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Inverse problems

Encountered when indirect measurements, y, of
quantity of interest, u, is available

y ~G(u)
with G well-posed.

e G~ might not be well-posed

e measurements are typically inaccurate, hence y might lie
outside of range of G



Example. Inverse heat equation

vt_VXX:O, X€(0,1), t>0
v(0,f)=v(1,t)=0, t>0.

Find u(x) := v(x,0), given measurements y(x) ~ v(x, T).




Example. Inverse heat equation

Vt_VXX:O, X€(0,1), t>0
v(0,f)=v(1,t)=0, t>0.

Find u(x) := v(x,0), given measurements y(x) ~ v(x, T).

We have -
vix,t)=> ¢, e~ (™t sin nrx

n=1

with ¢, satisfying u(x) = >"72 Cpsin nmx.



Example. Inverse heat equation

Vt_VXXZO, XE(O,1), t>0
v(0,f)=v(1,t)=0, t>0.

Find u(x) := v(x,0), given measurements y(x) ~ v(x, T).

We have

v(x,t) = Z e~ (™t sin nrx

n=1

with ¢, satisfying u(x) = >"72 Cpsin nmx.
Instability in data: For
y(x) —v(x, T) = asinbrx,

2572 T

u(x) —u(x) =ae sin 5rx



Example. Inverse problem for an elliptic PDE:

-V (u(x)Vp(x)) =f, xeQcCR?
p(x)=0, xe€on.

Find u, given y; =p(x;) +n;, j=1,...,d, nj~N(0,),i.id.




Example. Inverse problem for an elliptic PDE:

-V (u(x)Vp(x)) =f, xeQcCR?
p(x) =0, xe€0Q.

Find u, given y; =p(x;) +n;, j=1,...,d, nj~N(0,),i.id.

Y = G(u) +n with

p(x1)
e forwardmap G:u+— :
p(x,)
14 ™
data y = : and the noise vector n =

Yu nJ



Classical approach

aiming to find a reasonable estimate of the quantity of interest
e Least-squares solution
u* = argminlly — G(u)|ly
ueX
e Regularised solution

u* = argmin [ly — G(u)[¥ + a7 (v)
ueX

(typically 7 (u) = ||u||& for EC X and p > 1)



Bayesian approach

For estimating v from
y=6)+n

® u, y, and n, are modelled as random variables:

Degree of information about values of these variables are
expressed in the form of probability distributions



Bayesian approach

For estimating v from
y=6)+n

® u, y, and n, are modelled as random variables:

Degree of information about values of these variables are
expressed in the form of probability distributions

e The solution is the posterior probability distribution given via the
Bayes rule



Bayesian approach
- y=0(w) +n
with y e RY, ue X, (X separable Banach spaces), and suppose
® prior u ~ pg
e statistics of noise is known: n ~ p,
e yand n are independent, u 1 g



Bayesian approach

Let
© y =G(u)+7

with y e RY, ue X, (X separable Banach spaces), and suppose

® prior u ~ pg
e statistics of noise is known: n ~ p,
e yand n are independent, u 1 g

Bayes’ rule:  Prob(u|data) o Prob(data | u) Prob(u)
Noting that data|u ~ p,(- — G(u)) we have

1 (du) o< py(y — G(U)) po(du).

(when well-defined)



Example. Let X = Y =R

y=gUu)+n, n~N(0?)
po ~ N(0,1)

Then

1 2
— 1 ly—ag(u _ 1,2
¥ (du) o< e 22 V=9l” 5 4
2
* g(u)=u, * g(u) =7,
2 1 2|2
y ~ —smly=u® 12
NyNN(1+72a1+,yz) pw =€ 27° e
4.0

4.0 —— posterior, y= 0.5 —— posterior, y= 0.5
3.5 4 — posterior, y= 0.1 3.5 —— posterior, y= 0.1

- ~— prior
o prior 30 4
2.5 257
2.0 204
15 159
104 104
054 05
0.0 0.0

-2 1 1 2
u u




@ Well-posedness
Well-definedness and stability in data
Prior modelling

@ Approximation of the posterior
@® Consistency

O MCMC methods

Outline
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@ Well-posedness
Well-definedness and stability in data
Prior modelling



Well-definedness of postrior

—(u)«pn(y ()= e, Z .= / 1) o (dur)

pn density of measure Q on Y = RY,
X separable Banach space



Well-definedness of postrior

—(u)cxpn(y Gu) = e W), 7= / ) o du)

pn density of measure Q on Y = RY,
X separable Banach space

Assume that
°* po(X) =1
e d: X xR/ R is up®Q measurable
e 0<Z< .

