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Context

Machine learning for “big data”
m Large-scale machine learning: large d, large n

m : dimension of each observation (input)
m 1 : number of observations

m Examples: computer vision, bioinformatics, advertising

m Ideal running-time complexity: O(dn)

Francis Bach, Aymeric Dieuleveut, Alain Durmus, Eric Moulines CEMRACS 2021



Supervised Machine Learning
Smooth convex optimizati

Non-smooth convex optimization

Stochastic approximation

Proximal methods
Applications

Context

Machine learning for “big data”
m Large-scale machine learning: large d, large n

m : dimension of each observation (input)
m 1 : number of observations

m Examples: computer vision, bioinformatics, advertising
m ldeal running-time complexity: O(dn)
m Going back to simple methods

m Stochastic gradient methods (Robbins, Monro, 1951)

Francis Bach, Aymeric Dieuleveut, Alain Durmus, Eric Moulines CEMRACS 2021



Supervised Machine Learning
Smooth convex optimizati

Non-smooth convex optimization

Stochastic approximation

Proximal methods
Applications

Context

Machine learning for “big data”
m Large-scale machine learning: large d, large n

m : dimension of each observation (input)
m 1 : number of observations

m Examples: computer vision, bioinformatics, advertising
m ldeal running-time complexity: O(dn)
m Going back to simple methods

m Stochastic gradient methods (Robbins, Monro, 1951)
m Mixing statistics and optimization
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Supervised Machine Learning
m Set-up
m Convex functions: basic ideas
m Empirical risk minimization: convergence rates
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Convex functions: basic ideas
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Supervised machine learning

m Data: n observations (X, V) ¢ X' <V, i =1,....n,iid.
m Prediction as a linear function (/. ©()) of features () < 27

m (regularized) empirical risk minimization: find 0 solution of

n

min ! LY 0. D0X))) + p0)
HeRrd n
N 1=1

convex data fitting term + regularizer
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gence rates

Usual losses

m Regression: y « IR, prediction ¢p(x) = (0, ©(x))
®m quadratic loss /(1. (0. ©(x))) = L (y— (0. D(x)))
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Usual losses

m Regression: y < IR, prediction og('*) = (0, ®(x))
®m quadratic loss /(1. (0. ©(x))) = L (y— (0. D(x)))

m Classification: y € {1, 1}, prediction ¢y(z) = sign((0, ®(x)))
m 0—1loss: £(y,(0,P(x))) = Liy.0,0(x))<0}-
m convex losses
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Convex loss

m Support vector machine (hinge loss)

((Y, (0, ®(z))) = max{1-Y (0, P(x)),0}

5
— 0-1
4 — hinge 1
square m Logistic regression:
—— logistic ]

(Y, (0, ®(x))) = log(14+exp(=Y (6, ®(x))))

m Least-squares regression

0Y, (0, ®(z))) = %(Y — (0, ®(x)))?
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Usual regularizers

m Main goal: avoid overfitting
m (squared) Euclidean norm: [[0]2 = 57 |0,]2

Jj=1
m Sparsity-inducing norms
m LASSO : (1-norm [[0], = 57 |0}

J
m Perform model selection as well as regularization
m Non-smooth optimization and structured sparsity

m See, e.g., Bach, Jenatton, Mairal and Obozinski (2012a,b)
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"old style” Supervised learning

m Data: n observations (X, V) € X' x V, 1= 1,.... n, iid.
m Prediction as a linear function (/. ®(x)) of features &(x) < RY
m (regularized) empirical risk minimization: find 0 solution of
O ,
min > (Y, (0.9(X)))) such that Q(f) < D

0cRd n

1=1

convex data fitting term +  constraint
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"old style” Supervised learning

m Data: n observations (X, V) € X' x V, 1= 1,.... n, iid.
m Prediction as a linear function (/. ®(x)) of features &(x) < RY
m (regularized) empirical risk minimization: find 0 solution of

n

]
min - — [(Y,. (0, 9(X,))) such that Q(f) < D
fcR? M
i=1

convex data fitting term +  constraint
m Empirical risk: [(0) = n" Yo Y, (0, 9(X5)))
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Set-up
Convex functions: basic ideas
Empirical risk minimization: convergence rates

"old style” Supervised learning

Data: 7 observations (X, V;) € X' x V, 1 =1,.... n, iid.
m Prediction as a linear function (/. ®(x)) of features &(x) < RY

(regularized) empirical risk minimization: find 0 solution of

i — 0y , D( h that Q(#) < D
convex data fitting term +  constraint

Empirical risk: f(0) = n " Yo Y, (0, 9(X5)))

Expected risk: [(0) = E[((Y, (0, D(X)))] .
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General assumptions
m Data: 7 observations (X, V) € X' x )V, i =1,...,n,iid.
m Bounded features & (1) © R7: |[d(x)], <

’\:C

Empirical risk f(0) =n =" 51" /(Y] <_ ), (2
Expected risk f(0) = E[/(Y, (0, D(X)))]
N(Y5. (0. D(X;))). For all 4,

Xi)))

m Loss for a single observation: [;(0) =
f(0) = E[fi(0)]
Properties of fi. f. |

m Convex on R

m Additional regularity assumptions: Lipschitz-continuity, smoothness
and strong convexity
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Lipschitz continuity

m Bounded gradients of ¢ ( <> Lipschitz-continuity): the function ¢ if
convex, differentiable and has gradients uniformly bounded by 5 on
the ball of center O and radius 1: for all 0 = R,

1612 < D = |[Vg(0)]2 < B
=1
g(0) —g(0")| < B0 — 0|2

m Machine learning
m g(0) =n P Y, (6, B(X0))
m (-Lipschitz loss and R-bounded data: B = G'R
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Smoothness
m A function is L-smooth if and only if it is differentiable
and its gradient is L-Lipschitz: for all ;

m If ¢ is twice differentiable, for all .

smooth non—smootl|
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Smoothness

m A function g : R — R is L-smooth if and only if it is differentiable
and its gradient is L-Lipschitz: for all 0.0 ¢ R?:

1Vg(61) — Vg(8')]l2 < L[|6 — ||

m If ¢ is twice differentiable, for all 0 « R, V2g(0) < L - 1d
Machine learning

m g(6) = n S U(Y;, (6, 8(X,)

m Hessian ~ covariance matrix

n

n~! Z(I)(X,ﬁ)‘b (X0)E(Yz, (0, 2(X)))

=1

m L,..-smooth loss and /?-bounded data: L = L; .. /?°
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Strong convexity

m A function is ;i-strongly convex if and only if, for all

m If ¢ is twice differentiable: for all ,

strongly

convex convex

)
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Set-up
Convex functions: basic ideas
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Strong convexity

m A function ¢ : R — R is si-strongly convex if and only if, for all
0,0 € RY,

9(0) > 9(8') + (Vg(8').6 = 8') + L1lo — /|1

m If ¢ is twice differentiable: for all 0 « R V2 ¢(0) = 11 1d
Machine learning

m g(0) = n ' I, UV, (6, (X))

m Hessian =~ covariance matrix

n

n~?t Z ‘I)(X,t>‘1>(Xi)Tj"‘.<Yi- (0, 2(X,)))

m Data with invertible covariance matrix
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Strong convexity

m A function g : R? — % is j-strongly convex if and only if, for all
6,0 € RY,

9(0) > g(0/) + (Vg(0'),0 — ') + %He —0'l13

m If g is twice differentiable: for all ¢ « R, V2 (0) = - 1d
Machine learning

mg(f)=n"tY " Y, (0, P(X;)))

m Hessian ~ covariance matrix

lZ(I) )P (X )T[< (0, 2(X5)))

m Data with invertlble covariance matrix
Adding regularization by %|/0||” [! creates a bias (controlled by /)]
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Smoothness/convexity assumptions: summary

m Bounded gradients of ¢ (Lipschitz-continuity): the function ¢ if
convex, differentiable and has gradients uniformly bounded by 5 on
the ball of center 0 and radius 1:

for all § € R ||0]2 < D = ||Vg(0)||2 < B

m Smoothness of ¢: the function ¢ is convex, differentiable with
L-Lipschitz-continuous gradient V¢:

for all 0,0" € R, |[Vg(0) — Vg(0)|2 < L]0 — &'z

m Strong convexity of ¢: The function ¢ is strongly convex with
respect to the norm || - [|2, with convexity constant ;2 > 0: for all
6,0 € RY,

9(0) > 9(0') + (V(0'),0 — 0') + L 10 — 0/
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Set-up
Convex functions: basic ideas
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Empirical risk minimization: rationale

m The expected risk [(0) = [!(Y (0.X.))] is not tractable.
m Only the empirical risk /(0) =" 5" [/(V,. (0. X,.))] is
m Minimizing f instead of j?
m A simple observation:
f(0) - min f(9) < sup{f(6) = f(O)} + sup{f(6) - /(6)}

€O He® IE)

m Can we have a bound on sup, ¢ 1£(6) — £(0)[?
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Motivation from least-squares

m For least-squares, we have /(y. (0, ©(x)))

Ly~ (6, (x)))?, and

£0) - f(0) =+ T(ﬂz:q) fIE@(X)d)(X)T>9

1 L 1 l n . .
—0T [ =N V(X)) —EY®(X —(=N"y2_-EY?
(712 B(X3) ( )>+2<n; '

n

LS ax)a(xi)T —Eo(x)(x)"

n 4
=1

DQ

sup |f(0) — f(0)] <

I0a<D 2

op
n

1 2 2
EZYI —EY

1=1

+ DH% imé(x,-,) - IEY@(X)H2 + %

sup |f(0) — f(8)] < O(1/+/n) with high probability

l6l2<D

u}
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Supervised Machine Learning
m Set-up
m Convex functions: basic ideas
m Empirical risk minimization: convergence rates
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Slow rate for supervised learning

Assumptions (/ is the expected risk, / the empirical risk)
m Q(0) = 0/> (Euclidean norm)
m “Linear” predictors: ¢y(x) = (0, @ (x)), with ||D ()]s < R
m G-Lipschitz loss: f(6) = /(Y. (0, ®(X))) is (GR-Lipschitz on
© = {[|0]l2 < D}

m No convexity assumption
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Set-up
Convex functions: basic ideas
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Slow rate for supervised learning

Assumptions (/ is the expected risk, / the empirical risk)
m (0) = 0/> (Euclidean norm)
m “Linear” predictors: ¢y(x) = (0, D (x)), with ||D ()|, < R
m G-Lipschitz loss: [(0) = /(Y. (0, ®(X))) is (G R-Lipschitz on
© ={l¢l. < D}
m No convexity assumption
High-probability bounds: With probability greater than 1 — ¢,

o | F(9) _ # sup [£(Y,0)| + GRD |,
sup 1£(0) — f(0)] < 7 {2 )
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Set-up
Convex functions: basic ideas
risk minimizati

rates

Slow rate for supervised learning

Assumptions (/ is the expected risk, ,/: the empirical risk)
m (0) = |0/> (Euclidean norm)
m “Linear” predictors: ¢y(x) = (0, D (x)), with ||D(2z)||s < R

m (-Lipschitz loss: [(0) = ((Y, (0, ®(X))) is (S R-Lipschitz on
6 —{[o]l> < D)

m No convexity assumption
Risk bounds

5, , 4sup |¢(Y,0)| + 4GRD
E|sup|f(8) — f(0
[supl£(6) - O] < U
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Slow rate for supervised learning

