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Scale-Dependent Models
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Scale-Dependent Models

Anelastic Boussinesque Model

ut + u · ∇u + wuz + ∇π = Su

wt + u · ∇w + wwz + πz = −θ′ + Sw

θ′
t + u · ∇θ′ + wθ′

z = S′
θ

∇ · (ρ0u) + (ρ0w)z = 0

θ = 1 + ε4θ′(x, z, t) + o(ε4)

10 km / 20 min

Quasi-geostrophic theory

(∂τ + u(0) · ∇) q = 0

q = ζ(0) + Ω0βη +
Ω0

ρ(0)

∂

∂z

(
ρ(0)

dΘ/dz
θ(3)

)

ζ(0) = ∇2π(3), θ(3) = −∂π(3)

∂z
, u(0) =

1

Ω0
k × ∇π(3)

1000 km / 2 days

EMIC - equations (CLIMBER-2)

∂QT

∂t
+ ∇ · F T = ST

∂Qq

∂t
+ ∇ · F q = Sq

Qϕ =

Ha∫

zs

ρ ϕ dz , F ϕ =

Ha∫

zs

ρ
(
u ϕ + ̂(u′ ϕ′) + Dϕ

)
dz ,

(
ϕ ∈ {T, q}

)

T = Ts(t, x) + Γ(t, x)

(
min(z, HT ) − zs

)
, q = qs(t, x) exp

(
−z − zs

Hq

)

ρ = ρ∗ exp

(
− z

hsc

)
, p = p∗ exp

(
−γz

hsc

)
+ p0(t, x) + gρ∗

z∫

0

T

T∗
dz ′

u = ug + ua , fρ∗k × ug = −∇xp uα = α∇p0

V. Petoukhov et al., CLIMBER-2 ..., Climate Dynamics, 16, (2000)

10000 km / 1 season



Scale-Dependent Models

Compressible flow equations with general source terms

(
∂

∂t
+ q v · q ∇ + w

∂

∂z

)
vq + q (2Ω× v) +

1

ρ
∇||p = Svq ,

(
∂

∂t
+ q v · q ∇ + w

∂

∂z

)
w + (2Ω× v)⊥ +

1

ρ

∂p

∂z
= Sw − g ,

(
∂

∂t
+ q v · q ∇ + w

∂

∂z

)
ρ + ρ∇ ·v = 0 ,

(
∂

∂t
+ q v · q ∇ + w

∂

∂z

)
Θ = SΘ ,

(
p

pref

)R/cp
=

ρ

ρref

Θ

Tref

.

How do all the simplified models relate to this system?
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Scale-Dependent Models

Earth’s radius a ∼ 6 · 106 m

Earth’s rotation rate Ω ∼ 10−4 s−1

Acceleration of gravity g ∼ 9.81 ms−2

Sea level pressure pref ∼ 105 kgm−1s−2

H2O freezing temperature Tref ∼ 273 K

Latent heat of water vapor Lqvs ∼ 4 · 104 J kg−1K−1

Dry gas constant R ∼ 287 m2s−2K−1

Dry isentropic exponent γ ∼ 1.4

Dimensionless parameters:

Π1 =
hsc

a
∼ 1.6 · 10−3 ∼ ε3

Π2 =
Lqvs
cpTref

∼ 1.5 · 10−1 ∼ ε

Π3 =
cref
Ωa

∼ 4.7 · 10−1 ∼ √ε

where

hsc =
RTref

g
=

pref
ρrefg

∼ 8.5 km

cref =
√
RTref =

√
ghsc ∼ 300 m/s

cp =
γR

γ − 1
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distinguished limits
for the harmonic oscillator
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2 Einführung in die Mehrskalenasymptotik

(Dämon) FR = −kẋ

FF = −cx

mẍ

FD(t)

Abbildung 2.1: Feder-Masse-System

tonschen Gesetz ergibt sich nun folgende Bewegungsgleichung für ein System, das frei
von äußeren Kräften ist:

mẍ =
∑

F = −cx − kẋ .