Then u¥ < po and




Stability in data

If y,y’ € RY are close, ;¥ and 1 remain ‘close’:



Stability in data
If y,y’ € RY are close, ;¥ and 1 remain ‘close’:
To measure the distance between probability measures we use

I\ 2
Hellinger metric: d2,(u, ') = % A(\/g B \/CZ!T;) dv



Stability in data
If y,y’ € RY are close, ;¥ and 1 remain ‘close’:
To measure the distance between probability measures we use

I\ 2
Hellinger metric: d2,(u, ') = % A(\/g B \/CZ!T;) dv

Suppose also that for max(|y1], [y2]) < r
[ (U, y1) — (u, y2)| < M(r,[lullx) |y1 — yel
with | M(r ) duo < oo
X

Then
dHell(My1 ) M}/z) < C‘y1 - y2|




e With Hellinger metric (for f: X — Ein L2 N L)

IE#f(u) — E* f(u)||e < C dhenpas ')



e With Hellinger metric (for f: X — Ein L2 N L)

[E*f(u) — E* f(u)|le < C chian(ps, ')

We have d du
pf_ e f — _ I — gp _dp
EAf —EX f /deu /deu /f(dv o )dv

= [ (/342 (% - %




e With Hellinger metric (for f: X — Ein L2 N L)

[E*f(u) — E* f(u)|le < C chian(ps, ')

We have

E“f—IE“f—/fdu /fdu _/f (9r d“
B du du du_ dy!
*/f(“) Var Va) Wa \/du)d

Hence
/ du | [du du/
Bf_ M < iy Y et e
s -2 e < [ Ifle /S [y 5 - /50
+ [ ey S [ 5 - S
E dv dv d1/

< 2( E#Hf‘|E+E# HfHE) Ohen (12, 1)



Well-definedness. Assume that
® po(X) =1
e d: X xRS R is py®Q measurable
°* 0<Z< 0.

Then ¥ <« pp and dp

1
o (u) = 5 exp(—(u,¥))
(Stuart’10, D. Stuart ’17)

4

Stability in data. Suppose also that for max(|y1], |y2|) < r
[®(u, y1) — ®(u, yo)| < M(r, [lullx) |yr = yel

vmhL/Mumw@mm<x
X

Then  duar(p', 22) < Clys — yol.

(Stuart ’10)

v

If p,, is Gaussian, blue conditions are enough for continuity in dj. (Latz '20)



The prior

* (X,|l-||) separable Banach space with basis {;};cn



The prior

* (X,|l-||) separable Banach space with basis {;};cn

e Define o through Karhunen-Loéve expansion of its draws:
u(x) =my+ Z(l,j & 1/)j(X)
jeN
mp € X given
¢ ii.drandom variables,
{oy} decreasing sequence determining smoothness of u



The prior

* (X,|l-||) separable Banach space with basis {;};cn

e Define o through Karhunen-Loéve expansion of its draws:
u(x) =my+ Z(lj & ’L/Jj(X)
jeN
mp € X given
¢ ii.drandom variables,

{oy} decreasing sequence determining smoothness of u

Example: X = L2(0,1), (x) = V2 sin(2jmx), mp=0
aj =5, with s>1/2, E(£) < o0

El|lul? = E(¢§) Y of <oo hence pu(L%) =1

J



u(x) = mo + 3 ey ;& ¥j(X)
e Gaussian pp:
X C L2(D), D c RY,
{#j} an orthonormal basis (regular enough),

& ~ ¢ exp(—3|xP), aj=j3

no(Ch) =1, fort < s—¢



u(x) = mo + 3 ey ;& ¥j(X)
e Gaussian pp:
X C L2(D), D c RY,
{#j} an orthonormal basis (regular enough),

& ~ ¢ exp(—3|xP), aj=j3

no(Ch) =1, fort < s—¢
® Besov yyg:
X C L[2(D), D c RY,
{1} wavelet basis (regular enough),
+i—3

g~ cexp(—3xP),p>1 aj=j

po(CH) =1,fort <s— 4



Inverse elliptic problem — wellposedness

Example. Inverse problem for an elliptic PDE:

~V - (u(x)Vp(x)) =f, x€QCR?
p(x) =0, x e oQ.

