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Sound-Proof Models

† e.g. Lipps & Hemler, JAS, 29, 2192–2210 (1982) ∗ Durran, JAS, 46, 1453–1461 (1989)

Compressible flow equations L ∼ hsc

ρt +∇ · (ρv) = 0

(ρu)t +∇ · (ρv ◦ u) + P∇‖π = 0

(ρw)t +∇ · (ρvw) + Pπz = −ρg

Pt +∇ · (Pv) = 0

drop term for:

anelastic† (approx.)

pseudo-incompressible∗

P = p
1
γ = ρθ , π = p/ΓP , Γ = cp/R , v = u + wk (u ·k ≡ 0)

Parameter range & length and time scales of asymptotic validity ?



Regimes of Validity ... Design Regime

Characteristic inverse time scales
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Realistic regime with three time scales

θ = 1 + εµθ̂(z) + . . . ⇒ hsc

θ

dθ

dz
= O(εµ) (ν = 1− µ/2)



Analysis of internal wave spectra
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Internal wave modes
(
ω2/λ2

c2
= O(1)

)
• pseudo-incompressible modes/EVals = compressible modes/EVals + O(εµ) †

• phase errors remain small over advection time scales for µ >
2

3

Anelastic and pseudo-incompressible models remain relevant for stratifications

1

θ

dθ

dz
< O(ε2/3) ⇒ ∆θ|hsc

0
<∼ 40 K

not merely up to O(ε2) as in Ogura-Phillips (1962)



ε y′′ + δ y′ + y = cos(τ )
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The limit is path-dependent!
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R.K., Ann. Rev. Fluid Mech., 42, 249–274 (2010)

Motivation

Structure of atmospheric vortices I: two scales
(Päschke et al., JFM, (2012))

Structure of atmospheric vortices II: cascade of scales
(Dörffel et al., arXiv:1708.07674)

Conclusions



http://www.aoml.noaa.gov/hrd/tcfaq/A4.html

Tropical easterly african waves



Dunkerton et al., Atmos. Chem. Phys., 9, 5587–5646 (2009)

Developing tropical storm
(streamlines in co-moving frame and Okubo-Weiss-parameter (color))

T. J. Dunkerton et al.: Tropical cyclogenesis in tropical waves 5627

T
T

T

T
T T

Fig. B1. Streamlines of horizontal (rotational + divergent) flow at 850 hPa, as seen in ERA-40 data, for six consecutive analyses leading
up to the best-track genesis time of Tropical Storm Chris (2000). Shading indicates relative vorticity (units: 10−5 s−1). The sequence
of frames translates westward at the zonal propagation speed of the parent wave at 850 hPa as estimated from the Hovmöller method
(−9.1±1.1ms−1) and streamlines are calculated and displayed in the co-moving frame; note that relative vorticity itself is invariant with
respect to the translation. Isopleths of zero relative zonal flow are shown (purple) together with their uncertainty. In the final panel of the
sequence the critical latitude of the parent wave is also indicated (red) corresponding to isopleths of zero relative zonal flow in low-frequency
data with periods longer than 9 days. The wave’s trough axis is shown for reference (black). The genesis location is indicated by the black
dot in the final panel.
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Fig. B2. Stream function of horizontal flow for the genesis sequence of Tropical Storm Chris as in Fig. 23, but at 600 hPa. Shading indicates
the Okubo-Weiss parameter (units: 10−10 s−2) as defined in Eq. (2). This quantity, like vorticity, is invariant with respect to translation,
therefore identical in co-moving and resting frames. The sequence of frames translates westward at the zonal propagation speed of the parent
wave at 600 hPa (−8.5±0.5ms−1) and stream function is calculated and displayed in the co-moving frame.

www.atmos-chem-phys.net/9/5587/2009/ Atmos. Chem. Phys., 9, 5587–5646, 2009

Ro =
|v|
fL
∼ 1

10



Developed hurricane

R∗mw ≈ 50 . . . 200 km

uθ ≈ 30 . . . 60 m/s

Rmw: radius of max. wind

Hurricane ”Rita“

Ro =
uθ,max

fRmw
∼ 10

Photo:  Hurricane Rita from  https://commons.wikimedia.org/wiki/File:HurricaneRita21Sept05a.jpg



