.
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Proximinality

For any tree T, any T-rank r, and any finite dimensional tensor space V of X, 7,7 (V) is
a closed set in V.

®, is a finite union of such sets, all contained in a single finite dimensional space V™.
Then &, is a closed set of a finite dimensional space V* and is therefore proximinal in X.
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Expressivity

Different ways to analyse the expressivity of tree tensor networks

@ Exploit known results on other approximation tools and estimate the complexity to
encode these tools using tree tensor networks.

o Directly encode a function using tree tensor networks (with controlled errors)

@ Analyse the convergence of bilinear approximations

ro
(ke %) 3 8 (e ()
k=1

or the approximability of partial evaluations u(:, xac) by linear approximation spaces
of dimension r,
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Approximation of functions from smoothness classes

We consider approximation tools based on tensorization and functions from classical
smoothness classes:

@ Sobolev and Besov functions
o Analytic functions

@ Analytic functions with singularities
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Approximation of functions from Besov spaces BJ(LP)

From results on spline approximation and their encoding with tensor networks, we obtain
Theorem
Let f € B&(LP) with o> 0 and 0 < p < co. Then

E(f, CD',Z:)LP S Cnia/dlﬂggo(/_p)

for arbitrary & < a.

@ Tensor networks achieve (near to) optimal performance for any Besov regularity
order (measured in LP norm).

@ They perform as well as optimal linear approximation tools (e.g. splines), without
requiring to adapt the tool to the regularity order a.

@ The depth (resolution L) of the network is crucial to capture extra regularity.
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Approximation of functions from Besov spaces Bg(L")

Now consider the much harder problem of approximating functions from Besov spaces
Bg (L™) where regularity is measured in a L™-norm weaker than LP-norm.

From results on best n-term approximation using dilated splines, we obtain

Theorem

Let f € Bf(L") withaa>0,0< g<7<p<oo, 1<p<ooand

Then
S —a’/d F —a’/(2d
E(f,07)r < Cn~*/|flgaqry, E(F,®7 ) < Cn~ /@D f|gar),

for arbitrary o’ < o

@ Sparse tensor networks achieve arbitrarily close to optimal rates in O(n=%/9) for

functions with any Besov smoothness e (measured in L™ norm), without the need to
adapt the tool to the regularity order a.

@ Here depth and sparsity are crucial for obtaining near to optimal performance.

o Full tensor networks have slightly lower performance in O(n=/(%),
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Analytic functions

For function f : [0, 1] with analytic extension on an open complex domain
. p—1
D, ={z € C:dist(z,]0,1])) < T}’ p>1,

we obtain an exponential convergence

1/3

E(f,®)e < Cy~ "7,

with v = min{p, b(m* 1/t

The proof relies on the approximation of analytic functions with polynomials and the
encoding of polynomials with tree tensor networks: a chebychev polynomial p of deree m
is such that

—m

2
If = pllee < E”fHLOO(Dp)p

A polynomial of degree m can be approximated by ¢ in ®; , , with an error in
O(b~Hm+V)y 5o that

If = @lise S p~™ + b7H™HD

We obtain the result by choosing m ~ n*/® and L ~ b~1n'/3, so that complr(p) < n.
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Functions with singularities

Consider the approximation u(x) = x%, 0 < a <1, in L*.
@ Piecewise constant linear approximation.
ue BL(L®), u¢BL(L®) for B> a,
and a piecewise constant approximation on a uniform mesh with n elements gives a
convergence in O(n™%) in L*°,
@ Piecewise constant nonlinear approximation.
1 1
u€ BV C B, (L),
and a piecewise constant approximation on an optimal mesh with n elements gives a
convergence in O(n™ ') in L,

@ Piecewise constant approximation and tensor networks.
A piecewise constant approximation on a uniform mesh with 2¢ elements exploiting
low-rank structures gives an exponential convergence in O(5~"), where n is the
complexity of the representation. Achieves the performance of h-p methods.
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High-dimensional approximation

@ For Besov spaces Bg'(L"), tensor networks achieve (near to) optimal rate in
O(n~*/?) which deteriorates with d, that is the curse of dimensionality.