Find u, given y;=p(x;) +n;, j=1,...,d, nj~N(0,v)

G(u) = (p(x1),--- ,p(xs)T  d(u,y) =3y — G(u)[?



Inverse elliptic problem — wellposedness

Example. Inverse problem for an elliptic PDE:

~V - (u(x)Vp(x)) =f, x€QCR?
p(x)=0, xe€oQ.

Find u, given y;=p(x;) +n;, j=1,...,d, nj~N(0,v)

G(u) = (p(x1),- - . p(x))T  ®(u,y) = 3ly - G(U)I?
To show wellposedness we need to:

e Find X so that G : X — R is continuous
e Choose 1 such that po(X) = 1:



° Ge COY(X):
Let 0 < m:=infyep{ui(x), ta(x)} and L= L(||uy||r, ||Uz]|L>)

L
IG(ur) — G(u2)| < — [lur — w2 e,

hence X C {w e L~ :inf, w(x) >0}



° Ge COY(X):
Let 0 < m:=infyep{ui(x), ta(x)} and L= L(||uy||r, ||Uz]|L>)

L
IG(ur) — G(u2)| < — [lur — w2 e,

hence X C {w e L~ :inf, w(x) >0}
e Choose 1 such that po(X) = 1:
* Letg ~ cexp(—3|x[?), o =j"d withs> ¢

define jig through
0(x) = ;& i(x)

jeN

then jig(C!(D)) =1fort < s— g,



° Ge COY(X):
Let 0 < m :=infyep{ui(x),t2(x)} and L = L(||u1||ree, ||Ua|lie)

L
IG(ur) — G(u2)| < — [lur — w2 e,

hence X C {w e L~ :inf, w(x) >0}

e Choose 1 such that po(X) = 1:

d

* Letg ~ cexp(—3|x[?), o =j"d withs> ¢

define jig through
0(x) = ;& i(x)

jeN
then jig(C!(D)) =1fort < s— g,

* Set u(x) = g(i(x)) := €™,
then u ~ po with 1o(X) = 1 where X = {w € C' : inf, w(x) > 0}

e Then p with
a ;7” x exp(—®(u, y)) is wellposed.
0



Inverse elliptic problem

e o expl(—1ly — G
Summary statistics
* point estimators: conditional mean [, udu
most likely functions under p in X
* JxF(u)du

Need to approximate G and p



Outline

@ Approximation of the posterior



Consider x and pN:

N
cf—[jo(u) xep(-o().  Lo(u) x exp(~0Vu)



Consider x and pN:
N

j—i(u) x exp(~(u)), %(u) x exp(~ N (1))

Theorem. (Stuart 2010)
Assume that
[D(u) — N (u)| < M(||ullx) ¥(N)

where / M(r,||ullx)dpo < oo and ¢P(N)—0 as N — oo
X

Then
dch(M7 MN) <C ¢(N)
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|2_ |Z — ZN?
ZZN(ZE+(2N) 1y

< c(/x(ﬁ _ e*¢”)du0)2



Finite dimensional approximation

* (X, |- ) Hilbert space with orthonormal basis {¢;}en



Finite dimensional approximation
* (X, |- ) Hilbert space with orthonormal basis {¢;}en
e PN': X — R orthogonal projection onto I/ = span{{¢;}, }
o ®N(u) = o(PVu)



Finite dimensional approximation
(X, - |I) Hiloert space with orthonormal basis {1 }en
PN - X — R" orthogonal projection onto W/ = span{{¢;}, }
oN(u) = o(PVu)

Constructing 1 from KL expansion using {1} we get

1o = po ® g



Finite dimensional approximation
(X, - |I) Hiloert space with orthonormal basis {1 }en
PN - X — R" orthogonal projection onto W/ = span{{¢;}, }
oN(u) = o(PVu)