Assumptions (/ is the expected risk, | the empirical risk)
m ((0) = 0|2 (Euclidean norm)
(] Lmear predictors: ¢p(x) = (0, D(x)), with [|[D(2)], < R
m (-Lipschitz loss: [(0) = ((Y, (0, ®(X))) is (GR-Lipschitz on
O ={]|0] <D
m No convexity assumption
Method

m Tools: Symmetrization, Rademacher complexity (see Boucheron et
al., 2012), McDiarmid inequality.

m Lipschitz functions = slow rate
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Set-up
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Empirical Risk vs Fluctuation

m We have, with probability 1 — 0, for all ¢ € ©:

£(8) —min £(0) < sup{f(0) — £(0)} + sup{f(0) — F(0)}

0cO 0cO 0cO

2 (lo + GRD)(4+ 4/ 21 1)
e T Vi )()' —
\/ﬁ v 8 0

m Only need to optimize with precision ~ 1/,/n

IN
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e o .f.i’fi??ﬁfﬁ:::iﬂ Conve functions: basic deas
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Applications
Slow rate for supervised learning
Assumptions (/ is the expected risk, / the empirical risk)
m ((0) = 0|2 (Euclidean norm)
L|near predictors: oy () = (0, D(x)), with [|[D(x)][, < R a.s.
m (-Lipschitz loss: [ and | are (//-Lipschitz on © — {[|0], < D}
m No assumptions regarding convexity
m With probability greater than 1 — 0
PPN i lo+GRD / 2
sup [ f(0) — f(O)] < {ZA /2log — }
(}{—’l)‘ (6) = 7(6)] Vn ! 26
. 40y + 4GRD
m Expected estimation error: [su \f — f(0 H Hr%
0cO VN

m Under other conditions on the model, can we improve the rate

1/ /n?
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Motivation from mean estimation

Estimator
R 1 n .
0 — N ; Z; = arg I()llglil_l f(0)
where
) 1 n . ) <
f0) =g, (=0 fO)=E {(Z . M
T =1
Slow rate

f(0) = %(9 —E[Z])? + %\*M(Z) = f(6) +O(n~1?)

u}
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Motivation from mean estimation

Estimator n
G — % ; Z; = argmin £(9)

where n

R 1

0)= 5 22707 10)=E[(7 -0}

i1
Fast rate
A 1 N
1(6) - F(E[2]) = 5(6 - E[2])?
B116) - 1i2)] = 321 % - Bi2)) = v
=3Bl ~ - i T on

Bound only at  + strong convexity s s
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Fast rate for supervised learning

Assumptions (/ is the expected risk, / the empirical risk)
m Same as before (bounded features, Lipschitz loss) + strong convexity

For any ¢ > 0, with probability greater than 1 — ¢, for all ¢ RY,

- PN &(1 1 ("’_’ )2 32 1 o 5 1\
f(0) — min f(n) < (14+a" )G R7(32 +log(0™ "))
k neRrs pun

B Results from (Sridharan et al., 2008), (Boucheron et al., 2012).

m Strongly convex functions = fast rate
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Minimization of the expected and empirical risk

Conclusion: | 0 € argmin ()| is a good proxy as a minimizer of [
e

as n is large.
Question: How to find ¢?
Answer: gradient descent algorithms!

Recall / is assumed to be convex.

Very efficient methods from convex optimization are available.
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Complexity results in convex optimisation

Assumption: ¢ convex on [/

Classical generic algorithms

m (sub)gradient method/descent
m Accelerated gradient descent
m Newton method

Key additional properties of g
m Lipschitz continuity, smoothness or strong convexity
Key insight from (Bottou and Bousquet, 2008)

m In machine learning, no need to optimize below estimation error

Key references: (Nesterov, 2004), (Bubeck, 2015).
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Smooth convex optimization
m Gradient descent
m Accelerated gradient methods
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(smooth) gradient descent - strong convexity

m Assumptions
m g convex with /-Lipschitz gradient
m g /-strongly convex

m Algorithm:
1
O =011 — zv.’/(el,fﬁ

m Bound:
9(0:) — g(0.) < (1 — /L) {g(60) — g(0.)}
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(smooth) gradient descent

m Assumptions
m g convex with /-Lipschitz gradient
® Minimum attained at 0.

m Algorithm:
1
0p =01 — ]—Vg((%,l)

m Bound:
2L|60 — 0.

g(0;) —g(0.) < I

m Not best possible convergence rate
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Key properties of smooth convex functions

¢ IR a convex /-smooth function: for all 0.1 ¢ R,

IVg(0) — Vgl < L[|6 —n]|

m Quadratic upper bound

0<g(0) —g(n) — (Vg(n),0 —n) < (L/2)]|6 —n]*

m Co-coercivity

IV9(6) = o)l < (Vo(6) ~ V()6 — )

Francis Bach, Aymeric Dieuleveut, Alain Durmus, Eric Moulines CEMRACS 2021



Supervised Machine Learning
Smooth convex optimization

Non-smooth convex optimization Gradient descent
Stochastic approximation Accelerated gradient methods
Proximal methods
Applications

Co-coercivity: proof

1 {
7 IVa(8) = Vgm)|I* < (Vg(6) = Vg(n),0 —n)
Set 1) « R and consider the auxiliary function
0 — h(0) =g(0) — (Vg(n),0) Vh(8) =Vg(6) — Vg(n)

Convex, global minimum at 7 and L-smooth.
Using the quadratic upper bound for /1 at ¢/, we get for any ) « R,

hn) < h <e - iv;;(@)) < h(o) — %wa)u‘z + iIIVWW

1 .
< h(0) — iHV/)(())H2
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Co-coercivity: proof

IV9(6) = Vo)l < (Vo(6) ~ V()6 )

Partial conclusion:
1 .
e < o A 2
hn) < h(0) = S IVHO)]

with h(6) = g(6) — (Vg(n). ).

gn) —(Vgn),n) < g(0) — (Vgn),0) — i”vfl(()) —Vg)|?
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Co-coercivity: proof
LIV9(6) ~ Vo) < (V(6) ~ Vg(n),6 — )

9(n) ~ (Vgn).m) < 9(6) — (Vg(n).6) — 5= V9(6) — V()

Conclusion:

9(6) > () + (Va(n).6 —n) + 5= |V(6) ~ Vo)
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Co-coercivity: proof

Adding
9(0) 2 g(n) + (Vo(n). 0 — ) + 5= IV (6) = Tgln)|*
90n) > 9(6) + (Va(0),n — 6) + 5 [V(6) ~ Vo)
we obtain

IV9(0) ~ Vg(n)? < (V9(6) ~ Vo(n).0 )
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Smooth Strongly convex functions

¢ is L-smooth and j:-strongly convex.
m Two key properties:
m Strong convexity: (Vg(0) — Vg(n),0 —n) > ul|0 — |
m Smoothness: |[Vg(0) — Vg(n)| > L||0 —

m The value (), = L/ is the condition number of ¢.
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Smooth Strongly convex functions

m Strong convexity optimality certificate
1 .
9(8) < g(n) + (Va(n), (6 = m) + 3 - V(6) - Va)|* -

m Strong co-coercivity

L
(Vg(6)=Vg(n),0—n) > =

‘ 1 ‘
0—nl2+——1[|Vg(0)— £
g 10 —nll +N+LH g(0)—Vg(n)|l
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Proof of the upper bound for strongly convex functions

9(0) < g(n) + (Va(n),0 —n) + =— IVg(8) — Vg(n)|*

1

20

m 0 h(0)=g(0)— (Vg(n).0) is strongly convex with a global
minimum at 7).

m Since /1 is strongly convex, for all /. « R we get

h(C) > h() + (Vh(6),C — 0) + &

0.
i - ol

m Hence, for all 0 ¢ R?,

h(n) = min h(¢) > min {h(H) +(Vh(0),( —0) + {l ¢— ()Hz}
¢ ¢ 2
1 2
> h(6) ~ 5 [VH(O)]
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Proof of the upper bound for strongly convex functions

1 .
9(0) < g(n) +(Vg(n),0 —n) + o IVg(6) = Vg(n)|®
Optimality certificate: taking 1) = (.. and using that
Vg(0.) =0

we get that for all ¢ < 27,

1 o
g(0) —g(6.) < oM 1Vag(0)]®
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Proof of strong co-coercivity

Set 11(0) — 9(0) — (11/2)]0]%. We get

(Vh(0) — Vh(n),0 —n) = (Vg(0) — Vg(n),0 —n) — ul|0 — nl?
< (L-wlo—nl?

Hence, /1 is L. — pi-smooth. The co-coercivity implies
1 9
(h(6) = h(n), 0 —m) 2 7——I0 —nll".
—

which yields the result.
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Convergence proof - strongly convex functions

Iteration 6, = 6, 1 — 4Vg(0, 1) with v = 1 /L.
Quadratic Upper Bound:

9(0:)

g(0i—1 —Vg(0i—1))
L {
< g(0r—1) + (Vg(0i—1), —vVg(0:—1)) + 5\\ —Vg(0,-1)|?
{ 1 {
= g(0i—1) — (1 = vL/2)[[Vg(Be—1)||* = g(Be—1) — EHV!]<0[,1)HZ

Strong convexity optimality certificate

g(0:) < g(0r—1) — %{y(em) —g(0.)}

=] =
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Convergence proof - strongly convex functions

Iteration 0, = 0;  — yVg(0; 1) with v = 1/L.

1

9(0:) < g(0r—1) — /L{.(/<9f—l) —g(0.)}

9(0:) —g(0.) < (1 — p/L){g(0r—1) — g(0.)}
which implies that

9(0;) — g(0.) < (1 — /L) {g(60) — g(6+)}
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Strongly convex functions: parameter convergence

¢ L-smooth and i-strongly convex. Set 1/ = ||0, — 0" ||. We get

2 = |6 — 0" — Vg (6,)]°
=12 — 29 (Vg (6;),0; — 0) +%|[Vg (6,)]

. 2ypLl\ 2 5
< (1= 249 (4 Vg (6:)]
< u+/4>7*+’<’ u+/z>| g (0]

Taking 0 < v < u+f , we finally get

‘ o 2ypL
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Strongly convex functions: parameter convergence

If 9 2

, L then

Dy — 1\’ ,
o -0l < (251 ) oo 07|
vy

e L(Q -1\ .
g(0:) —g 9 <Ql+l> |60 — 0 H2
g
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Convergence proof - gradient descent smooth convex
function

Iteration ¢, = 0, | — 4Vg(0, ) with v = 1 /L.

Property: The distance to the optimum (. decreases !