@ For Besov spaces with mixed smoothness MBg' (L") , sparse tensor networks achieve
near to optimal performance in O(n~“ log(n)?). But still the curse of dimensionality.

@ For Besov spaces with anisotropic smoothness ABg*(LP), sparse tensor networks also
achieve near to optimal rates in O(n~5(®)/9) with

s(a)/d = (cvl_1 + ... —|—a;1)_1

the aggregated smoothness. Curse of dimensionality can be circumvented with
sufficient anisotropy.

o Curse of dimensionality can be circumvented for non usual function classes such as
compositions of smooth functions (see Bachmayr, Nouy and Schneider 2021).
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Compositional functions

Consider a tree-structured composition of smooth functions {f, : & € T}, see [Mhaskar,
Liao, Poggio 2016] for deep neural networks.

{1,2,3,4}
{1,2} {3,4}
234 (f2(f(x), 2(x)), .4 (f(x3), fa(xa)))

{1y {2+ {3+ {4

Assuming that the functions £, € W% with ||f. || <1 and ||fu| ke < B, the
complexity to achieve an accuracy €

C(E) S 6_3/k(L + 1)3B3Ld1+3/2k

with L = log,(d) for a balanced tree and L + 1 = d for a linear tree.
@ Bad influence of the depth through the norm B of functions f, (roughness).
o For a balanced tree, complexity scales polynomially in d: no curse of dimensionality !

@ For B <1 (and even for 1-Lipschitz functions), the complexity only scales
polynomially in d whatever the tree: no curse of dimensionality !
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Canonical versus tree-based format

Consider a finite dimensional tensor space V = V! @ ... ® V¢ with dim(V,) = R",
which is identified with RV*-*"_ Denote by 7,” = {v : ranka(v) < r,a € T}.

@ From canonical format to tree-based format.
For any v in V and any o C D, the a-rank is bounded by the canonical rank:

ranko (v) < rank(v).

Therefore, for any tree T,
R, C T/,

so that an element in R, with storage complexity O(dNr) admits a representation in
T,” with a storage complexity O(dNr + dr*™) where s is the arity of the tree T.

@ From tree-based format to canonical format. For a balanced or linear binary tree,
the subset
S={veT  :rank(v) < q"?}, q=min{N,r},

is of Lebesgue measure 0.
Then a typical element v € 7,7 with storage complexity of order dNr + dr® admits a

representation in canonical format with a storage complexity of order dNg?/2.
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Influence of the tree

@ For some functions, the choice of tree is not crucial. For example, an additive
function
ur(x) + ...+ ug(xq)
has a-ranks equal to 2 whatever o C D.

o But usually, different trees lead to different complexities of representations.

{1,2,3,4}

{1,2} {3,4}
{4}

{3}
{1+ {2} {3 {4}

{1+ {2}
TB (Balanced tree)

Tt (Linear tree)

® If rank i (u) < r then rankys(u)
® If rankys(u) < r then ranky.(u)
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Influence of the tree

Given a tree T and a permutation o of D = {1,...,d}, we define a tree T,
To ={o(a):ae T}

having the same structure as T but different nodes.

{1,2,3,4} {1,2,3,4}
{1,2} {3,4} {1,3} {2,4}
{1+ {2} {3t {4} {3t {1} {2y {4}
T T, with 0 = (3,1,2,4)

If rank7(u) < r then rankr, (u) typically depends on d.
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Influence of the tree

@ Consider the Henon-Heiles potential

2 d—1

d d—1
1 0.2
u(x) = 5 E x*+0.2 g (X,'X,-2+1 — x,3) + TS E (x,2 +xi2+1)2
i=1 i=1

i=1
Using a linear tree T = {{1},{2},...,{d},{1,2},{1,2,3},...,{1,...,d — 1}, D},
rankr(u) <4, storage(u) = O(d)
but for the permutation
c=(1,3,....,d—1,2,4,....d) (%)
and the corresponding linear tree T,
rankr, (u) < 2d 4+ 1, storage(u) = O(d”).