Constructing 1 from KL expansion using {1} we get
fo = 1o ® py
Then N =N ® pg with

dZév(u) x exp (—ON()), we W

IEFF(u) — B F(UN,0)|s < Co(N), (F:X—S)




F can be soln operator of the PDE (or some function of it), e.g. u+— pin

Inverse elliptic PDE:
-V (ux)Vp(x)) =f, xeQcR?
p(x) =0, xeoQ.
Find u, given y; =p(x;) +n;, j=1,...,d, 71 ~N(0,v)

p=E#p or E¥(p — p) ® (p — p) give an indication of how uncertainty in u
is affecting p
Posterior measure: updated prior (using data)

e improved estimation of our degree of info./uncertainty in input
results in improved quantification of uncertainty



Outline

@® Consistency



Posterior consistency
We look for an estimate of the underlying true u' from:

}/j:g(UT)JrT]j, j=1,....n

with y; € RX,
G:X—RK and 5 ~N(0,I), iid.



Posterior consistency
We look for an estimate of the underlying true u' from:

yi=G6W)+n, j=1,...,n
with y; € RX,
G:X—RK and 5 ~N(0,I), iid.

Given pg ~ N(0,Cy) we have

dﬂy1 ..... Yn 2
o (U) o exp ( Z \yj (u)r) .




Posterior consistency
We look for an estimate of the underlying true u' from:
yj:g(UT)JrT]j, j=1,...,n
with y; € RX,
G:X—RK and 5 ~N(0,I), iid.
Given pg ~ N(0,Cy) we have

dluly‘],...,yn 2
“an W mexp( Z\y/ (“)r)'

Does 1Y concentrate on arbitrarily small neighbourhoods of u' as
n — oo and how fast?

We look at convergence of most likely functions under the posterior
(weak consistency)



MAP estimators

j—/i(u) x exp(—b(u)). 1o ~ N(0.Co)

e If X = RY, MAP estimators are maximisers of the density function

1 12
pu = Cexp (—cb(u) - 5lC / u|2>
which is maximised at minimisers of

1
I(u) = &(u) + 51¢ 22



MAP estimators

j—/i(u) x exp(—b(u)). 1o ~ N(0.Co)

e If X = RY, MAP estimators are maximisers of the density function
1 _
pu = Cexp (—d)(u) - 5lC 1/2u|2>

which is maximised at minimisers of

1
I(u) = &(u) + 51¢ 22

e When X is a function space

There is no density, modes can be define topologically



MAP estimates — topological definition

(X, - ||) a separable Banach space; u(X) = 1

B.(u) ball of radius € and centre u in X.
Definition (D., Law, Stuart, Voss 2013)
Any point U € X satisfying

lim SupueX :U’(Be(u))

T uB@)

is a MAP estimator.




MAP estimates — topological definition

(X, - ||) a separable Banach space; j1(X) = 1

B.(u) ball of radius € and centre u in X.
Definition (D., Law, Stuart, Voss 2013)
Any point U € X satisfying

lim SUPy,ec x w(Bc(u))

o By

is a MAP estimator.

or equivalently & satisfies

fim M(BU— ) _

= <1, foranyhe X
=0 p(B(1))



» If X =R"

f(u,v) = —I(u) + I(v) with I(u) = —log p,(u),

Yu e R”



im_ B(V) 7 g *
Mo (B (u) “

> If X=R"
f(u,v) = —I(u) + I(v) with I/(u) = —logp,(u), YueR"

» For X function space

e 3ZcC X st f(u,v)=I(u)—I(v)foru,veZ
® Butu(Z)=0




Theorem. (D., Law, Stuart, Voss 2013)

Let . satisfy dis
o exp(~ (),

with Ho

wo ~ N(0,Cq) and & : X — R bounded below and locally Lipschitz.

Then MAP estimators are characterised by the minimisers of

() = d(u) + 3l|lulz ifue Z,
400 otherwise,

where E is the space of admissible shifts of .




Theorem. (D., Law, Stuart, Voss 2013)

Let . satisfy dys
o exp(~ (),

with Ho

wo ~ N(0,Cq) and & : X — R bounded below and locally Lipschitz.

