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Lecture 3 :

Finite volume schemes and

long time behavior
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@ Discrete functional inequalities
© Results for the porous media equations

© Results for the Fokker-Planck equations
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@ Discrete functional inequalities
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Space of approximate solutions and norms

X(T)= {UT = Z uKlK} C Ll(Q),

KeT

but X(7) ¢ H'(Q)

L%-norms

@ Forl1<¢q< 400,

1/q
lurlog = ( / |u7<x>|qu)

1/q
— (Zm(K)yuK\4> .

KeT

o |[urlloce = Ig(lgg_lufc\-



About the mesh

Regularity of the mesh

@ Each control volume K is star-shaped with respect to zx.
@ There exists £ > 0 such that

VK € T Vo € &k, d(zg,0) > &d,.

L
‘wa

9
0
0
o

Remark

o Admissibility assumption not necessary.



Discrete WP-norms

General framework
o Discrete W1P-semi-norm :
lur, — uk|?

url = D mo)de——5
o=K|L 7

e Discrete WP-norm : ||ur

1p.7 = [lurllop + [urlipT

With homogeneous Dirichlet boundary conditions on T c T

(Dgu)”
url? o= m(o)ds—5
7p7 b O.Eg do_

‘UK—UL| SiO':K’L,
where D,u = |ug] sioc C T,
0 sic CT\TO.



Relations between the norms

For 1 < s < p, for all ur € X(T),

p—s
[urllo,s <m(€) » [lur

0,p»
and
p—s
dm(2)\ s
S|\ lurl1pT
3
Proof
. . . . /) p !/ p
o Holder inequality with p’ = = and ¢’ =
S p—s

@ Due to the regularity of the mesh :

_dm(Q)
Z 522 d(zr,0) = £

o=K|L KeT o€k



The space L' N BV (Q)

Total variation
Let Q be an open set of RY and u € L'(£2). We define :

TV(u) = sup { [ oty o e CORY) el < 1}
L' N BV (Q)
L'nBV(Q) ={ue L'(Q); TVo(u) < +o0} .

L' N BV(9) is endowed with the norm :

ull v o) = llullLr @) + TVa(w).



Relation between X (7) and L' N BV (Q)

Total variation of uy € X(7)

TVa(ur) = Y m(o)|lug —ur| = |ur|ii7.
oc=K|L

Inclusion

For all ur € X(T), |lurl|11,7 < +00 and

X(T) c L*nBV(Q).



Starting point for the discrete functional inequalities

U AMBROSIO, Fusco, PALLARA, 2000
U ZIEMER, 1989

Theorem

Let €2 be a bounded Lipschitz domain of RN, N > 2.
There exists C' > 0, depending only on 2 such that

N—-1

(/ |u|NN_1) U < Cllullpvi YueL'nBV(Q).
Q

L'NBV(Q) ¢ LN/WN-1(Q) with continuous embedding.



Discrete Poincaré-Sobolev inequality

Theorem

Let © be a polyedral bounded domain of RY, N > 2.
Let (7,&,P) be a regular mesh of €2, with regularity &.
pN

olf1§p<N,|et1§q§p*:N )
—-D

olfp>N,letl <qg< +o0.

There exists C' > 0, depending only on p, ¢, N and (2
such that

[[urllo Slurlipr Vur € X(T).

C
as g(p 1/




A crucial lemma

Lemma

Let © be an open bounded polyhedral domain of RV, N > 2.
Let (7,&,P) a regular mesh of €, with regularity parameter &.

Forall s > 1, p > 1, we have :

s ¢ (s=1)
HUTHO,SN/(N—l) < WHUTHQ(S_l)p/(p_l)HUTHl,p,T
Yur € X(T).
Proof
= Application of the Theorem on L' N BV to vy = |ur|®.
+ llurls,)

. 1 1)
= Interpolation : |juro.s < HuTHO{;HuTHgSS {Sp/(p b

51)

= lhs < C (§(p 075 [uT L,




The key points of the proof of (PSdis)

p=1

@ Direct consequence of the embedding Theorem :

lurllon/v=1) < Cllur|liiT
N
@ p* = ——— = result sill holds V1 < ¢ < p*.
N -1
l1<p<N
N -1
o Let s = (N_p)p. Then,
—1 N N N
S > 1, (S )p = s and S — p
p—1 N—-1"N_-1 N—p

@ Application of the lemma :

C
lurllopn/(v—p) < m“uTHLP,T'

N
° ResultVlgqu*:]\’,’—_p.



The key points of the proof of (PSdis)
p=N
@ Application of the lemma with p = N :

R C
HUTHO,SN/(N < WH T||o (s— 1 )N/(N HuTHl N, T-

o But LsN/WN-1)(Q) ¢ LG=DN/IN=1)(Q), so that

C

lurllo,(s-1yvy(v—1) < F—yw lerlhnT

f
@ s=1+4+(N—1)g/N.

p>N

C
e We have : ||ur|i,n7 < WHUTHLP,T-

o We apply the result for p = N.