@ For a typical tensor in 7,7 with T a binary tree, its representation in tree based
format with tree T,, with o as in (%), has a complexity scaling exponentially with d.
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Influence of the tree

o Consider the probability distribution f(x) = P(X = x) of a Markov chain
X = (Xi,...,Xq) given by

f(X) = ﬁ(Xl)f2|1(X2|X1) PN fd\d_1(Xd|Xd—1)

where bivariate functions f;;_; have a rank r.

® With the linear tree T containing interior nodes
{1,2},{1,2,3},...,{1,...,d — 1}, f admits a representation in tree-based
format with storage complexity in r*.

® The canonical rank of f is exponential in d.

® But when considering the linear tree T, obtained by applying permutation
oc=(1,3,...,d —1,2,4,...,d) to the tree T, the storage complexity in
tree-based format is also exponential in d.
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How to choose a good tree ?

A combinatorial problem...

{5} {4}
{7} {8}
{2} {3} {1} {6}

{5}
3p  {7p {6}
{1} {4H{2} {8}

{23 {7}

{3}

{4}

{2H4}

{6}

{8} {1} {5} {3}

{7H5}

{8}{6}

{1}
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Properties of tree tensor networks

We here consider approximation tools based on tensor networks with tensorized functions

(with or without sparsity).

They satisfy

(P1) ®o = {0}, 0€ @,

(P2) ad, = &, for any a € R\ {0} (cone)

(P3) @, C ®pq1 (nestedness)
)

(P4) &, + &, C ., for some constant ¢ (not too nonlinear)

For X = LP, they further satisfy
(P5) U, ®n is dense in L? for 0 < p < oo (universality),

(P6) for each f € L? for 0 < p < oo, there exists a best approximation in ®, (proximinal

sets).
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Approximation classes

For an approximation tool ® = (®,)scn, we define for any a > 0 the approximation class

A% (LP) = A% (LP, &)

of functions f € L” such that
E(f,q)n)Lp S Cnia
@ Properties (P1)-(P4) of ® imply that A% (LP) is a quasi-Banach spaces with
quasi-semi-norm
[flag, :=sup n®E(f,®,)1e

n>1

o Full and sparse complexity measures yield two different approximation spaces
FL(LP) = AL(L",07),  SL(L%) = AL(L", %)

such that
Fo(LP) & S&(LP) — F/2(17)
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Direct embeddings

From results on the approximation properties for Besov spaces, we have the following
results.

@ Let @« >0 and 0 < p < oo. For arbitrary & < «,
B (L) = Fg/*(L)
and )
MBS (LP) < S3(LP).
For arbitrary 5§ < s(a) :=d(a;* + ... +a;') 7,
ABZ(LP) — S85/(L”)

oFora>0,1§p<oo,0<q§7<p<ooand%>%f%,

BS(LT) « SY9(LP)— FY/CI(LP)

for arbitrary & < «, and similar results for anisotropic and mixed smoothness.

95 /157



No inverse embedding

For any a > 0, g < o0, and any f3,
Foo (L) o> BL(L?).

That means that approximation classes contain functions that have no smoothness in a
classical sense.

Tensor networks may be useful for the approximation of functions beyond standard
smoothness classes.
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Open questions

@ What are the properties of the approximation tool with free tree

Higher expressivity (or larger approximation classes) but how much higher ?

o What about expressivity and approximation classes of more general tensor networks ?
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Computing with tensor networks

We here present some algorithms for the approximation of tensors (or functions) using
tensor networks.
Different contexts depending on the available information on the tensor:

@ all entries of the tensor,

@ equations satisfied by the tensor,

@ some entries, either arbitrary or structured,

@ more general functionals of the tensor.
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Available software

@ tensap. A Python package for the approximation of functions and tensors. (link to
GitHub page).

@ ApproximationToolbox. An object-oriented MATLAB toolbox for the approximation
of functions and tensors. (link to GitHub page).
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Hilbertian setting

We consider a tensor v in a Hilbert tensor space V! @ ... ® V9 and we assume that v is
given as a full tensor or in a certain low-rank format.

We present truncation schemes for finding a low-rank approximation of u with reduced
complexity, relying on the standard singular value decomposition of order-two tensors.

We denote by || - || the canonical normon V' @ ... ® V7.