Wirkt am System zusätzlich von außen noch eine Kraft FD = FD(t), so führt das
System eine erzwungene Schwingung aus. In der Summe der angreifenden Kräfte muß
diese Kraft mitberücksichtigt werden. Für x : IR+ → IR, t 7→ x(t) erhalten wir die
erweiterte Form

mẍ = −cx− kẋ+ FD(t) . (2.1)

Die Lösung ist eindeutig bestimmt, wenn zusätzlich Anfangsbedingungen x(0) = x0 und
ẋ(0) = ẋ0 vorgegeben werden. Gleichung (2.1) stellt eine inhomogene lineare Differenti-
algleichung zweiter Ordnung dar. Gemäß der Theorie gewöhnlicher linearer Differenti-
algleichungen [Walter 1996] erhalten wir sämtliche Lösungen x(t) aus der Überlagerung
der allgemeinen Lösung der zugehörigen homogenen Form und einer sogenannten par-
tikulären Lösung der inhomogenen Form:

x(t) = xh(t) + xp(t) .

Wir wollen nun zunächst die Lösung der homogenen Differentialgleichung des Feder-
Masse-Systems herleiten, was dem Fall entspricht, dass am System keine äußere Kraft
wirkt, also FD ≡ 0 ist. Unsere allgemeine Bewegungsgleichung (2.1) reduziert sich
damit zu

mẍ + kẋ + cx = 0 . (2.2)

Zur Lösung der Gleichung verwenden wir den sogenannten Exponentialansatz

x(t) = exp(ωt) . (2.3)

20



mẍ + kẋ + cx = F0 cos(Ωt)

x(0) = x0 , ẋ(0) = ẋ0

ε =
mΩ2

c
� 1

δ =
kΩ

c
� 1

cx0

F0
= O(1)

cẋ0

ΩF0
= ?
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tikulären Lösung der inhomogenen Form:

x(t) = xh(t) + xp(t) .
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Dimensionless representation

x(t) =
F0

c
y(τ ) , τ = Ωt

then

ε y′′ + δ y′ + y = cos(τ )

Version:  6. Februar 2004  --  Version:  6. Februar 2004  --  Version:  6. Februar 2004  --  Version:  6. Februar 2004  --  Version:  6. Februar 2004  --  Version:  6. Februar 2004  --  Version:  6. Februar 2004  --  Version:  6. Februar 2004  --  Version:  6. Februar 2004  --  Version:  6. Februar 2004  --  Version:  6. Februar 2004  --  Version:  6. Februar 2004  --  Version:  6. Februar 2004  --  Version:  6. Februar 2004  --  Version:  6. Februar 2004  --  Version:  6. Februar 2004  --  
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Is there a unique limit solution for ε = δ = 0 ?



0 1 2 3 4 5 6
 1

 0.8

 0.6

 0.4

 0.2

0

0.2

0.4

0.6

0.8

1

time [s]

x
[m

]

m x’’ + k x’ + c x = F
0
 * cos(Ω t), Exact Solution

reference solution with: m = k = 0

x(t) with: k = 1; c = 25; m = 0.01; F0 = 0

ε = 0.0004

δ = 0.04

0 10 20 30 40 50 60
 1

 0.8

 0.6

 0.4

 0.2

0

0.2

0.4

0.6

0.8

1

time [s]

x
 [

m
]

m x’’ + k x’ + c x = F
0
 * cos(Ω t), Exact Solution

reference solution with: m = k = 0

x(t) with: k = 0.01; c = 25; m = 1; F0 =  0

ε = 0.04

δ = 0.0004

The limit is path-dependent!



0 1 2 3 4 5 6
 1

 0.8

 0.6

 0.4

 0.2

0

0.2

0.4

0.6

0.8

1

time [s]

x
[m

]

m x’’ + k x’ + c x = F
0
 * cos(Ω t), Exact Solution

reference solution with: m = k = 0

x(t) with: k = 1; c = 25; m = 0.01; F0 = 0

ε = 0.0004

δ = 0.04

0 10 20 30 40 50 60
 1

 0.8

 0.6

 0.4

 0.2

0

0.2

0.4

0.6

0.8

1

time [s]

x
 [

m
]

m x’’ + k x’ + c x = F
0
 * cos(Ω t), Exact Solution

reference solution with: m = k = 0

x(t) with: k = 0.01; c = 25; m = 1; F0 =  0

ε = 0.04

δ = 0.0004

The limit is path-dependent!