160~ 0.1 = 1001 — 0 =79 g(61)

= (161 — 0.]1* + 21V g(Or—1) 1> = 27(0:—1 — 04, Vg(0;-1))
The co-coercivity property implies that
G0 — 0., V9(0i1)) = (1/L)]|Vg(6,1)|I
showing that
100 = 0112 < 1001 — 6.2 = 4(2/L = ) Vg(0r1)|12 < 161 — 0.
< 160 — 0.7
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Convergence proof - gradient descent smooth convex
function
Iteration ¢, = 0, | — 4Vg(0, ) with v = 1 /L.

m Quadratic upper bound:

1 ‘
9(0:) < g(0:-1) = 57 [Va(Or)|I?

m Convexity:

g(0: 1) *!l(&) < <V.’1(9/ 1),0i-1 — 9*> < Hv.(}(er 1)H HH/, 1 9H

m Using that |0, — 0.1 < [0, — 0.

9(0;) — g(0.) < g(6,-1) — g(6.) {9(6:-1) — 9(6.)}?

~2L]/60 — 6.2
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Convergence proof - gradient descent smooth convex
function

Setting
1

A = g(0:) — g(0. d =
¢ =9(0:) —g(0.) and a 2L0 — 0,2

we have to analyze the convergence of
A/ S A[,l - (IA./_)il
Quadratic upper-bound:

Ay =g(0) — g(0.) < (L/2)6: — 0.]* .
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Gradient descent
Accelerated gradient methods

Convergence proof - gradient descent smooth convex

function

Setting
1
Af — (/(07‘> o (](0*) and o = W

we have to analyze the convergence of

Af S Al‘,f'l — (]’A?71

] 1 Ag_ .
S71 o divide by AsAs_y

-— —

A,sf'l A,s A,s

— «a because A; is decreasing

IN

=
|

IN
Bl

Francis Bach, Aymeric Dieuleveut, Alain Durmus, Eric Moulines CEMRACS 2021



Supervised Machine Learning
Smooth convex optimization

Non-smooth convex optimization Gradient descent
Stochastic approximation Accelerated gradient methods
Proximal methods
Applications

Convergence proof - gradient descent smooth convex
function
Setting 7
Ay =g(0;) —g(0y) and «a= m
we have to analyze the convergence of
Ay <Ay — (tAﬁl

L < . at by summing for s =1 to t

Ag T Ay N

Ay < T\(;Ao .

Using that o — {200y — 0./|7} " and Ay < (L/2)]|0, — 0.1, yields

2L — 6.
_ 210 — 0.

Ay <
t+4
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Limits on convergence rate of first-order methods

m First-order method: any iterative algorithm that selects 0, in

m Problem class: convex /.-smooth functions with a global minimizer

For every integer and every there exist a function
in the problem class such that for any first-order method, we have that

where (.. is the minimum of the function
rate for gradient method might not be optimal!
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Proof of the lower bound

Consider the "worst function in the world” [Nesterov, 2004]. Set n ¢ N

and for any i € {1,....n}, consider the function
k—1 7
9k (0) = 24D (0T -0+ (07)2 — 207

1=1
Fact 1: ¢, is convex and L-smooth:

k—1

<V2.(]]w'<6>5-,5> [ + Z z+| (,ﬁl“)2‘|

1=1

and
I , k—1 ‘ koo
(V2gu(6)s.5) < 5 [() +232(()* + () + wﬂ <L) (s
i=1
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Proof of the lower bound

Consider the "worst function in the world” [Nesterov, 2004]. Set n ¢ N

and forany e {1,..., n}, consider the function
k—1
‘(/]‘,(\Hk) +Z o JJ,»I (H/,.>3 720|

Fact 2 minimizer supported by first / coordinates (closed form)

g0 _ [ 1 S i=1,, k,
E 7o, E+1<i<n.

and the optimal value of function ¢, is

. L |
Ik =Y o+ 1
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Proof of the lower bound

Consider the "worst function in the world” [Nesterov, 2004]. Set n ¢ N

and for any i € {1,....n}, consider the function
Loy = ‘
gx(0) = S 10") + ;(el —6"1)? 4 (%)% — 20']
Fact 2 Note also that
i:’fz _ k- 1)k+1) _ (k+1)°
6 - 3

i=
Therefore
n k

B2 = 3@ = (- )2

i=1 1=1

S A+12+A+lzz A“)

i—1
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Proof of the lower bound

Consider the "worst function in the world” [Nesterov, 2004]. Set
and for any , consider the function

Fact 3 any first-order method starting from zero will be supported in
the first /: coordinates after iteration

Denote ; that is a subspace of
, in which only the first & components of the point can differ from
zero. From the analytical form of the functions it is easy to see that

for all we have
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Proof of the lower bound

Consider the "worst function in the world” [Nesterov, 2004]. Set
and for any , consider the function

Fact 3 any first-order method starting from zero will be supported in
the first / coordinates after iteration
Let us fix some Let . Then for any sequence
satisfying the condition

we have
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Proof of the lower bound

Consider the "worst function in the world” [Nesterov, 2004]. Set n ¢ N

and for any k< {1...., n}, consider the function
I k—1
H :7’ ’H\ 2 Hifﬁ[«‘rl"_) ’HL‘;’?QHl
gr(0) = S1(0") +;< )+ (0%) ]

Fact 4 For any sequence {0, }] _ such that 0, = 0 and 0, < £, we

have
9p(0r) > gz

Indeed, 0, © £, C R and therefore

9p(0r) = g (0k) > gy
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Proof of the lower bound

Consider the "worst function in the world” [Nesterov, 2004]. Set 1 ¢ N
and for any ke {1,..., n}, consider the function

k—1
\ L oiye (i i+1\2 | (pk\2 _ 9pl
9x(0) = S 1(6) +;<ﬁ — 07+ (07) — 20']

At iteration /, take ¢ = ¢2; . 1and compute a lower-bound for

9(0r) — g(0)
100 — 0.
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Smooth convex optimization
m Gradient descent
m Accelerated gradient methods
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Accelerated gradient methods (Nesterov, 1983)

Assumptions: ¢ convex, [.-smooth | min. attained at 0.
Algorithm

1
O = m—1— TT!](W*!)

t—1
n = Herm(ﬁf*@f 1)

Bound
2

2L||6y — 0.
(t+1)2

9(0:) — g(0s) <
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Extension to strongly-convex functions

Assumptions: ¢ convex, [-smooth, strongly convex
Algorithm

0,

1
Ne—1 — Zvll(']hl)

Bound ,
9(0:) — 9(0x) < L[|6o — 0.]*(1 — v/u/L)*

Related to conjugate gradient for quadratic functions
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Supervised Machine Learning
FA Smooth convex optimization
Non-smooth convex optimization
3 Stochastic approximation

H Proximal methods

[@ Applications

«Or «fFr <

it
it
it
N

bl
Q
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Non-smooth convex optimization

Subgradient

The subgradient of / at 0 is the set of vectors satisfying

m the definition is unilateral | the affine function
minorizes / and coincides with | at

m The definition is global in the sense that it involves all

m Seems to deviate from the " classical” concept of differentials (no
remainder terms, the condition is local and not global)
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Basic subgradient calculus

[@ Scaling: d(af) = adf provided a > 0. The condition ¢ > () makes
the function | remain convex

@ Addition: O (f +g)=0(f)+ d(g) if int dom fNdomg # 0.
Affine composition: if g(0) = f(A0 + b) then

0g(0) = ATOf (A0 +1).
@ If/ is differentiable at a point ¢ < int dom [ then

of (8) ={Vf(0)}
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Non-smooth convex optimization

Basic optimality conditions for convex optimization:
unconstrained case

Let | be convex. If ¢ is a local minimum of [, then ¢ is a global
minimum of f. Furthermore, this happens if and only if

It can be easily seen that if and only if ¢ is a global minimum.

Now assume that ¢ is a local minimum of /. Then for any 7) and A\ small

enough

which implies that and thus that ¢ is a global minimum of
O
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Basic optimality conditions for convex optimization:
constrained case

Given a convex set © C R? and a convex function /6 — R, we intend
to
heg /()
Define the characteristic of the convex set ©
o 0, €0
Ie(0) : { -

oo  Otherwise

By definition of subgradients, the subdifferential of /¢ is given by the
normal cone at ¢

0lo(0) = {w e R" | (w,n—0) <0,Vn € ©}
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Non-smooth convex optimization

Basic optimality conditions for convex optimization:
constrained case

Let be a convex function and © be a convex set. Then (). is
an optimal solution of if and only if there exists
such that
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Subgradient: links with directional derivatives

m Since for any s € Jf(0), we have [(0U) > [(0)+ (s,0 — 0) for all
) cRY forany ¢ « R" and ¢ > 0 we get

tTHAO+ 1) — f(0)} > (5.0)

m Taking the limit at # | 07, for all 0. < RY,

(s,¢) < f(0,0)
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Subgradient: links with directional derivatives

m Conversely, if for all ¢ « 27, (s.¢) < f/(0.C), then for all # > 0, the
increase slope property implies

(,0) < f1(0,0) <t H{f(O+tC) — F(0)}

m Taking = 1l and ¢ = — 0,
f(0) + (5,9 = 0) < f(I)

showing that s € Of(0).

Of(0) = {seR: f(0) + (5,9 —0) < f(9) forall ¥ € R?}
={seR: (5,¢) < f(6,¢) forall ¢ e RY
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Subgradient method/descent

Assumptions: ¢ convex and -Lipschitz-continuous on {||0|, < D}
Algorithm: 0, = Hn(/%l w(‘)g(fhﬁ) where 11, : orthogonal

projection onto {[|0|, < D}

=
==

Constraints
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Subgradient method/descent

Assumptions: ¢ convex and -Lipschitz-continuous on {[|0|, < D}
Algorithm: 6, = H,;(/)f 1 — 7:0g(6: ¢>> where 11, : orthogonal

projection onto {0/ < )}
Bound [with optimally chosen stepsize /]

t—1

1 . _2DB
g ( > m) —g(6:) <
i vt

Best possible convergence rate after O(d) iterations (Bubeck, 2015)
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N

Subgradient method/descent - proof - |

Iteration: ¢, = 11 (0,1 — 1:0g(0;—1))

Assumption: ||[0g(0)]|2 < B and ||0||s < D

0: — 0,15 < [|10:—1 — 0. — 7:9g(6:—1)]|3 by contractivity of projections
<01 — 0.3 + B*37 — 27¢(0s—1 — 0,09(0:-1))  because [[9g(0:-1)|]2 < B
< 0e-1 — 0.3 + B — 27 [9(0:-1) — g(6.)] property of subgradients
leading to
B?y 1 x f
9(0i-) = 9(0) < 22+ [0 — 0.1 — 16— 0.18]
Yt

u}
)]
I
i
it
N
el
2
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Subgradient method/descent - proof - |

(Or—1) — g(0:) < &

Yt
- 2
Constant step-size 7, =

1
0
+ 2, [H t—1
o
t

0.5 — 116 — 6.13]

Z[,(l(eu l 7(/ Z Z 79*“57“
u=1 u=1 u=1
B2y 1

0. — 0.)12]
B%*y 2
— <
. +27}|\a() 0.2 <t

~p?
2 - ol
Optimal step-size v = B\/ depends on the horizon

Convexity: g( Z(h) —g(6.)

k=0

ngfl
<t

_2DB
Vit
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Sub-gradient: decreasing stepsize