For an algebraic tensor in Rr®...@RA,

| - || is the Frobenius norm

lul> =" u(i, . ia)®

i€l ig€ly
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Truncated singular value decomposition for order-two tensors

An order-two tensor u in V! ® V2 admits a singular value decomposition

1 2
u= E O'ka®Vk,

k>1

where the singular values o(u) = {0« }«>1 are sorted by decreasing order.

An element of best approximation of u in the set of tensors with rank bounded by r is
provided by the truncated singular value decomposition

r

1 2

ur = E (7'/<V/<(®Vk7
k=1

with an error

lu—uw|?>= min |lu—v|*= Z or.
ra

nk(v)<r
k>r+1
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Truncated singular value decomposition for order-two tensors

An approximation u, with relative precision ¢, such that
u— urll < €lull,

can be obtained by choosing a rank r such that
> eyt
k>r+1 k>1

The complexity of computing the singular value decomposition of a tensor u is O(n®) if
dim(V?) = dim(V?) = n. If u is given in low-rank format u = Zle ak ® bk, with a rank
R < n, the complexity breaks down to O(R? + 2Rn?).
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Higher-order singular value decomposition

For a non-empty subset acin D = {1,...,d}, atensoruc V' ®..

identified with its matricisation
Ma(u) e VEQ VY,
an order-two tensor which admits a singular value decomposition

M (u) = Zafv,f“ Qwe =u.

k>1
o%(u) := {0} }k>1 are the a-singular values of u.
The a-rank of u is the number of non-zero a-singular values

rankq (1) = ||o®(u)]o-

.® V9 can be
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Higher-order singular value decomposition

By sorting the a-singular values by decreasing order, an approximation u, with a-rank r
can be obtained by retaining the r largest a-singular values, i.e.

r

c

_E: a o e

ur = O'ka(X)Wk7
k=1

The vectors {vi',..., v, } are the dominant a-singular vectors of u or a-principal
components of u.

The space Uy = span{vi',..., v/} is the dominant a-principal subpace of u.
Denote by Pu;; the orthogonal projection from V* to U and by Pug = PU% ® idne
the orthogonal projection defined on V such that for v® ® w® € V* @ Vo,

'PU% (Va ® Wac) = (PUer Va) ® Wac

We have
u = PUS, u
and
2 = . 2 — Z ay2.
lu=wl?= min_flu=v|® = 3(0F)

k>r
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Truncation scheme for tree-based tensor formats

For tree-based tensor formats
T,T(V)={veV:ranky(v) < ro,a € T},

where T is a dimension partition tree over D = {1,..., d}, different variants of higher
order singular value decomposition (also called hierarchical singular value decomposition)

can be defined from singular value decompositions of matricisations M (u) of a tensor
u.
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Leaves to root truncation scheme for tree-based tensor formats

For each leaf node «, let Uy be the r,-dimensional a-principal subspace of u.

For each interior node aw € T \ {D} with children S(«), define a tensor space
Vu — ® U/’g
BES(a)

and let U7 C V., be the ro-dimensional a-principal subspace of

Ua = Py, u
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Leaves to root truncation scheme for tree-based tensor formats

Finally define u, as the orthogonal projection onto the tensor space Vp = ®u€5(D) Ua

up = Pfl)u = 7351) . ..73,(L)u
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Leaves to root truncation scheme for tree-based tensor formats

The obtained approximation u, is such that
2 . 2 o \2
u—u < min u—vi|° = o
le—ulP < 35 min u-viP= 33 (o)
aeT\D a€T\D ka >ra
from which we deduce that u, is a quasi-optimal approximation of u in 7, such that

o= ull < C(T) min [ju— v,
VGT,T

where C(T) = «/#T — 1 is the square root of the number of projections applied to the
tensor. The number of nodes of a dimension partition tree T being bounded by 2d — 1,

C(T) < v2d —2.

Also, if we select the ranks (ro)ae7\p such that for all o

2 62

> (0R) < gy 2 k) = gl

ka>ra ko >1

we finally obtain an approximation u, with relative precision e,

llu = url| < ellul-
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Leaves to root truncation scheme for tree-based tensor formats

If uis in some tensor space W =W ® ... Wyand V=V ®...® Vyis a
finite-dimensional tensor subspace of W, an approximation in the tensor format 7,7 (V)
can be obtained by modifying the procedure for the leaves.