Then MAP estimators are characterised by the minimisers of

() = d(u) + 3l|lulz ifue Z,
400 otherwise,

where E is the space of admissible shifts of .

For ¢ : X — R locally Lipschitz 3 a minimizer u € Z of /.



Posterier weak consistency — large data

1 n
W (u) o exp (2 lyi — Q(U)ﬁ) ; Ho ~ N(0,C)

J=1

MAP estimators:  Up := argmin { Sy G + %||u||§}.
ueZ



Up = argmin {¢(U, y)+ %HUH%}
uezZ

Theorem.
Assume that

G: X — R, is locally Lipschitz and
ut e Z.
Then
* G(un) — G(u') in probability.

e IfG is injective ||u, — u'||x — O in probability.

Otherwise, Ju* € Z and a subseq of {un}nen Such that
|lun — ut||x — 0 in probability. For any such u*, G(u*) = G(uh).




Up = argmin {¢(U, y)+ %HUH%}
uezZ

Theorem.
Assume that

G: X — R, is locally Lipschitz and
ut e Z.
Then
* G(un) — G(u') in probability.

e IfG is injective ||u, — u'||x — O in probability.

Otherwise, Ju* € Z and a subseq of {un}nen Such that
|lun — ut||x — 0 in probability. For any such u*, G(u*) = G(uh).

If ut € X, G(un) — G(u') in probability.



Outline

@ MCMC methods



Markov Chain Monte Carlo methods

. . du . ,
Approximate p given by d—(u) oc e~ ¢, usmg a sum of Dirac measures:
Ho

]Ef—/f dUzZ

where {u(M}N_ is a Markov chain.



Markov Chain Monte Carlo methods

du
Approximate p given by dio T (U)o e 9w, usmg a sum of Dirac measures:

]Ef—/f dUzZ

where {u(M}N_ is a Markov chain.

Recall: The sequence {u("}* _ is called a Markov chain if

Pr[u(/) = VJ‘UU) =Vy, - 7u(j71) — Vj—1] — Pr[u(/) = Vj|U(j71) — Vj—1]

Markov/transition Kernel P : X x B(X) — [0, 1]

/ P(v,du) = P(v, B) := Pr[u%) € BluU™") = v]
B



Markov Chain Monte Carlo methods

e construct a Markov kernel, P, that

- can be sampled from
- has p as its invariant distribution

e draw iterative samples {u(™}N_, from P to approximate E,,f as

/f(u p(du) ~ Zf (u(™)y



e The Markov chain with kernel P is invariant wrt p if

] P = i)
¢ The Markov kernel is said to satisfy detailed balance wrt p if
p(du)P(u, dv) = p(dv)P(v, du)

The resulting Markov chain is then said to be reversible wrt 1.

reversible wrt . = invariant wrt



Metropolis-Hastings Markov chain Monte Carlo

M-H MCMC algorithm
1 Set k = 0 and pick u(® € X.
2 Propose v ~ Q(u®), dv)
3 Calculate acceptance probability ax = a(u*), v(%))

4 Set y+1) — vk with prob  a
1 u®  otherwise

5 k — k + 1 and return to 2.




Metropolis-Hastings Markov chain Monte Carlo

M-H MCMC algorithm
1 Set k = 0 and pick u® ¢ X.
2 Propose v ~ Q(uf), dv)
3 Calculate acceptance probability ax = a(u*), v(%))

4 Set y+1) — vk with prob  a
~ 1 u®  otherwise

5 k — k + 1 and return to 2.

transition kernel for {u()}cn:

P(u,A):/AQ(u, dv)a(u, v)+/X<5u(A)(1 —a(u,w))Q(u, dw)



Metropolis-Hastings Markov chain Monte Carlo

M-H MCMC algorithm
1 Set k = 0 and pick u©® < X.
2 Propose v ~ Q(uf), dv)

3 Calculate acceptance probability ax = a(u*), v(%))

4 Set y+1) — v(K) with prob a
~ 1 u®  otherwise

5 k — k + 1 and return to 2.

transition kernel for {u)}cn:
P(u,A) = /Qudv uv+/5u (1 — a(u, w))Q(u, dw)
X

— P(u,dv) = Q(u, dv)a(u, v) + 64(d )/(1 — a(u, w))Q(u, dw)



Let Q be reversible wrt py, i.e.
po(du)Q(u, dv) = po(dv)Q(v, du)

Then P is reversible wrt . if a(u, v) = min {1, exp (®(u) — d(v)) }.