ε

δ

I

II

III



Scale-Dependent Models
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Scale-Dependent Model Hierarchy

Nondimensionalization

(x, z) =
1

hsc

(x′, z′) , t =
uref

hsc

t′

(u, w) =
1

uref

(u′, w′) , (p, T, ρ) =

(
p′

pref

,
T ′

Tref

,
ρ′RTref

pref

)

where

uref =
2

π

ghsc

Ωa

∆Θ

Tref

(thermal wind scaling)



Scale-Dependent Model Hierarchy

Compressible flow equations with general source terms

(
∂

∂t
+ vq ·∇q + w

∂

∂z

)
vq + ε (2Ω× v)q +

1

ε3ρ
∇||p = Svq ,

(
∂

∂t
+ vq ·∇q + w

∂

∂z

)
w + ε (2Ω× v)⊥ +

1

ε3ρ

∂p

∂z
= Sw −

1

ε3
,

(
∂

∂t
+ vq ·∇q + w

∂

∂z

)
ρ + ρ∇ ·v = 0 ,

(
∂

∂t
+ vq ·∇q + w

∂

∂z

)
Θ = SΘ .



Scale-Dependent Model Hierarchy

∗ distance which an internal wave must travel until influenced at leading order by the Coriolis effect

Classical length scales and dimensionless numbers

Lmes = ε−1 hsc

Lsyn = ε−2 hsc

LOb = ε−5/2hsc

Lp = ε−3 hsc

Frint ∼ ε

Rohsc ∼ ε−1

RoLRo
∼ ε

Ma ∼ ε3/2

Example: the synoptic scale ∗ N 2 = g
Θ
dΘ
dz

Lsyn =
Nhsc

Ω
∼ 1

Ω

√
g

Tref

∆Θ

hsc

hsc =
uref

Ωhsc

√
ghsc

uref

√
∆Θ

Tref

hsc

= Rohsc

1

Ma

√
∆Θ

Tref

hsc = hscε
−1−3

2+1
2 =

hsc

ε2



Scale-Dependent Model Hierarchy

Single-scale asymptotics

U(t,x, z; ε) =

m∑

i=0

φi(ε) U(i)(t,x, z; ε) + O
(
φm(ε)

)

Remark

Generally, m <∞, and the series would not converge !



Scale-Dependent Model Hierarchy

Asymptotic Expansions & Classical Results

Recovered classical single-scale models:

U(i) = U(i)(
t

ε
, x,

z

ε
) Linear small scale internal gravity waves

U(i) = U(i)(t,x, z) Anelastic & pseudo-incompressible models

U(i) = U(i)(εt, ε2x, z) Linear large scale internal gravity waves

U(i) = U(i)(ε2t, ε2x, z) Mid-latitude Quasi-Geostrophic Flow

U(i) = U(i)(ε2t, ε2x, z) Equatorial Weak Temperature Gradients

U(i) = U(i)(ε2t, ε−1 ξ(ε2x), z) Semi-geostrophic flow

U(i) = U(i)(ε3/2t, ε5/2x, ε5/2y, z) Kelvin, Yanai, Rossby, and gravity Waves

... and many more



Scale-Dependent Model Hierarchy
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Scale-Dependent Models

Compressible flow equations without source terms

Dvq
Dt

+ ε (2Ω× v)q +
1

ε3ρ
∇||p = 0 ,

Dw

Dt
+ ε (2Ω× v)⊥ +

1

ε3ρ

∂p

∂z
= − 1

ε3
,

Dρ

Dt
+ ρ∇ ·v = 0 ,

DΘ

Dt
= 0 .

where
D

Dt
=

(
∂

∂t
+ vq ·∇q + w

∂

∂z

)



Scale-Dependent Models

Leading orders

∇||p = 0 (1)

∂zp = −ρ (2)

Dρ

Dt
+ ρ∇ ·v = 0 (3)

DΘ

Dt
= 0 (4)

Θ =
p1/γ

ρ
. (5)

D

Dt
=

(
∂

∂t
+ vq ·∇q + w

∂

∂z

)

(2), (5) ⇒ ∇||ρ = ∇||Θ = 0 (6)

(4) ⇒ ∇||w = 0 (7)

(3) ⇒ ∇|| ·vq = d(z) (8)

∫

Dq

(8) ⇒ d(z) ≡ 0 (9)

(3), (4) , (5) ⇒ wzz −
γ − 1

γ

ρ

p
wz = 0 (10)

w(0) = w(H) = 0 ⇒ w = 0 (11)