For each leaf node o, U~

foo

Theorem (Fixed rank)

is defined as a a-principal subspace of v, = Py, u.

For a given T-rank, we obtain an approximation u, € T,” (V) such that

lur — ul® < C(T)? it ||V— ul?+ D llu—P,ul?
leaves o
Theorem (Fixed precision)

For a desired precision ¢, if the a-ranks are determined such that

||7DU;;‘ Uo — Ua || < C(T) lluall,

we obtain an approximation u, such that
lur —ul®> < Eul®+ D [lu—Py,ul®.

leaves o
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Efficient truncation algorithms

Recent works for efficient truncation algorithms
@ Randomized linear algebra [Che/Wei'19,Sun'20,Huber’17]

@ Block-wise tensor compressions [Ehrlacher'21]

Parallel algorithms [Grigori/Kumar'20,Daas'20]
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@® Thresholding of singular values and relaxation methods
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Learning from structured evaluations

For the approximation of a tensor (or function) in tree-based format from evaluations of
the tensor at some entries, different strategies have been proposed, either based on cross
approximation [Oseledets'10, Ballani'13] or principal component analysis [Nouy'19,
Haberstich'21].

These methods rely on structured evaluations
u(Xa, Xgc)

where x/, are samples of the variables x,, and x/.c samples of the variables x,c.
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Learning from principal component analysis

Assume that X = (X1, ..., Xy) has a probability measure p1 = p1 ® ... ® pg with support
X:Xl ><.,.><Xd.

Consider a multivariate function u € L%(X') and assume that we can evaluate the
function for arbitrary instance x of X.

For each a subset of variables o and its complementary subset a® = D\ «, u is identified
with a bivariate function which admits a singular value decomposition

rankq (u)

U(Xar Xae) = D TRV (xa) Ve (Xac)

k=1
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Learning from principal component analysis

The subspace of a-principal components

Uo = span{vi',..., v, }

ro

is such that
uru('7xac) = Pu, u(-,xac)

It is solution of
~ min lu— Py, ul?
dim(Uq )=ra

that is for || - || the L7 (X)-norm,

gt E ([l Xoe) = Pu,ul Xao) )

where u is seen as a function-valued random variable

u(-, Xac) € L2, (Xa).
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Learning algorithm based on principal component analysis

In order to construct an approximation in the tree-based format 7, (V), with V some
feature tensor space, we apply the root to leaves procedure.

For a feasible algorithm using samples:
@ Replacement of orthogonal projections by sampled-based projections.

@ Statistical estimation of principal subspaces.
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From orthogonal to sampled-based projections

Orthogonal projections Py, on subspaces V,, are replaced by oblique projections Zy,,
using samples, typically interpolation or least-squares projection.

For a function u and a given value x,c of the group of variables X,

Ma

Zv, u(y Xac) = Z ai(xae )i ()

i=1

where the 1f* form a basis of V., and the coefficients aj(x.<) depend on evaluations
u(x%, xoc) for some samples x% of X, (interpolation points or random samples).

In practice,
e for interpolation, possible use of magic points x/, [Nouy '19],

o for least-squares projection, possible use of optimal weighted least-squares for a
control of the norm of operators Zy,, [Cohen/Migliorati'17,Habertisch '21].
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Statistical estimation of principal subspaces

The a-principal subspaces U, of uy, = Zy, u are defined by

min_E (IZv, u( Xae) = Pu, v, u( Xao) 2

dim(Uq )=r.
Principal subspaces can be estimated using i.i.d. samples u(- xjc) of this random variable

and by solving

m'n ZHIva = PuZvau(:y xhe )HLz (Xa)

dim(U.

where {x(jyc}J’-V:“1 are i.i.d. samples of the group of variables X,-.