Ensemble of Simulations of “Joaquin”-like Storms

Gh. Alaka et al. (2019), WAF, submitted

Ensemble Tracks Vortex Tilts Storm Evolutions



Motivation

Structure of atmospheric vortices I: two scales
(Päschke et al., JFM, (2012))

Structure of atmospheric vortices II: cascade of scales
(Dörffel et al., arXiv:1708.07674)

Conclusions



Päschke, Marschalik, Owinoh, K., JFM, 701, 137–170 (2012) Dörffel et al., preprint, arXiv:1708.07674 (2017)

Radial momentum balance regimes
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http://www.aoml.noaa.gov/hrd/tcfaq/A4.html

Tropical easterly african waves



Dunkerton et al., Atmos. Chem. Phys., 9, 5587–5646 (2009)

Vortex tilt in the incipient hurricane stage
(Velocity potential)

200 hPa
(∼ 12 km)

5618 T. J. Dunkerton et al.: Tropical cyclogenesis in tropical waves
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Fig. 21. Velocity potential of divergent flow, as seen in ERA-40 data, at (a, c) 925 hPa and (b, d) 200 hPa leading up to the genesis time of
Hurricane Debby, at (a, b) 30 h before genesis and (c, d) genesis.

troposphere flow is well-represented on the synoptic scale
(a compliment that excludes the tropical tropopause layer or
TTL, and the lower stratosphere, due to insufficient cloud
coverage or water vapor content, and lower troposphere in
regions where thick clouds obscure). To the extent that both
lower and upper troposphere horizontal winds are captured
faithfully by the analyses on the synoptic scale, it is possi-
ble to identify TD-like conditions in the parent wave from
the vertical structure of wind anomalies: specifically, a “first
baroclinic mode” structure or stacked arrangement of LT cy-
clone and UT anticyclone.
Such features – as one might expect us to say – are best

revealed in a frame of reference translating with the parent
wave. But in the case of Debby and more generally, there
is no need for the optimum translation speeds to be iden-
tical throughout the depth of the troposphere. One reason
(noted in Sect. 3 and quantified in Table 1) is that the phase
speed of the parent wave may vary with height, from lower
to mid-troposphere. Another (noted here) is that the proto-
vortex may translate slowly with respect to its parent wave
while its deep convective signature extends to the upper tro-
posphere28. The definition of “properly co-moving frame”
therefore depends precisely on what the “co” refers to. In-
28Effects of the diabatic proto-vortex on the upper troposphere

may be separated into a near-field response with anticyclonic out-
flow aloft (relevant to TC genesis within) and a far-field response
communicated by secondary Rossby waves (relevant to adjacent
troughs and TC genesis therein).

deed, it is likely that a trapped LT disturbance propagates at
a slightly different speed than a diabatically activated LT-UT
dipole. There are multiple reasons, the simplest being that
gross moist stability is reduced by the latent heating associ-
ated with deep moist convective precipitation, causing wave
phase speed of moister waves to be slower than that of drier
waves. In the language of tidal theory it could be said that
the equivalent depth of the proto-vortex and its induced flow
is smaller than that of the original parent wave, which sees a
larger area and more dilute distribution of precipitation than
the proto-vortex itself and its upper tropospheric signature.
We therefore expect a diabatic Rossby wave and diabatic
Rossby vortex to propagate at slightly different speeds, the
speed of the wave depending, among other things, on the de-
gree of convective heating seen by the wave, via the gross
moist stability. Also possible is that the two entities respond
differently to vertical shear. An isolated vortex is expected
to propagate at the speed of the local mean flow (excluding
the effects of unbalanced motions, if any) which, as noted in
Sect. 2, matches the phase speed of the wave at the critical
latitude. There are kinematic reasons for the parent wave and
proto-vortex to remain together, at least within some maxi-
mum distance as determined by the dimensions of the trans-
lating gyre. But they do not necessarily walk in lock step.
The marsupial paradigm evidently allows some “slop” in the
exact position of the vortex relative to the wave trough, i.e.,
slightly different propagation speeds which (as in Debby and
other cases) are measurably different. Key to the success