BQ‘/f 1 2 2
9(0r-1) = 9(0.) < T 4+ (101 = 0.3 = [16: — 0. 3]
Yt

t t
> [9(0u—1) —g(6.)] < Z +Z = [10u-1 = .13 = 110 — 0-113]
u=1 u=1 u=1
By — 1 160 — 64113 110: — 04113
— Hu - 9 P -
2 . 2 H = 2“/ 2 )+ 2m 27

By, | 1 4D2 B? T 4D2
<Z +24D 2[u+l 72'\”1 2'}1 72

u=1 u=1 u=1

Convexity: with v, = 2D /(B./u) we get

(/Zek> 1(6.) ST
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Subgradient descent for machine learning

Assumptions (/ is the expected risk, / the empirical risk)
m “Linear” predictorS' O(x) = (0, D(x)), with [|[D(x)]s < R
m f(0) = L300 UYL ((X,),0))
(] G—Llpschltz Ioss: ,/ and [ are (/i-Lipschitz on © — {[|0], < D}
High-probability bound: with probability greater than 1 — §

1

1

sup \f(ﬁ) - f(O)] <

O

GRD[, o yiog
n \/

o9

Optimization: after / iterations of subgradient method

HOE min f(0) < NG

t = n iterations, with total running-time complexity of O(n*d)
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Non-smooth convex optimization

Summary: rate of convergence

Assumption ¢ convex
Gradient descent
Problem parameters

[ diameter of the domain
m 3 Lipschitz-constant

m /. smoothness constant
n

strong convexity constant

convex strongly convex
nonsmooth | deterministic: deterministic:
smooth deterministic: deterministic:
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Non-smooth convex optimization

Going back to minimization of expected and empirical risks

m From a finite set of observations: 7,...., 7, the empirical risk:

FO)=(1/n)> 00.2) .

1=1

m In the case n is moderate, we can use the algorithms considered
before.
m In the case

m 1 is very large (say > 10°),
m the data is distributed among different devices,

these methods cannot be used anymore.
m Solution: batch learning

m This method belongs to the very rich class of stochastic
approximation schemes.
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Proximal methods

Applications

Supervised Machine Learning

FA Smooth convex optimization
Non-smooth convex optimization
Stochastic approximation

H Proximal methods

[@ Applications

«Or «fFr <

it
it
it
N
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Q
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An introduction to stochastic approximation
Stochastic approximation Smooth strongly convex case
i ximati - 5
P! Stochastic subgradient descent/method

A Stochastic approximation
m An introduction to stochastic approximation
m Smooth strongly convex case
m Stochastic subgradient descent/method
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Supervised Machine Learning

Smooth convex optimization . . " .
P An ion to ppi

Non-smooth convex optimization
A Smooth strongly convex case

Stochastic approxi - hastic sut i descent/method
Proximal methods

Applications

Links with batch learning

Empirical risk minimization
m Finite set of observations: 7,,..., 7,
m Minimize the empirical risk: v/A'(H) = % w1 00, Z;)
Batch stochastic gradient
mlet S5 C {1, ..., n} be a mini-batch sampled with/without
replacement in {1..... n} with cardinal |5 = .
m Define the mini-batch gradient
Vis0) = (1/p) Y _Vel(0,Z;) ,
where p = /N or p = 1/(").
m Then, V_f’_g is an unbiased estimator of T}‘ i.e.

E[V fs(0)|(Zi)ictr...my] = VF(0) .
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Smooth convex optimization et
I An introduction to stochastic approximation
Non-smooth convex optimization
5 Smooth strongly convex case
Stochastic appt ion N -
ic descent/method
Proximal methods

Applications

Links with batch learning

Empirical risk minimization
m Minimize the empirical risk: /(#) — % vy 000, 2;)
Batch stochastic gradient

m Batch stochastic optimization consists in replacing T,/:((};,.) by the

minibatch estimate T}‘\/ (01) in the gradient descent scheme to
define the iterates (0 ).

01 = Oy 1 Vfs.. (0r)

where (5. ) is an i.i.d. sequence of minibatches and (7, ).+ is a
sequence of stepsizes.
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An introduction to stochastic approximation
Stochastic approximation Smooth strongly convex case
i ximati - 5
P! Stochastic subgradient descent/method

Links with batch learning

Remarks
[ uniform with /without replacement non necessary the best
choice.
[ is either held constant or decreasing going to
m If it is constant , the scheme does not converge in general:

there exists a small bias of order ;
m If , then the scheme converge under appropriate

conditions.
m This scheme belongs to the class of stochastic approximation
schemes.
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Supervised Machine Learning
Smooth convex optimization

P An duction to ppi
Non-smooth convex optimization
. A Smooth strongly convex case
Stochastic appt ion . N m
ic descent/method

Proximal methods
Applications

Links with online learning

Expected risk minimization

m Minimize the expected risk: [(0) = E[((0, 7))
Online stochastic gradient

m Let (7).),cr- be ani.i.d. sequence.

m Define for any /i € N*,

V1e(0) = Vol(0, Zy) .

m Then, V[, is an unbiased estimator of V /, i.e.
E[V fi(0)] = V/(6)
where the expectation is taken over the data (7} ).
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Smooth convex optimizati
Non-smooth convex optimization
Stochastic approximation
Proximal methods

An introduction to stochastic approximation
Smooth strongly convex case
Stochastic subgradient descent/method

Applications

Links with online learning

Empirical risk minimization
m Minimize the expected risk: f(0) = E[/(6. 7))
Online stochastic gradient

m Online stochastic gradient defines the iterates (0;. )1,
()//+I — (}/: 7 A"I/Jrlvf//%»\(()u) )

where (74 )1+ is a sequence of stepsizes.
Remarks
m (7)o is either constant or decrease to 0.

m This scheme also belongs to the class of stochastic
approximation /optimization schemes.
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Smooth convex optimization R
— An ion to
Non-smooth convex optimization
. A Smooth strongly convex case
Stochastic appt ion PR N m
R ic descent/method
Proximal methods
Applications

Stochastic gradient descent

Goal of stochastic gradient:
m Minimize a function / defined on 2
m given only unbiased estimates V f,, of V[,
m or Jf, of its subgradients 0.

Online learning
m loss for a single pair of observations: ‘ Jfn(0) = 0(Y,, (0, 2(X,,))) ‘
m [(0)=E[[,(0) =E[/Y,, (0, P(X,)))] = generalization error
m Expected gradient:

V1(8) = E[Vfu(8)] = E[l(Yn, (6, D(X0))) D(X,)]

m Non-asymptotic results

Number of iterations = number of observations
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Smooth convex optimization

{mizati An introduction to PP
Non-smooth convex optimization
Stochastic i tion Smooth strongly convex case
i io N 5
A i i descent/method
Proximal methods . /
Applications

Convex stochastic approximation

Key properties of | and/or [,
m Smoothness: | B-Lipschitz continuous, V [ [L-Lipschitz continuous
m Strong convexity: [ ji-strongly convex

Key algorithm: Stochastic (sub)gradient descent (a.k.a. Robbins-Monro)

(/n — ()717'1 - Amv,/'n (’()7771) 5 ()n — ()nfl - ’:’NU,/‘H(()I)fl) ‘
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Smooth convex optimization q q p et
I An introduction to stochastic approximation

Smooth strongly convex case
Stochastic subgradient descent/method

Non-smooth convex optimization
Stochastic approximation
Proximal methods

Applications

Stochastic approximation beyond convex optimization

Stochastic approximation goes far beyond convex optimization.

Problem: find the roots of the mean field function /., i.e. solve
h(6) = 0.

In stochastic optimization: /1 = V [.

The function /. is not known in closed form, but

h(0) = / H(0,z)v(dr)

where H : © x X — O is a known function and v is a probability
distribution over X.
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Smooth convex optimization q q q et
I An introduction to stochastic approximation

Smooth strongly convex case
hastic sul lient descent/method

Non-smooth convex optimization
Stochastic i
Proximal methods

pp! ion

Applications

Stochastic approximation beyond convex optimization:
Robbins Monro set up

m Assume that there is an i.i.d. sequence { X', n € N} distributed
according to v

m The stochastic approximation procedure:
()7/ 01771 T “],,H(;(/,,,LA\',,) WithE’]’n(()ufl)‘j.:nfl‘ /1<()7/7I\,)

where 7, | is the o-algebra of summarizing " past” observations.
m Can alternatively be written

()/7 01171 ‘ Aml](()nfl) ) A,‘IIA\[H

where V1, — [1(0, 1. X,) — hi0,).

m Under the stated assumptions, £ [/, | 7, ;| = 0, i.e. the sequence
{M,,, n € N} is a martingale increment sequence.
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A Stochastic approximation
m An introduction to stochastic approximation
m Smooth strongly convex case
m Stochastic subgradient descent/method
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Smooth convex optimization
Non-smooth convex optimization
Stochastic approximation
Proximal methods

An introduction to stochastic approximation
Smooth strongly convex case
Stochastic subgradient descent/method

Applications

Convex stochastic approximation

Key properties of | and/or [,
m Smoothness: | B-Lipschitz continuous, V /' L-Lipschitz continuous
m Strong convexity: [ ji-strongly convex

Key algorithm: Stochastic (sub)gradient descent (a.k.a. Robbins-Monro)

()II 7()//7| //v//z //7| ) ()// 7(//17\ //()/// n—1 ‘

m Polyak-Ruppert averaging: 0, — 1 ' >/ 0

«

m Which learning rate sequence ~,,7 Classical setting: | v, = Cn
Desirable practical behavior

m Applicable (at least) to classical supervised learning problems

m Robustness to (potentially unknown) constants (L, 73, /.)

m Adaptivity to difficulty of the problem (e.g., strong convexity)
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An introduction to stochastic approximation
Smooth strongly convex case
Stochastic subgradient descent/method

Applications

Smoothness/convexity assumptions

IteratiOn (},, — ()// - Ilv]LN //7|

n—1
Polyak-Ruppert averaging ¢,, = Z 0
Strong convexity of [: The functlon f is strongly convex with respect to
the norm |||, with convexity constant ;1 > 0:
. : . . o Liian2
Invertible population covariance matrix or regularization by %HH |

- there exists a unique minimizer ¢/
Smoothness of /,,: For each n > 1 the function [, satisfies a.s.:
m convex;
m differentiable with /-Lipschitz-continuous gradient V /,,;
m bounded variance (bounded data): almost surely

E{IV S (0921 o] < 0

Francis Bach, Aymeric Dieuleveut, Alain Durmus, Eric Moulines CEMRACS 2021



An introduction to stochastic approximation
Smooth strongly convex case

tochastic approximation Z £
S ic appraximati Stachasticloubsradicntldescent methad

Summary of new results (Bach and Moulines, 2011-2013)

Assumptions
m Stochastic gradient descent with learning rate
m Strongly convex smooth objective functions

m Bounded variance (bounded data): w.p.