If the projection Zy,, is based on a set of M, samples of X, this requires the evaluation
of u at the M, x N, points

{(u, M) 1<i< My, 1 << Ny}
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Direct optimization in subsets of tensor networks

Consider a subset of tensors M, that admits a multilinear parametrization of the form

ry r d M
v oxa) =3y [TV G (k)ies,) T v ((k)ies,)
ki=1 ki =1v=1 v=d+1

where v = {v("}™_ is a tensor network, and each tensor v(*) is in a space P*),
We have
M, ={v=w® M) e pt) 1<y <My,

where W is a multilinear map.

The problem
min J(v)

vEM,

can be written as an optimization problem over the parameters

min...min 7(W(vY, ... vIM)).

v() v(M)
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Alternating minimization algorithm

The alternating minimization algorithm consists in solving successively minimization
problems

min JWO®, v VM) = min 7 (V) (1)
V(v epv) viv)ep(v)
over the parameter v(*), letting the other parameters v{, 1 = v, fixed.

When P*) is a linear vector space, problem (1) is a linear approximation problem.

If J is a convex (resp. differentiable) functional, then 7, is a convex (resp.
differentiable) functional.
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Direct optimization in subsets of tensor networks

Other optimization algorithms (e.g. gradient descent, Newton) can be used, possibly
exploiting the geometry of tree tensor networks manifolds.

Under rather standard assumptions, some results have been obtained for the convergence
of algorithms: local convergence to a global optimizer, or global convergence to
stationary points.

But no guaranty for obtaining a global optimizer of a general (even convex) functional in
subsets of tensor networks (NP-hard problem).
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Rank adaptation

For the adaptation of ranks, different strategies have been proposed:
@ Modified alternating minimization algorithms [Holtz et al '12] or DMRG, where rank
adaptation is performed during optimization,
o Alternating minimal energy methods [Dolgov et al '14], where optimization is also
combined with rank adaptation,

@ Optimization in a subset with fixed rank followed by rank adaptation
[Grelier/Nouy/Chevreuil'18, Grelier/Nouy/Lebrun'19,Grasedyck/Kramer '19]
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Modified alternating minimization algorithm

Modified alternating minimization algorithm? is a modification of the alternating
minimization algorithm which allows for an rank adaptation "on the fly".

It can be used for optimization with tree tensor nteworks or more general tensor networks.

At each step of the algorithm, we consider two nodes v and 7) connected by an edge e
and we update simultaneously the associated parameters p) and p(™).

Yknown as DMRG algorithm (for Density Matrix Renormalization Group) for tensor networks.
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Modified alternating minimization algorithm

In the expression of a tensor v = \Il(v(l), R v(M)), the two tensors v(*) and v(")
connected by the edge e appear as

> v ke, ) ke, ) 1= V(L)
ke=1

where v(®) is a tensor of order

order(v(?)) = order(v")) + order(v(") — 2.

This corresponds to a new tensor networks where the nodes v and 7 and edge e are
replaced by a single node e, and a new parametrization

v=we(.. v ).

120 /157



Modified alternating minimization algorithm

We first solve an optimization problem

min 7 (W°(...., Vi)

for obtaining an new value of the tensor v(¢.

Then, we compute a low-rank approximation of the tensor v(¢)

VOC) & Y v (ke (ke )

ke=1

where the rank r. in general differs from the initial rank.

In practice, the approximation is obtained using truncated singular value decomposition.

130 /157



© Higher-order singular value decomposition and tensor truncation
@ Learning from structured evaluations

@ Direct optimization in subsets of tensor networks

@ lIterative methods with tensor truncation

@® Thresholding of singular values and relaxation methods

131/157



Iterative methods with tensor truncation

Another strategy for solving an operator equation

Au=0>b
or a more general optimization problem

min J (v

VEVJ( )

is to rely on classical iterative methods by interpreting all standard algebraic operations
on vector spaces as algebraic operations in tensor spaces.
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Iterative methods with tensor truncation

As a motivating example, consider a simple Richardson algorithm
u"=u"t —w(Au" - b).

For A and b given in tensor formats, computing u” involves standard algebraic
operations.

However, the representation rank of the iterates dramatically increases since
rank(u") & rank(A) rank(u""") + rank(u""") 4 rank(b).
This requires additional truncation steps for reducing the ranks of the iterates, such as
u" = T(u" ' —w(Au"t - b)),

where T(v) provides a low-rank approximation of v.