Cotter, D. Stuart '12; D. Stuart ’17




Let Q be reversible wrt py, i.e.
po(du)Q(u, dv) = po(dv)Q(v, du)

Then P is reversible wrt . if a(u, v) = min {1, exp (®(u) — d(v)) }.

Cotter, D. Stuart '12; D. Stuart ’17

® Q(u,dv) = up(dv) gives Independent sampler



Let Q be reversible wrt py, i.e.
po(du)Q(u, dv) = po(dv)Q(v, du)

Then P is reversible wrt . if a(u, v) = min {1, exp (®(u) — d(v)) }.

Cotter, D. Stuart '12; D. Stuart ’17

® Q(u,dv) = up(dv) gives Independent sampler
e when puq is N(0,C),
setting Q(u,-) = N'((1 — 82)u, B?C) gives
preconditioned Crank-Nicolson (pCN) method



N((1 — B?)u, 32C) is reversible wrt A'(0,C):



Q(u,-) = N((1 - B?)u, B2C) is reversible wrt (0, C):

v(du, dv) := p(du)P(u, dv) measure on X x X;
(&,m) :/ /8Ty (du) P(u, dv)
XxX

1 1
= o (—glchl = Jlckel? - (1 - )t cHe.cha)

=(n,§)



pCN algorithm
1 Set k = 0 and pick u® € X.
2 Propose V(0 = /1 — 32 u®) 4 g¢®), £ ~ 1y = N(0,C)
3 Calculate acceptance probability ax = min{1,e®¢")-e0")}

4 Set yk+1) — v with prob ax
1 u®  otherwise

5 k — k + 1 and return to 2.




pCN algorithm
1 Set k = 0 and pick u©® ¢ X.
2 Propose v = /1 — g2 u(0) 4 gek), ¢k ~ 1o = N(0,C)
3 Calculate acceptance probability ax = min{1,e®¢")-e0")}

4 Set yk+1) — v(K) with prob a
1 u®  otherwise

5 k — k + 1 and return to 2.

B parameter controlling the degree of locality of proposals



Convergence to 1

e |f the density of Q(u, -) is positive for all u, then

Gen(PX (U, ), N) =0, as k — oo



Convergence to 1

e |f the density of Q(u, -) is positive for all u, then

dHell(Pk(u(1), '),VN) —0, as k— o

e N finite-d approximation of y; for f: X — E

IE“F —E” Flle >0 as N,k — oo



Summary

Wellposedness of Bayesian inverse problems for functions
well-definedness of posterior and its stability in data
construction of appropriate prior

Effect of approximation of forward map on the posterior
— finite-d approximation of the posterior

Weak consistency of the posterior at the level of the MAP estimators

Metropolis-Hastings Markov chain Monte Carlo methods (pCN
algorithm)



The problem for the practical session

Given
Yyi=p)+¢& x€(0,1), je{t,....J}
& ~ N(0,7%) i.id.
with p satisfying
d, dp,
d—x(ud—x) =1, x¢€(0,1)

p(0) =0, p(1)=1,

estimate u € X = {w e C'(0,1) : inf(g.1y w > O}.



* Let Gj: u— p(x;). Then p satisfying
du 1 <
qap L G2
@<~ 5 >l = G )
is well-defined for po(X) = 1.

¢ Prior: 1 defined through

u=g(Y_ 0 v(x)
jeN
for u ~ ug and with
¢ {%’(X)}/EN = {1,v2 cos(2kmx), V2 sin(2k7x)},
° ¢ S<aq;<cf 5 s>3/2 (toensure ue C'(0,1))
o ¢~ N(0,1) iid.
* g(-) = cexp(-), (to impose positive lower bound on u(x))



Forward solution of the PDE: Integrating with respect to x gives

U(X)dp(X)

Ix =x+C

with C € R constant. Integrating once more and noting that p(0) = 0 gives

p(x) = /0 yu(+y)c dy

where by p(1) = 1 we have
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