Results
- Old: rate achieved without averaging for
- New: rate achieved with averaging for

- Non-asymptotic analysis with explicit constants
- Robustness to the choice of
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Smooth convex optimization
Non-smooth convex optimization
Stochastic approximation
Proximal methods

An introduction to stochastic approximation
Smooth strongly convex case
Stochastic subgradient descent/method

Applications

Summary of new results (Bach and Moulines, 2011-2013)

Assumptions
m Stochastic gradient descent with learning rate v, = C'n= ¢
m Strongly convex smooth objective functions

m Bounded variance (bounded data): w.p. 1,
E[[|V frg1(6*)]1?|Fn] < 02
Results

Old: O(n ') rate achieved without averaging for o — 1

- New: O(n ') rate achieved with averaging for o < [1/2, 1]

Non-asymptotic analysis with explicit constants
Robustness to the choice of ('

Convergence rate for E[|0,, — 0*||*] and E[||0,, — 0

2),

- without averaging: O(~,,) + O(c ][0, — 077

- with averaging: O(n ') +O(n %) + 2|0y — 07]]20(n?)
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Supervised Machine Learning
Smooth convex optimization
Non-smooth convex optimization
Stochastic approximation
Proximal methods

Applications

An introduction to stochastic approximation
Smooth strongly convex case
Stochastic subgradient descent/method

Examples

e alpha (d =500, n = 500 000), news (d = 1 300 000, n = 20 000)

alpha square C=1 test alpha square C=opt test
1 1
_ 05 05
g o 0
s -05 -05
;é - 2 - 2
kel — 1R —CIR
-15 — R -15 — /R
2| —saAc 2| —saAG
0 4 6 0 2 4
log, o(n) log, (n)
news square C=1 test news square C=opt test
0.2 0.2
0 0
£ -02 0.2
T
= -04 -0.4
°
& -o6{|—1R’ -0.6{ —CIR’
——4/R%n'2 ——C/R%n'2
-0.8 ——SAG -0.8 ——SAG
0 2 4 0 2 4
log, o(n) log, (n)
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MOooth convex optimization An introduction to stochastic approximation
Non-smooth convex optimization
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Stochastic i ion £
ima S dient descent/method
Proximal methods © lescent/metho

Applications

Sketch of proof - [ strongly convex, f,, smooth, bounded
variance

m Consider 0, — [|0,, — 07]".
m Then, we have almost surely

c : . 2
()N 1 — ()n — Tn+ l<v,fn,\ 1(917>~ HH, o 9*> + A),Z; 1 HV/n I(H'H,)H .
m [ is strongly convex:

E[(Sn,- 1“/—_'11} - (511, - Tn+ I<Vf<ﬁn>~, H'H, 7 9*> + A,’i } IE[van( l(HN,>H2 |‘FH}
< (1= pYng1)0n + 7.,2;+1E[Hv./‘71,+'1<0n> - v,[(()*)HZ ‘Fn} :
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Smooth convex optimization q g a a A
ptimizat An introduction to stochastic approximation
Non-smooth convex optimization
A Smooth strongly convex case

Stochastic i ion "
Al S | d t thod
Proximal methods © e

Applications

Sketch of proof - [ strongly convex, f,, smooth, bounded
variance

m Consider 0, — [|6, — 0°]".
m Then, we have almost surely

(572+] — (571 — VYn+1 <vfn+1 (071) {)n o 0*> + ’\,’;zlJr] van'l ({)n)HZ .

m Since V[, | is a.s. Lipschitz with bounded variance at 0",

E {Hv./}l#l (0r7> o T[(H*MZ

<E vaHJrl (H”) o vfnJrl (9*> + vfnJrl (9/) o Vf(‘)*)l\Q
< 2(L36, + 0?).

7

)
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Smooth convex optimization a A
ptimizat An introduction to stochastic approximation
Non-smooth convex optimization
Smnoth strongly convex case

Stochastic i jon N "
Al S b | d t thod
Proximal methods © e

Applications

Sketch of proof - [ strongly convex, f,, smooth, bounded
variance

m Consider 0, — [0, — 07|
m Then, we have almost surely

6n+] — (571 — Yn+1 <vfn+1 (Hn)- en o 6)*> + ’\,’;zlJr] van'l (en)HZ

m Conclusion:

9122 N 6.2 2
[ erH‘-Fn} < — HYn+1 +2L A/’err])()?? + 20 rHA] .
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Stochastic Approximation: take home message

m Powerful algorithm:

m Simple to implement

m Cheap

m No regularization needed
m Convergence guarantees

Problems:

m Initial conditions can be forgotten slowly: could we use even
larger /fixed step sizes?

m For fixed step sizes, the previous bounds do not show that
or

m We only have and
m We illustrate these two facts using numerical simulations
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Non-smooth convex optimization

Stochastic 5 ion Smooth strongly convex case

Proximal methods - Cescent/ehod

Applications

Motivation 1/ 2. Large step sizes!

— i

kS

\L‘: -1.5 I AN S e
I -2
< 25

S
SN~— _3

o

a0

2 -3.5

-4|—1/2R?
—1/2R*\/n
45 \

1 2 3 4 5 6

logyo(n)

Logistic regression. Final iterate (dashed), and averaged recursion (plain).
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Non-smooth convex optimization
Stochastic approximation
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Applications

Motivation 1/ 2. Large step sizes, real data

— -0.5
'3
N
~ A |
I
\S,:/ -1.5 ]
=
e 2 —
o0
<
-2.5 1
—1/R?
—Decaying Steps
_3 T L
0 2 4 6

logyo(n)
Logistic regression, Covertype dataset, n = 581012, d = 54. Comparison

between a constant learning rate and decaying learning rate as ﬁ
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Smooth convex optimization q q p e
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Smooth strongly convex case
hastic suk lient descent/method

Non-smooth convex optimization
Stochastic imation

Proximal methods
Applications

Motivation 2/ 2. Difference between quadratic and logistic
loss

» 0
15 A -4
2 UL ez
-2
-25
3 -3
-3.5 -4
4| [—12R?
—1/2R*\/n -5 .
45 - 0 2 4 6
1 2 3 4 5 6
Logistic Regression Least-Squares Regression

Ef(8.) ~ £(0") = 0(7?) E1(6,) - 16 =0 1)

with v = 1/(2R?) with v = 1/(2R?)
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Stochastic ion

Proximal methods
Applications

ic sut lient descent/method

Constant learning rate SGD: convergence in the quadratic
case
Least-squares: [(0) = [[L[(} — (D(X).0))] with 0 ¢ R
m SGD = least-mean-square algorithm

= With strong convexity assumption [ &(X) & &(X)| = /= - 1d

0* = H'E[Y (X))

mo, >0 asn— +oo
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Non-smooth convex optimization
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An introduction to stochastic approximation
Smnnth stmngly convex case

Proximal methods
Applications

Constant learning rate SGD:

case
m Key identity:
Opi1— 0% =

(1d —H) (0, — 0%)

Nnt1(0) = HO—E[Y ®(X)]
m Therefore,

en+l -0 (Id /\/H>n+l

and

O, — 0" =(n+1)"

k=0

Francis Bach, Aymeric Dieuleveut, Alain Durmus, Eric Moulines

Jr“,»'f}n,+1<9n> 3 E[7/'/1,+l< :))‘Fn}

12(6’;‘.—9* (n+1 lin Or)
k=0

S descent/method

convergence in the quadratic

—B( X 1)P(Xs1) " 0+Y, 1 (X 1)

"1 (k)

+qz (Id —vH)"™

k=0

0
o (w1 =

it
€
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Smooth convex optimization
Non-smooth convex optimization
Stochastic imation

An introduction to stochastic approximation
Smooth stvongly convex case
ic suk lient descent/method

Proximal methods
Applications

Constant learning rate SGD: convergence in the quadratic
case

Least-squares: [(0) — J[0[(} — (D(X).0))7] with 0 ¢ kY
/I*, o H* — (I(l -7 ll)(H/z o H*) Jr 7 ’/quJ,(Hu) 3

m The sequence (0,,),~¢ is a homogeneous Markov chain
E Converges to a stationary measure 7,
A 0, convergesto 0, = [, Udm, (V)
m ldentification of 4,
m If 0y ~ 7, then 0 ~ 7.
m Taking expectation, and using [ [1);(¢)] = 0 for any 0 ¢ R’

/U(z) 0" )dm,(9) =0=0, =0".
Jrd

m Conclusion 0,, — 0" as n — +oc if ergodic
m Question: What happens in the general case?
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Smooth convex optimization q g a a A
ptimizat An introduction to stochastic approximation
Non-smooth convex optimization
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Stochastic i ion "
Al S | d t thod
Proximal methods © e

Applications

SGD: an homogeneous Markov chain
m Consider a .—smooth and p—strongly convex function f.

m SGD with a step-size v > 0 is an homogeneous Markov chain:
071 = 07— YV fisa(6]) = 0 — A [VLO7) + mea (67)]
Me1(0)) = V fir1(07) — VI(0)) » et (6])|Fn] = 0.

Additional assumptions
m V[, =V [+, is almost surely -co-coercive: for any
01,605 € Rd,

(VFi(01) =V fi(62), 01 — 02) = L™V fi(61) = V f1,(62)|” -

m Bounded moments for p large enough,
E[||ex(0)]]"] < o0 .
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Stochastic gradient descent as a Markov Chain: Analysis
framework?

m Let be the Markov kernel associated with

m Existence of a stationary distribution for /7., and convergence to
this distribution.

m Behavior under the limit distribution ( ):

Provable convergence improvement with extrapolation tricks
used for numerical integration and applied probability.

m Analysis of the convergence of 0 to through its
MSE.

2Dieuleveut, D., Bach.
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Stochasticlapproximation Stochastic subgradient descent/method

Existence and convergence to a stationary distribution

Wasserstein metric: 7 and )\ probability measures on

is the set of probability measure ¢ s.t. ,

For , the chain admits a unique stationary distribution
and for all , ;
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Non-smooth convex optimization
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Stochastic i ion S £
ma S bgradient descent/method
Proximal methods © lescent/metho

Applications

Existence of a limit distribution: proof | /IlI

m Coupling: 0',0” be independent and distributed according to \;, \>
respectively, and (H,(f_z)>(—,,(H,(‘,’_)E‘V)A.>(—) SGD iterates:

01, =00 =y [VFOL) +mesa (0)]
y . ) )
02, =00 —y[VFOL) + s (00))] -

m for all /: > 0, the distribution of (/") 0" ) is in [1(\, 22\, 1))
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Applications

Existence of a limit distribution: proof 11/l

B[l - 621)] <E 60 — 49 11(6) - (62 — 19 £1(6@)))]?]

<E {le) . 0(2>H2 B 2A/<Vf1(9<1>) CV(0@), 00 — 9(2>>}

++E [Hm (61) — Vfl(e<2>))ﬂ

< {Hem - 9<2>H ~29(1 = 1D)E [(VA(6D) = V1(6@),00) - )]
g oo - 6| - 10— amE [(Tr6) - w600 - )

< (1 - 2uy(1 —4L)E Mem . 9<2)H2} ‘

u}
)]

I
i
it
N
el
2
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Smooth convex optimization
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Applications

An introduction to stochastic approximation
Smooth strongly convex case
Stochastic subgradient descent/method

Existence of a limit distribution: proof 111/11]

m By induction:

n

WO R, ARY) < E [0, - 02 2]
< (1—2py(1 —~yL)" / 161 — 62> dA1(61)dA2(62) -
Jaxy
m Thus l'l/"g(()‘glH;fAdng;f')g(l —2uy(1 —~L)™ |61 — 6)2\\2.
m Uniqueness, invariance, and Theorem follow:
W26 B2, my) < (1 - 207(1 = L))" / 16 — 9| dr, (6)
JRd

/
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An introduction to stochastic approximation
Smooth strongly convex case
Stochastic subgradient descent/method

Applications

Behavior under limit distribution.

m Then we have E[0,] — 0,. Where is 0,7 Close to 0*?
® In the quadratic case 6., = 0*
m In the general case, we show that

0, = 0" +7A(07) + O(r?)
A7) = ) o) ([£107) @ T+ T £1(07)] 7 Eln(67)*]) .
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Applications

Richardson extrapolation

Recovering convergence closer to 6, by Richardson extrapolation
207 — 62
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Experiments

logyo [f(0) — £(6.)]