We now analyze the behavior of these algorithms depending on the properties of the
truncation operator T.
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Fixed point iterations algorithm

Let us consider a problem which can be written as a fixed point problem
F(u) = u,
where F : V — V is a contractive map, such that for all u,v € V,
1F(u) = F()II < pllu — v,
with 0 < p < 1.
Then, consider the fixed point iterations algorithm
U™t = F(u")
which provides a sequence (u"),>1 which converges to u, such that

llu—u"| < p"u— .

Example

For a problem Au = b, consider F(u) = u — w(Au — b), with w such that ||/ — wA|| < 1.
Fixed point iterations u"™ = u” — w(Au" — b) correspond to Richardson iterations.
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Perturbed fixed point iterations algorithm

Now consider the perturbed fixed point iterations
Vn+1 — F(Un), un+1 — T(vn+1)

where T is a mapping which for a tensor v provides an approximation (called truncation)
T(v) in a certain low-rank format M,.
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Truncations with controlled relative precision

Suppose that the mapping T provides an approximation with relative precision ¢, i.e.
[T(v) = vl < elv.

This is made possible by using an adaptation of the ranks.

Then the sequence (u")n>1 is such that

N < n _ 0 €
Ju—u"| <A"lu—u H+1_7||UH7
with v = p(1 + €). Therefore, if v < 1
€
lim sup ||lu—u"|| < u
sup [lu= ") < ol

which means that the sequence tends to enter a neighborhood of u with radius = ||u]|.

The drawback of this algorithm is that the ranks of the iterates are not controlled and
may become very high during the iterations.
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Truncations in fixed subsets

Now consider that the mapping T provides an approximation in a fixed subset of tensors
M, with rank bounded by r.

Let us assume that for all v, T(v) provides a quasi-optimal approximation of v such that

—v[| < C min [lv—wl.
IT(v) =vIl < € min flv—wl )

A practical realization of a mapping T verifying (2) is provided by truncated higher-order
singular value decompositions, where

C = 0(Vd).
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Truncations in fixed subsets
Let u, be an element of best approximation of u, with
lu—url] = min |Ju—v]|.
veM,
The sequence (u")n>1 is such that

lu ="l <A"lu— ol +

ol =l

with v = p(1 4+ C). If v < 1 (which may be quite restrictive on p), we obtain

. C .
lim sup [|ju—u"|| £ —— min |lu—v|,
n—o00 1*’}/ vEM,

which means that the sequence tends to enter a neighborhood of u with radius %a,,
where o, is the best approximation error of u by elements of M,.

An advantage of this approach is that the ranks of the iterates are controlled. A
drawback is that the condition v < 1 imposes to rely on an iterative method with small
contractivity constant p < (1 + C)™*, which may be quite restrictive (requires good
preconditioners).
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Truncations with non-expansive maps

Now we assume that the mapping T providing an approximation in low-rank format is
non-expansive, i.e.

[T(v) = TW)II < [lv—w] (3)
The sequence u” is defined by
un+1 — G(Un),
where G = T o F is a contractive mapping with the same contractivity constant p as F.
Therefore, the sequence u” converges to the unique fixed point u* of G such that
G(u™) = v,
with
* * 0
u™ —u"l < p"llu” — o]

The obtained approximation u* is such that
(L+p) Hu=T@ < llu=u"| <@ =p) lu—T(W)]

A practical realization of a mapping T verifying (2) is provided by a truncation operator
based on soft thresholding of singular values. The ranks of the iterates are not controlled.
However, it is observed in practice that the ranks of iterates are usually lower than with
truncations with controlled relative precision.
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Thresholding of singular values

Consider an order two tensor u in a Hilbert tensor space V ® W. equipped with the
canonical norm.
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Hard thresholding of singular values

The hard singular value thresholding operator 77, is defined for an order-two tensor u
with singular value decomposition Zk>1 oKk @ wk by

7‘[7:— ZHT~ O’k)Vk(X)Wk7

k>1
where HT.(t) = t 1}, is the hard thresholding function such that

ox for>T1
0 ifo’kST.