Atmos. Chem. Phys., 9, 5587–5646, 2009 www.atmos-chem-phys.net/9/5587/2009/
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Fig. 21. Velocity potential of divergent flow, as seen in ERA-40 data, at (a, c) 925 hPa and (b, d) 200 hPa leading up to the genesis time of
Hurricane Debby, at (a, b) 30 h before genesis and (c, d) genesis.

troposphere flow is well-represented on the synoptic scale
(a compliment that excludes the tropical tropopause layer or
TTL, and the lower stratosphere, due to insufficient cloud
coverage or water vapor content, and lower troposphere in
regions where thick clouds obscure). To the extent that both
lower and upper troposphere horizontal winds are captured
faithfully by the analyses on the synoptic scale, it is possi-
ble to identify TD-like conditions in the parent wave from
the vertical structure of wind anomalies: specifically, a “first
baroclinic mode” structure or stacked arrangement of LT cy-
clone and UT anticyclone.
Such features – as one might expect us to say – are best

revealed in a frame of reference translating with the parent
wave. But in the case of Debby and more generally, there
is no need for the optimum translation speeds to be iden-
tical throughout the depth of the troposphere. One reason
(noted in Sect. 3 and quantified in Table 1) is that the phase
speed of the parent wave may vary with height, from lower
to mid-troposphere. Another (noted here) is that the proto-
vortex may translate slowly with respect to its parent wave
while its deep convective signature extends to the upper tro-
posphere28. The definition of “properly co-moving frame”
therefore depends precisely on what the “co” refers to. In-
28Effects of the diabatic proto-vortex on the upper troposphere

may be separated into a near-field response with anticyclonic out-
flow aloft (relevant to TC genesis within) and a far-field response
communicated by secondary Rossby waves (relevant to adjacent
troughs and TC genesis therein).

deed, it is likely that a trapped LT disturbance propagates at
a slightly different speed than a diabatically activated LT-UT
dipole. There are multiple reasons, the simplest being that
gross moist stability is reduced by the latent heating associ-
ated with deep moist convective precipitation, causing wave
phase speed of moister waves to be slower than that of drier
waves. In the language of tidal theory it could be said that
the equivalent depth of the proto-vortex and its induced flow
is smaller than that of the original parent wave, which sees a
larger area and more dilute distribution of precipitation than
the proto-vortex itself and its upper tropospheric signature.
We therefore expect a diabatic Rossby wave and diabatic
Rossby vortex to propagate at slightly different speeds, the
speed of the wave depending, among other things, on the de-
gree of convective heating seen by the wave, via the gross
moist stability. Also possible is that the two entities respond
differently to vertical shear. An isolated vortex is expected
to propagate at the speed of the local mean flow (excluding
the effects of unbalanced motions, if any) which, as noted in
Sect. 2, matches the phase speed of the wave at the critical
latitude. There are kinematic reasons for the parent wave and
proto-vortex to remain together, at least within some maxi-
mum distance as determined by the dimensions of the trans-
lating gyre. But they do not necessarily walk in lock step.
The marsupial paradigm evidently allows some “slop” in the
exact position of the vortex relative to the wave trough, i.e.,
slightly different propagation speeds which (as in Debby and
other cases) are measurably different. Key to the success

Atmos. Chem. Phys., 9, 5587–5646, 2009 www.atmos-chem-phys.net/9/5587/2009/

∼ 200 km



Scaling regime for matched asymptotic expansions

centreline

Lsyn

Lmes

X(t , z)

z

x
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j

i

k

hsc

Lsyn; |vq| ∼ vsyn tsyn ∼ Lsyn/vsyn︸ ︷︷ ︸
farfield: classical QG theory

Lmes =
√
εLsyn; vmes =

1√
ε︸ ︷︷ ︸

core: gradient wind scaling

C ∼ (vL)syn; Rosyn ∼
vsyn

fLsyn
= O (ε) C ∼ (vL)mes; Romes ∼

vmes

fLmes
= O (1)

Comparable levels of circulation C!