Qunthatir Aata

Supervised Machine Learning
Smooth convex optimization
Non-smooth convex optimization

Stochastic ion

An introduction to stochastic approximation
Smooth strongly convex case

Proximal methods

Applications

ic ient descent/method

, Ry
e RN ‘/\/“““v\\/r\ [RAY

—1/R?
—1/2R?
—1/2R*\/n

—Richardson

—Online-Newton

2

laoictic raoraccinn

Francis Bach, Aymeric Dieuleveut, Alain Durmus, Eric Moulines
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Experiments: Double Richardson

~—

* 1 L

S~ ARG v A A e AV
| -2

—

>

S~—

S -3 —1 / R2
S —1/2R?
o0 -4+ 2
3 —1/4R

=

-5 r|—Richardson
Richardson 3y
-6 r|—Online-Newton

0 2 4 6
logyo(n)
Synthetic data, logistic regression, n = 8.10°
“Richardson 3~": estimator built using Richardson on 3 different
sequences: 03 = 507 — 2077 4 L0
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I An introduction to stochastic approximation

Non-smooth convex optimization
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Stochastic appt ion N - N -
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Proximal methods

Applications

Real data

D
S f
<
I 15 J
-
\S—;/ _2 ]
&
s 257 —qRe 1
o0 2
e 3L 12R ]
—Richardson
-3.5 || — Decaying Steps 1
—Online-newton

4 ‘ ‘
0 2 4 6

logyo(n)
Figure: Logistic regression, Covertype dataset. n. = 581012, d = 54.
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An introduction to stochastic approximation
Smooth strongly convex case
Stochastic subgradient descent/method

Stochastic subgradient descent/method

Assumptions
m [, convex and B-Lipschitz-continuous on {||0||; < D}
m (/) ii.d. functions such that E[/,(0)] = [(0)
m (. global optimum of / on {||¢|., < D}

. oD _ .
Algorithm: 6, = 11p (H,,J — ()f,,((),zl)>

Byn
Risk Bound:

/1 , 9DB

E

m Minimax convergence rate

m Running-time complexity: O(dn) after n iterations

Francis Bach, Aymeric Dieuleveut, Alain Durmus, Eric Moulines CEMRACS 2021
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Applications

Stochastic subgradient method - proof - |

On,

p(Orn-1 — 0 fn(0n-1)) where F,, = o((Yi, Xi),j < n).

100 — 0.3 < [|0n—1 — O — V0O f0 (0n—1) |3 contractivity of projections

< Henf o 9 Hz + R 777 -2 ,n<9n71 o HX,(‘),/'”(Q,I,[» H(‘)jn (6)7L71)H2 S B

Taking the conditional expectations of the both sides

E[HH” o 9 H.’Z“F”* } < H6”71 o H*Hi + BZ ”27 -2 /n<(9nfl — H#)-, Of(enfl»

< ||0n—1 — 0. HQ + B%y2 — 2, [f(Hn,l) — f(o" )} (subgradient property)
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An introduction to stochastic approximation
Smooth strongly convex case
Stochastic subgradient descent/method

Stochastic subgradient method - proof - |

0, =Up(0n-1 — O fn(0n-1)) where F,, = o (Y, Xi), 7 < n).

From
E[)|6n — ]3I Fn-1] < [10n-1 = 015 + B* v = 29n[f (1) — f(6")]
the tower property of conditional expectation implies
E[[|0n — 0+]13] < E[|[0n—1 — 0<]13] + B*y5 — 290 [E[f (0n—1)] — f(07)]
leading to

B?v, N 1
2 2’\,'11

E[f(0n-1)] — f(0%) < {Ell6n—1 — 0.]12] — E[|6n — 6.13]}

Francis Bach, Aymeric Dieuleveut, Alain Durmus, Eric Moulines CEMRACS 2021
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Stochastic approximation Smooth strongly convex case
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Stochastic subgradient

. By, 1 9 .
E[f(0n-1)] = £(6") < =5 + 5~ [Ell0n—1 — 0.]3 — E[|6n — 6.]3]
Constant step size
D B (0u-1)] — £(67)] < Z 2 {1101 — 671I3] —E |16 —
u=1 u=1
nB2~ n 4D2
- 2 2y

Optimum stepsize v = 20D /(\/n13) (depends on the horizon).

Francis Bach, Aymeric Dieuleveut, Alain Durmus, Eric Moulines CEMRACS 2021
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Smooth convex optimization
Non-smooth convex optimization
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Proximal methods

An introduction to stochastic approximation
Smooth strongly convex case
Stochastic subgradient descent/method

Applications
Stochastic subgradient
* BZ /77, l 5
E[f(6n-1)] = £(67) < T3 + 5= [Ellfn—1 — 6.3 — E[|6 — 6.3]
m

Constant step size

n n

}jmwwknw<ﬂwns§j (161 —0%[2] — E [ll6w — 07 [15] }
u=1 u=1
nB?y /IDZ
S 2 + 27,‘/‘

Convexity [fixed horizon]:
n—1

QDB

[ < k=0 ﬁ

Francis Bach, Aymeric Dieuleveut, Alain Durmus, Eric Moulines CEMRACS 2021




Supervised Machine Learning

S| th timizati . . . . .
mooth convex optimization An introduction to stochastic approximation
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Stochastic approximation
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Applications

Beyond convergence in expectation

NE

Vv

Convergence in expectation: £ { < -l szo ) - ,/’(H*)} < 20L
High-probability bounds

m Markov inequality: P (f (m' . o,\.) —F(00) > e> < 2pB

m Concentration inequality (Nemirovski et al., 2009; Nesterov and
Vial, 2008)

[\V]

DB

< < Z()/) — f(6") > N (2+1f)> < 2exp(—t?)
' k=0

Francis Bach, Aymeric Dieuleveut, Alain Durmus, Eric Moulines CEMRACS 2021
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Smooth convex optimization
Non-smooth convex optimization
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An introduction to stochastic approximation
Smooth strongly convex case
Stochastic subgradient descent/method

Stochastic subgradient method - proof - |

9!1 — HI)(HH 1 — AHI,([),[’H(HN l)) with fu, — U<<}1X/.)/ < ”)~

16 — 6),,\\5 < ||0n—1 — 0s — q,,z(’),/‘,l(en,|)|\§ contractivity of projections

2

S H()n 1 — ()>H§ + Bz’\,; o 2’\,"11 <()n 11— ()ny)f/z,(()/l, l)> H()fn(()n I)HZ S B

Define by 7, the error (approximation of the "true” subgradient by its noisy
version)
ZN, — 72<91171 - 9*3 (‘)fn,<9r771) — Of(91171>>

and using the convexity we get

(167 — 9*“3 < fn—1 — H*HE + ]—))275 — 27 U(HH*I) - j(ﬁ*)] + 22y

Francis Bach, Aymeric Dieuleveut, Alain Durmus, Eric Moulines CEMRACS 2021
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Proximal methods
Applications

Stochastic subgradient method - proof - Il
Zn = —0n-1—0",0fn(0n-1) —0f(0n-1))

From the inequality

Hen, o Q*HE) S Henfl o Q*HE) + Bzﬁ'i o 2777,[,]0(917,71) - f(e*)] + 2771Zn,

we get

fOn) = £(07) <

* |12 * || 2 BQ”,"/n
n—1 — 0 Hé o Hen, -0 Hé} + T +Zn

Summing up this identity

n

S () —F(67)] < ZB“ 3 100" 30,0 5343 7

u=1 u=1

u=1

u=1
[} [ = =
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stic appt Stochastic subgradient descent/method
Proximal methods

Applications

Stochastic subgradient method - proof - Il

Zn — 7<9n 1 — e*sd,fn,(en 1) - g)70(971 l)>

Setting .. = 20 /(3/n) [depending on the horizon 7] in

n n

* BZNU - 1 * 12 * |2 -
DO RS DR D D (S R DR D s

u= u=1 u=1

u=1
we get

n

1 — . 2DB 1
;;{ﬂ@m)*f(@ )< NG +;;Z~
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An introduction to stochastic approximation
Smooth strongly convex case
Stochastic subgradient descent/method

Stochastic subgradient method - proof - Il

Zn = —(On—1 — 07,0 fn(0n-1) — 0f (6n-1))

Setting ., = 200 /(B+/n) [depending on the horizon ] in

n n

D [ (Ou-1)- ] < Z f{Hﬁu—lfﬁ I3 —116u—6"13 HZ Zu

u=1 u=1 u=1 u=1

we get

n

LS e - ey < 202 L

u=1 u=1

Require to study = ' >} | Z, where (Z,);~1 is a bounded martingale
increment sequence: |2, | < 4DDB.
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An introduction to stochastic approximation
Smooth strongly convex case
Stochastic subgradient descent/method

Stochastic subgradient method - proof - Il

Zn 7<()H 1= O*s(),f)rl,(on 1) o ([)f(()u l)>

Setting .. = 20 /(3./n) [depending on the horizon ] in

S o)) < 3 TS 00" 300" 2343 2
u=1 u=1 u=1 ! u=1
we get

n

LY e -sen<2i iy g,

n

u=1 u=1

Azuma-Hoeffding inequality for bounded martingale increments:

1< 4DBt 5
Pl=-S 2Z,> < exp(—t*/2
(232> 22 com-r

n
u=1
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An introduction to stochastic approximation
Smooth strongly convex case
Stochastic subgradient descent/method

Stochastic subgradient method - proof - Il

Zn - 7<anl - H*-(‘),/‘rz (anl) - ()/(anl)>

Setting ., = 200 /(B+/n) [depending on the horizon ] in

n n

. L ~ By, 1 . f121 LN
D U Ou)=f(0)] <D 5 + 5 {[16u1—0" [3-[16u—0" 33+ _ Z.

u=1 u=1 u=1""1 u=1

we get

n

2DB
- Z{f (u-1) — £(67) o Zzu

u=1 u=1

Moment bounds can be deduced from Burkholder-Rosenthal-Pinelis
inequality (Pinelis, 1994)
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E Proximal methods
m Proximal operator
m Proximal gradient algorithm
m Stochastic proximal gradient

Francis Bach, Aymeric Dieuleveut, Alain Durmus, Eric Moulines
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Proximal operator
Proximal gradient algorithm

a Stochastic proximal gradient
Proximal methods C e

Definition

Definition (Proximal mapping)