HT (ok) = {

The error after hard thresholding is

”u_,Hﬁ Zak o <T-

k>1
HT-(u) is a solution of the problem
min ||u — v||* + 72 rank(v)

where rank(v) = ||o(v)]lo.
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Soft thresholding of singular values

The soft singular value thresholding operator ST is defined for a tensor u with singular
value decomposition Zk>1 OkVk @ wi by

STo(u) =Y ST (o) vk ® wi,

k>1

where ST, (t) = (|t| — 7)+ sign(t) is the soft thresholding function, such that

ok—71 fox>T1
0 ifor<t’

STo(ok) = (0% = 7)+ = {

The error after soft thresholding is

lu=ST(W? =D (ox—(ox = 7)) = D ol + >

k>1 o<t op>T
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Soft thresholding of singular values

ST+ (u) is a solution of the problem
1 2
min = [ju —v[" +7llo(v)]

where ||o(v)]|1 is the nuclear norm of v, which is a convex regularization of the
functional v — rank(v).

In convex analysis, ST is known as the proximal operator of the convex function
v Tllo(v)z-

The operator ST is non-expansive, that means for all u, v,
ST (u) = ST-(W)I < [Ju = v,

which is an important property for the analysis of algorithms with tensor truncations.
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Convex relaxation

A general optimization problem over a subset of tensors with bounded rank

ranrlzg\ll?gr j( V)

is equivalent to
min 7 (v) + 7 rank(v)

for some value of 7.

A convex optimization problem is obtained by replacing rank(v) = ||o(v)]|o by the
function ||o(v)||z = ||v||+ (the nuclear norm of v)

min 7 (v) + 7l|v]l-

145 / 157



Proximal algorithms

Consider the problem
min 7 (v) + 7||v]|«

A proximal algorithm constructs a sequence (u"),>1 as follows.

+1

At iteration n, we linearize the function J around u” and define u"™" as the solution of

min 7 (u") + (VI (u"), v — u") + g”u —u"* + 7llv]l

where 3 is a parameter.

This is equivalent to solving
o1 n _ n T
min o||v — (u" = BT VIT (W) + lIvil-
whose solution is provided by
un+1 — STT/g(Un _ 571vj(un))

where ST 5 is the proximal operator of v — Z||v||..
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Hard and soft singular values thresholding for higher order tensors

For a higher order tensor u in a Hilbert tensor space V = V; ® ... ® V4, we can naturally
define hard and soft singular values thresholding operators HS? and ST,% associated
with the singular value decomposition of the matricisation Mq(u) of wu.

These operators are such that
HSX(u) = argmin [|lu — v||* + 72 ranka(v),

and 1
ST (u) = arg mvin §||u —v|* 4 7llo* ().
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Hard and soft singular values thresholding for higher order tensors

Hard and soft thresholding operators can then be defined for the approximation in a
tree-based format 7,7 (V), with T a dimension tree (or a subset T of a dimension tree),

Hard and soft thresholding operators #7,” and ST, can be respectively defined as
compositions of hard and soft thresholding operators (sequence of truncations from the
root to the leaves),

HTT = HT*M o ... o HT™

and
ST, =8T*o... 0 ST

where the set of nodes {aa,...,am} = T \ {D} is sorted by increasing level.

The soft-thresholding operator ST, is non-expansive, i.e.
IST (u) = ST (V)| < [lu— v

for all tensors u, v.

See [Rauhut’17] and [Bachmayr'16] for further details and applications to tensor
completion and solution of operator equations.
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Convex relaxation for tree-based formats

Given a tree-based format 7,7 (V/), a convex relaxation of the problem

min  J(v)

veTT(V)

can be defined as

min J(v) +7 Y Mo (@l ()

aeT\{D}

@ Algorithms based on soft thresholding of singular values appear as specific
algorithms for solving the relaxed optimization problem (x).

But this relaxation is known to be far from optimal convex relaxation.

For Tucker tensors, a better convex relaxation is based on tensor nuclear norm
[Yuan/Zhang'16].

Finding a good convex relaxation for general tree-based formats remains an open
problem.
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