 Photo: Hurricane Rita from   https://commons.wikimedia.org/wiki/File:HurricaneRita21Sept05a.jpg



Vortex motion⇒ precessing quasi-modes∗

∗effect of β-gyres; ∗akin to local-induction-approximation LIA ∗Grasso, Kallenbach, Montgomery, Reasor (1997, 2001, 2004)

Centerline evolution (from the matching condition)

∂X̂

∂τ
= X̂ · (∇qvQG) + v̂∗QG︸ ︷︷ ︸

background advection

−
(

ln
1√
ε

+
1

2

)
(k × χ)∗ + (k ×Ψ)︸ ︷︷ ︸

self-induced motion

χ = fct(total circulation, centerline geometry)

Ψ = fct(core structure, centerline geometry, diabatic sources)



Vortex motion⇒ precessing quasi-modes∗

∗
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Adiabatic lifting and WTG
( 0th & 1st circumferential Fourier modes: w = w0 + w11 cos θ + w12 sin θ + ... )

gradient wind balance (0th) and hydrostatics (1st) in the tilted vortex
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)
potential temperature transport (1st)

−(−1)k
uθ
r
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dΘ

dz
= QΘ,1k (k∗ = 3− k)

1st-mode phase relation: vertical velocity – diabatic sources & vortex tilt
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Spin-up by asynchronous heating
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Spin-up by asynchronous heating
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!!
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︸ ︷︷ ︸

adiabatic lifting

]



∗ Jones, Q.J.R. Met. Soc., 121, 821–851 (1995) ∗ Frank & Ritchie, Mon. Wea. Rev., 127, 2044–2061 (1999)

The adiabatic lifting in a tilted vortex∗∗
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figures adapted from Jones (1995)*



Lorenz, E. N., Generation of available potential energy and the intensity of the general circulation, Tech. Rep., UCLA, (1955)

Heating pattern for max intensification (APE-theory)∗
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figures adapted from: Jones (1995), Q.J.R. Met. Soc., 121, 821–851



∗Thanks to Olivier Pauluis! “Available Potential Energy” Dörffel et al., preprint, arXiv:1708.07674 (2017)

Compatibility with Lorenz’ APE theory∗
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Symmetric & asymmetric are equally important



(w = w0 + w11 cos θ + w12 sin θ + . . . )

Radial transport & tilting by asymmetric heating

Circumferential Fouriermodes of vertical velocity
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∗ Ultimately leaves asymptotic regime! Dörffel et al., preprint, arXiv:1708.07674 (2017)

Recent results

Qualitative corroboration through 3D-numerics
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Motivation

Structure of atmospheric vortices I: two scales
(Päschke et al., JFM, (2012))

Structure of atmospheric vortices II: cascade of scales
(Dörffel et al., arXiv:1708.07674)

Conclusions



Convective updrafts

level of free
convection

centreline

boundary layer convergence

convective
updrafts

w ∼
√
CAPE ∼ 10...50m/s

w < 1m/s

L = O(1)
= O(

√
ε)

d = O(ε)

Convection concentrates in narrow towers (area fraction σ � 1)

Essentially dry dynamics between towers

Comparable average vertical mass fluxes

Calls for non-standard multiscale analysis



Spin-up by asymmetric convection
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Area averaged updraft fluxes take role of

heating-induced vertical velocities



Intensification & tilt destabilization
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Attenuation / tilt stabilization
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Motivation

Structure of atmospheric vortices I: two scales
(Päschke et al., JFM, (2012))

Structure of atmospheric vortices II: cascade of scales
(Dörffel et al., arXiv:1708.07674)

Conclusions



Spin-up by asymmetric heating
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Radial transport in a tilted vortex induced by asymmetric heating