. closed convex function; -: stepsize

m The uniqueness of the minimizer stems from the strong convexity of
the function

mIf , where /C is a closed convex set, then is the
Euclidean projection on

m The proximal operator may be seen as a generalisation of the
projection on closed convex sets.
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Proximal operator

If and , then
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Proximal operator

If and , then
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A characterization of the proximal operator

Let ¢ be a convex function on ©, ,

i.e. p is the unique element of © satisfying
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Proximal operator
Proximal gradient algorithm
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Proximal methods B e

A characterization of the proximal operator

Let ¢ be a convex function on ©, ,
i.e. p is the unique element of © satisfying

Follows also from the characterization of the subdifferential

is the minimizer of

Francis Bach, Aymeric Dieuleveut, Alain Durmus, Eric Moulines CEMRACS 2021
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Stochastic approximation
Proximal methods

Applications

Proximal operator: LASSO and Elastic net

m If g(0) = > 210, then prox,
operation

, is shrinkage (soft threshold)

O —y\i 0 >\
[S/\,‘,(eﬂ,; =40 10:] < Y\

m 1f g(6) = X ((1—a)/2)|0]3 + al|8]|1)

T — YA if > v
T +yda  if T < =y

0 otherwise

1
<Pl()XAHV(](T))I-’ = m
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Proximal operator
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Fixed points of the proximal operator

Let ¢ be a proper convex function on ©. The set of fixed points

coincide with the set of global minimum of
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Proximal operator
Proximal gradient algorithm

a Stochastic proximal gradient
Proximal methods B e

Fixed points of the proximal operator

Let ¢ be a proper convex function on ©. The set of fixed points

coincide with the set of global minimum of
m Characterization of the proximal point
m Sub-gradient: for all ,

Conclusion
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Firm non-expansiveness

If ¢ is a proper convex function, then and are firmly
non-expansive (or co-coercive with constant 1), i.e. for all ,
where and
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Proximal gradient algorithm

a Stochastic proximal gradient
Proximal methods B e

Firm non-expansiveness

If ¢ is a proper convex function, then and are firmly
non-expansive (or co-coercive with constant 1), i.e. for all ,
where and

Adding these two equations yield
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Proximal operator
Proximal gradient algorithm
Stochastic proximal gradient

Assumptions

(P) min F(0) F0) = f(0)+ g(9),

fcRd
Assumptions
mg: RY— (—o0, +00] closed convex

B [ :© — R is convex continuously differentiable and V [ is gradient
Lipshitz: for all .0 ¢ O,

IVF(O) = VO < Lllo -0,
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E Proximal methods
m Proximal operator
m Proximal gradient algorithm
m Stochastic proximal gradient
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Proximal gradient algorithm

On+1 = Prox,, 4 (0n

where

Prox, 4(7) = min | ¢g(0) +

0co

Francis Bach, Aymeric Dieuleveut, Alain Durmus, Eric Moulines

Proximal operator
Proximal gradient algorithm
Stochastic proximal gradient

— Y1V F(6,))

116 — 7l
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Proximal operator
Proximal gradient algorithm
Stochastic proximal gradient

Majorization-Minimization interpretation
m Since |/ is gradient Lipshitz, for all - < (0, 1/L]

F(n) = (n) +g(n) < £(6) + (V5 (8),n — 0) + 510 — P + g(n)

m Consider the following surrogate function

Q.(010) = 1(0) + (Y £(0).n— 0) + o= 0 — P + ()

m Forall 0 € ©, 1 — (), (1|0) is strongly convex and has a unique
minimum and

F(n) < Qy(nl0) F(0) = Qy(010)
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Proximal operator
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Proximal operator
Proximal gradient algorithm
Stochastic proximal gradient

Majorization-Minimization interpretation

def , . 1 .
Q(nl0) = £(0) + (VF(0), = 0) + o-lln — 01> + g(n)

= 0+ 5 In— (0~ VIO ~ 2IVFO)1 + o(a)

2

The iterates of the proximal gradient algorithms may be rewritten as
Opin =1, . (0,) with the point-to-point map 7', defined by

T,(0) % Prox, 4 (0 — YV 1(0))

- zU'g“li]]l/&D()m(_q) (2” <’/‘9> .
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Proximal operator
Proximal gradient algorithm
Stochastic proximal gradient

Proximal gradient

m If g(0) = 0, — gradient proximal = classical stochastic gradient

()n — 07171 - A/rzvf«)nf])
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Proximal operator
Proximal gradient algorithm
Stochastic proximal gradient

Proximal gradient

m If g(0) = 0, — gradient proximal = classical stochastic gradient

()n — ()7171 - A/nvf(()nf'l)

mif g(0) =0if 0« C and g(#) = +oo otherwise where ( is a closed
convex set,

Prox, 4(7) = 1Hnilcl

6]

m

— gradient proximal = projected gradient

()n — HC (()n,fl - A/Hv,/‘(()llfl)>
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Applications

Proximal gradient for the elastic net penalty

If 9(6) = A (45210

3+ allol)

. T — YA if T > v A«
(PI.OX’}’.{/(TD/[ - m (7;,‘ + ’\/)\(’Y if 7 < 7A/w)\(},

otherwise

— Proximal gradient= soft-thresholded gradient

‘9n+1 - S(Y./\.",,, 1 (‘971 - ”/n+lvf<en>)

u}
)]
I
i
it
€
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Stationary points of the proximal gradient

where is the proximal map,

The fixed points of the proximal map are the global minimizers of
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Applications

Fixed points of the proximal map

Since

we get
0€dF(h) < 0 dvF(h)

=  0€Vf(O)+0vg(0)
<  0—9Vf(0) € (0+~0g9(0))
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P Proximal operator
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N . N Proximal gradient algorithm
Stochastic approximation . . N
a Stochastic proximal gradient
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Applications

Fixed points of the proximal map

Since

we get
0€dF(0) < 0€e€0vF(0)
<~ 0€~Vf(0)+ 0vg(6)
— 0—~Vf(0) € (0+~0g9(0))
Recall that, for any 7

p = prox,,(n) <= (n —p) € v99(p) <= n € p +vdg(p).
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P Proximal operator
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Stochastic appr ion P N radient
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Applications

Fixed points of the proximal map

Since

we get

0€dF(0) <= 0 dvF(0)
—  0e~Vf(0) +dvg(h)
—  O—yVf0) € (0+~99(0))

Recall that, for any 7

p= proxw(n) < (n—p) €v9g(p) <= n € p+~9Ig(p).
Hence, taking p < 0 and 1) < 0 — 4V [(0)

0€0F(F) <=0 ="1T,(0)
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Proximal operator
Proximal gradient algorithm
Stochastic proximal gradient

Lyapunov function

Qy016) = F(6) +(VF(6), 1~ 6) + 56—l + g(0)

mForall 0 c O, Fol (0) < F(0):
FoT,(0) <Q,(T4(0)]0) < Q,(0]0) = F(0)
Moreover, the inequality is strict unless ¢ is a fixed point of the
mapping 7.
m /' is a Lyapunov function for the proximal map 7.
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Proximal methods C e

Convergence result

m the objective function always converge {F(6,),n > 0}

m f is convex: then {6,,, n € N} converges to 0,, where 6, is a
minimizer of F.

m F(6,) — F(6,) =0(1/n).
m Results similar to smooth optimization (O(1/n) where n is the
number of iterations)

m Acceleration methods: Nesterov, 2007; Beck and Teboulle, 2009.
(O(1/n?)) [algorithm FISTA]
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ning

E Proximal methods
m Proximal operator
m Proximal gradient algorithm
m Stochastic proximal gradient
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Proximal operator
Proximal gradient algorithm
Stochastic proximal gradient

Stochastic proximal gradient

Objective
m Exact algorithm :

HN 1 — PI'()Xﬁ,, r1,9 (HH — VYn+ lvf(on))

m Pertubed algorithm :
Hu+l = Prox, nt1,9 (HH - ,‘J'N+lH7l+1)

where /, 1 is a noisy approximation of the true gradient V [(0,,).
m Problem find sufficient conditions on the stochastic error

Mn+1 = lln+l - vf<9/l)

to preserve convergence (closely related to SA).
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Convergence of the parameter

Assume [ is [.-smooth and the set is non-empty.
Assume in addition that for any and

If the following series converge

then there exists such that
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Convergence of the function

Assume [ is [.-smooth and the set is non-empty.
Assume that and let be nonnegative weights.
Then, for any and ,

where
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Proximal operator
Proximal gradient algorithm
Stochastic proximal gradient

Sanity check

m Assume that the gradient is exact, i.e. 7, = 0. Set A, = >
Then

n

FlA? Z()J —minF < A" Z(IJ F(0;) — min F

Jj=1 Jj=1
1 & ag (I,;,.,1> 2 ao 2
<*§ — Or—1 — 0.]|" + =—1|6o — O«|”
T2 <7k Vr—1 1651 I 2% 16 I
m Setting 0, = 1 and . = 1/L

n n
727129_, fmiann,HZF(H,)fminF
Jj=1

)

j=1

2

< Lo — 0.
2

m Up to constant, this is the same bound than the gradient algorithm for

smooth convex function.
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Proximal operator
Proximal gradient algorithm
Stochastic proximal gradient

Perturbed gradient

m Take ay = vy, for ke {1,....n}. Then, for any 0, ¢ L and n > 1,

n

- . 1 .
FI, L ]z:'\/,]‘ﬂl‘. —min F < KHQ(] o Q*H_)
=1 .
— Tt T (k1) — Omi) + Tt D A2 il
k=1 k=1

m Problem: Control the sequences > |~ (7%, (0, 1) —0..7) and
> 777 in expectation or using high-probability bounds.
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Proximal operator
Proximal gradient algorithm
Stochastic proximal gradient

Robbins-Monro setting

Vo) = /);//()( x)m(de)

m Set

M1

Hp1 = 77";+1'1 Z Hy,, ( X7<y]+)1)
J=1
where 777,, 1 is the size of the batch and { \/,(Zl] <) <m, 1}is
a sample from 7 independent of o (0, ( < n).

m In such case,
Ht[][nvl ‘]:IJ o ”177+l 2711111 D |:[[() X’,(,Q] ‘]:n} — vf(ﬁu) and
Mot = H,op — YV [(0,) is a martingale increment.
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Bounded case / Constant stepsizes - Risk Bounds

m Assume that || Hy(z)|| < B, then ||7),.1| < 2B and the stepsizes are
constant 7, = l/Bf for e {1,.... nt.

m On one hand )

1 4B
ru /H’//\‘FlH < —

m Risk bound: since E [ (7%, (0 1) — 0O..n) | Fr—1] = 0 (since
E [0 | Fr—1 = 0]=0), the risk bound is

2

. B , 4B
—1 . 2
F <11 ]ﬁ:l W)] —min F' < 2\7\\% — 0.7 + % .

m Same risk bound than the Stochastic subgradient method (minimax
rate)
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Proximal operator
Proximal gradient algorithm
Stochastic proximal gradient

Bounded case / Constant stepsizes - Concentration

m Azuma-Hoeffding inequality for bounded martingale increments
{Z/‘., k€ N)}

n

1 Ct 5
P - T > — | <exp(—t2/2
1502 &) <ot

m Apply it to
Z = <Tw, (Ok—1) — Ox, 1K) -

Francis Bach, Aymeric Dieuleveut, Alain Durmus, Eric Moulines CEMRACS 2021



Supervised Machine Learning
Smooth convex optimization
Non-smooth convex optimization
Stochastic approximation
Proximal methods

Applications

Supervised Machine Learning
FA Smooth convex optimization
Non-smooth convex optimization
3 Stochastic approximation

E Proximal methods

I[@ Applications

«Or «fFr <

it
it
it
N
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[@ Applications
m Network structure estimation

m High-dimensional logistic regression with random effect
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Applications

Network structure estimation

m Problem fitting a discrete graphical models in a setting where the
number of nodes in the graph is large compared to the sample size.

m Formalization Let A be a nonempty finite set, and p > 1 an integer.

Consider a graphical model on with p.m.f.
for a non-zero function and a symmetric non-zero
function

m The term 7 is the normalizing constant of the distribution (the

partition function), which cannot (in general) be computed explicitly.
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Applications

Network structure estimation

m Problem fitting a discrete graphical models in a setting where the
number of nodes in the graph is large compared to the sample size.

m Formalization Let A be a nonempty finite set, and p > 1 an integer.

Consider a graphical model on with p.m.f.
for a non-zero function and a symmetric non-zero
function

m The real-valued symmetric matrix ¢ defines the graph structure and
is the parameter of interest. Same interpretation as the precision
matrix in a multivariate Gaussian distribution.
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Network structure estimation

m Problem: Estimate ¢ from realizations where
under sparsity constraint.

m Applications biology, social sciences,

m Main difficulty: the log-partition function is intractable in
general.

- Most of the existing results use a pseudo-likelihood function.

- One exception is [hoefling09], using an active set strategy (to
preserve sparsity), and the junction tree algorithm for computing the
partial derivatives of the log-partition function. However, this
algorithm does not scale
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Model

m Penalized likelihood F'(0) = —((6) + g(0) where

N

> (0, B(x")) —log Zg and g(0) =X > |0l;

1<k<j<p

the matrix-valued function /7 : X — R”"7 is defined by

By (x) = Bo(zk) Byj(z) = B(xg, ;) ,k#7 .

m Intractable canonical exponential model.
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Model

m Penalized likelihood F'(0) = —£(0) + g(0) where

1 Y

y(e):NZ@,B(I“UFMZO and g(0) =X > [0kl;

i=1 1<k<j<p

the matrix-valued function /3 : X — R”*7 is defined by

BA.A.({E) = B(')(-TA:) B/ﬂ‘j (T’)

B(zk,x;) k#7J .
m ()~ —((0) is convex and

Vo) = + > Bz - /X B(2) fo(2)p(dz) ,

N
1
i=1
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Implementation

m Direct simulation from the distribution is not feasible.

m If X is not too large, then a Gibbs sampler that samples from the full
conditional distributions of [, can be easily implemented.

m Gibbs sampler is a generic algorithm that in some cases is known to
mix poorly. Whenever possible we recommend the use of specialized
problem-specific MCMC algorithms with better mixing properties...
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Set up

m X={1,...,M}, By(x) =0, and B(z,y) = 1{;—y}, which
corresponds to the Potts model.
m We use M = 20, By(z) =z, N =250 and for p € {50,100, 200}.

m We generate the ‘true’ matrix 6y, such that it has on average p
non-zero elements off-diagonal which are simulated from a uniform
distribution on (—4, —1) U (1,4).

m All the diagonal elements are set to 0.
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Algorithms

m Two versions of the stochastic proximal gradient are considered

Solver 1: A version with a fixed Monte Carlo batch size m,, = 500,
and decreasing step size v, = % -

Solver 2: A version with increasing Monte Carlo batch size
— 1.2 . H _ 25 1
my = 500+ n"<, and fixed step size v, = Ve
m The set-up is such that both solvers draw approximately the same

number of Monte Carlo samples.
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Algorithms

m Two versions of the stochastic proximal gradient are considered

Solver 1: A version with a fixed Monte Carlo batch size m,, = 500,
and decreasing step size v, = 2;” nOI,.

Solver 2: A version with increasing Monte Carlo batch size
— 1.2 . H _ 25 1
my, = 500+ n"=, and fixed step size v, = Ve
m We evaluate the convergence of each solver by computing the
relative error ||0,, — 0 ||/||0]|, along the iterations, where 6,

denotes the value returned by the solver on its last iteration.
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Algorithms

m Two versions of the stochastic proximal gradient are considered
Solver 1: A version with a fixed Monte Carlo batch size m,, = 500,
and decreasing step size v, = % .
Solver 2: A version with increasing Monte Carlo batch size

mn = 500 +n'?, and fixed step size v, = 2—1)5\/%.

m We compare the optimizer output to 6, not ye. ldeally, we would
like to compare the iterates to the solution of the optimization
problem. However in the present setting a solution is not available in
closed form (and there could be more than one solution).

Francis Bach, Aymeric Dieuleveut, Alain Durmus, Eric Moulines CEMRACS 2021



Network structure estimation
High-dimensional logistic regression with random effect

Applications

When
measured as
function of
resource used,
Solver 1 and
Solver 2 have

— Solver 1
o - - Soher2 o

R e —— roughly the
same
. . . . . convergence
Figure: Relative errors plotted as function of computing time ¢ g
rate.

for Solver 1 and Solver 2.
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Sensitivity and Precision

. def .
m We also compute the statistic F,, = % which measures the

recovery of the sparsity structure of 6., along the iteration.

m In this definition Sen,, is the sensitivity, and Prec,, is the precision

defined as
Sen. — > j<i 1100151501 1100 15 >0}
n =
Zj<i 1{‘ooo,ij‘>0}
Prec. — Zj<i l{len,ij|>0}1{|900,ij|>0}
n = .

D j<i 110w 110}
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Sensitivity and Precision

1 Solver 1 | Solver 1 I
Solver 2 Solver 2
3 g LR
2 g 84
° T T T T T ° T T T T ° T T T T
0 2 W 60 a0 o 50 100 150 0 S0 1000 1500 2000 2500 3000

Figure: Statistic F,, plotted as function of computing time for Solver 1 and
Solver 2.
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[@ Applications
m Network structure estimation

m High-dimensional logistic regression with random effect
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High-dimensional logistic regression with random effects

m Observations : V' observations ¥ < {0, 1}
m Random effect : Conditionally to U, forall i = 1,--- |V,

}’, il}\(}‘ B OXP(’/I')
T+ exp(ir)

d

| © | =XB. +0.2U

v )

m The regressors X < 27 and the factor loadings 7 < 2"V ¢,
known.

where

m Objective: estimate 3. < R” o, > 0.
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Penalized likelihood
m log-likelihood : Taking U ~ N, (0, I), setting
, exp(1)
0= (B, Fn)=——"—"—
(8.0) () = Tt
the log-likelihood of the observations Y (with respect to ) is

. N
09) = log/H{F(X,-,;iJr(T(ZU),j)}Y‘ {1 - F(X;.8+40(ZU))}' " ¢(u)du

m Elastic net penalty

gro(0) = A <l S

«
2

1615 + el

Gey={ 0 si0EC
ge | +oo otherwise
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ion with random effect

Penalized likelihood

mingeo (f(6) +9(6)) . £(6) = —€(6)
with

((0) = log '/.(‘(p< .(Olu)) ¢(u)du

le(fu) = Z{Y (X;.0 4 0(ZU);) — In (1 4 exp (X;.8 4 0(ZU);))}

i=1
Gradient :

Vo) = / Vi (0lu)mg(u)du

where mg(u) is the posterior distribution of the random effect given the
observations

mo(u) = exp ((c(f|u) — £(0)) ¢(u)

o (w1 =
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Penalized likelihood

mingee (f(0) +9(0)) . f(0) = —£(0)
where

1l—a, - )
anal® = (1521813 + a3l ) + 1e(0)

0 ifodecC

Ie(0) = ) C compact convex set
400 otherwise

< proper convex,
lower-semi continuous, not differentiable.

u}

)]
I
i
it
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MCMC algorithm

m The distribution 7y is sampled using the MCMC sampler proposed in
(Polson et al, 2012) based on data-augmentation.

m We write —V/(0) = [zq, pn Ho(u)Tg(u, w) dudw where 7g(u, w)
is defined for u € R? and w = (wy,--- ,wy) € RY by

m in this expression, 7pg(-;¢) is the density of the Polya-Gamma
distribution on the positive real line with parameter ¢ given by

where p(w) ZkZO(_l)k(2k + 1) exp(—(2k + 1)2/(8w))w=3/2
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MCMC algorithm

m The distribution 7y is sampled using the MCMC sampler proposed in
(Polson et al, 2012) based on data-augmentation.

m We write =V£(0) = [p, pv Ho(u)7To(u, w) dudw where 7g(u, w)
is defined for u € R? and w = (wy,--- ,wy) € RY by
N
o (1, w) H PG (u‘,:.ri 3 (f:fu) me(1) ;
1=1
m Thus, we have

N
7o(u, w) = Cyho(u) H exp (o(Y; — 1/2)zju — w; (a8 + ozu)?/2) plw;)l

1=1

where InCp = —NIn2 — £(8) + 320 | (Vi — 1/2)a),5.
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MCMC algorithm

m The distribution 7y is sampled using the MCMC sampler proposed in
(Polson et al, 2012) based on data-augmentation.

m We write =V/(0) = [, pv Ho(u)7To(u, w) dudw where 7g(u, w)
is defined for u € R? and w = (wy,--- ,wy) € RY by

m This target distribution can be sampled using a Gibbs algorithm
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Numerics

m We test the algorithms with N = 500, p = 1,000 and ¢ = 5.

m We generate the N x p covariates matrix X columnwise, by
sampling a stationary R"-valued autoregressive model with
parameter p = 0.8 and Gaussian noise \/1 — p? Ny (0, I).

m We generate the vector of regressors Birue from the uniform
distribution on [1, 5] and randomly set 98% of the coefficients to
zero.

m The variance of the random effect is set to 02 = 0.1.
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Numerics

We first illustrate the ability of Monte Carlo Proximal Gradient
algorithms to find a minimizer of F'. We compare the Monte Carlo
proximal gradient algorithm
with fixed batch size: 7, = 0.01/y/n and m,, = 275 (Algo 1);
Yn = 0.5/n and m,, = 275 (Algo 2).
A with increasing batch size: v, = v = 0.005, m,, = 200+ n (Algo 3);
Yn =7 = 0.001, m,, = 200 + n (Algo 4); and ~,, = 0.05/+/n and
my, = 270 + [/n] (Algo 5).
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Agos

Ago's

0 00 a0 a0 40 50 60 70 o0 00 1000

Figure: [left] The support of the sparse vector o, obtained by Algo 1 to
Algo 5; for comparison, the support of Sie is on the bottom row. [right]
Relative error along one path of each algorithm as a function of the total
number of Monte Carlo samples.
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Results
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Figure: The sensitivity Sen,, [left] and the precision Prec, [right] along a path,
versus the total number of Monte Carlo samples up to time n
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