Discrete Poincaré-Sobolev inequality, Dirichlet case

Theorem

Let © be a polyedral bounded domain of RV, N > 2.
Let TV c T, m(T'%) > 0.
Let (7,&,P) be a regular mesh of €2, with regularity &.

pN

e lfI<p< N,letl <qg<p*= )
N—p

o lf p>N,let1 <qg< +o0.

There exists C' > 0, depending only on p, ¢, N, I”
and € such that

lurlo S lurhpror Yur € X(T).

C
a = g(p 1/




Discrete Poincaré-Wirtinger inequality

Theorem

Let © be a polyedral bounded domain of RY, N > 2.
Let (7,&,P) be a regular mesh of €2, with regularity &.

For all 1 < p < +00, there exists C > 0, depending
only on p, N and €2 such that

_ C
[ug = trllop < €o-D7p ur|ipT Yur € X(T),

where




Outline

Q Results for the porous media equations
@ Presentation of the schemes



FV scheme for the evolutive equation
of=Af in QxR
f=fPonTP xRy, Vf-n=0onTVN xR,
f(W(D ::jb > 0.

The scheme

n+1_f

m(K)E K — N 1 Do (f") =0 VKeT
o€k
o= |5
0
K7 m(K) Jx
ur —uUg ifU:K’L
with the notation : Dg ,u = uUD —up ifocTP

0 ifocN



Hypotheses and first result

Hypotheses

@ Admissibility and regularity of the mesh
° 8£ct #0

o f%>0 VKeT

o ImP” and MP such that

0<mP < fP<MP Voec&P,

Proposition

The scheme has a unique nonnegative solution (f5)ke7 n>0.

Q EYMARD, GALLOUET, HILHORST, NAIT SLIMANE, 1998



Scheme for the steady state

AfP =0, in QxR
f=fPonTP xRy, Vf-n=0onTV xR,

The scheme

> 7eDio(f*) =0, VKeT.

o€k

Proposition

The scheme has a unique nonnegative solution (f3°)ke7, which

satisfies :
mP < fp<MP VKT,




Outline

Q Results for the porous media equations

@ Long time behavior



At the continuous level

B+1 _ ( foo\B+1
B = [ S (e - )

D) = [ 19(s = (r=)°)P

@ Relation between entropy and dissipation :

D(t) > M

> e E(),

o Exponential decay of the entropy :

(mD)B—l

E(t) < E(0)e ™, with A =
Cp




At the discrete level

Discrete relative entropy

n\B+1 _ ( foo\B+1
g = 3 () (VR ZUREE - ey g )

KeT ﬁ+1

Discrete dissipation

D" =370 (Do (74 - (f‘”)ﬂ))2

el

Discrete entropy-entropy dissipation property
En+1 B

Dl < > ().
AL + <0 VYn>0




Exponential decay towards the steady-state

Discrete Poincaré inequality

> w) (5 - (7)) < Lo,

KeT £

Elementary inequality

B+l _ . B+1
_ X Yy
(@” —y")? >y (—ﬁﬂ —yﬁ(af—y)) Va,y > 0.
Consequences
En+1 Cp pntl
B—1
—{(mP)

pyB-1Y\ 71
o< (1At )
< o



Exponential decay towards the steady-state

Theorem
E"<e™MEY wn>0
and > m(K)|ff — fRIP < (B4 1) M E
KeT )

Another elementary inequality

o —y|?Tt > 2P P (B 1)y (2 —y) Va,y > 0.

U C.-H., HERDA, 2019



Numerical results (5 = 4)

t=0

t=0.015

t = 0.005
2.5
2
“ 1.5
= 1
0.5
0
xy
t=0.07
2.5
2
~ 1.5
s 1
0.5
0
x1
10° Exponent m = 4
Vo (£)
|£() = f* s
10-10
10-20
0 0.5
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© Results for the Fokker-Planck equations



General case
Of+V-J=0, J=-Vf+Uf, in QxR
f:fDonFD><IR+andJ-nzOonI‘NxRJr

Steady-state
{V-JOO =0, J®=-Vf®4+US>® inQxRy

fOOZfDOHFDx]R+ande-nzoonFNxRJr.

f=1%h = J=J3%h-f*Vh |

Exponential decay towards the steady-state
o Entropy/dissipation, with ®3(z) = (x — 1),

Ha(t) = /Q f@a(h) and Ds(t) = /Q R (h) | Th?

@ Poincaré inequality + bounds on f*°



Adaptation to the discrete level 7

U FiLBET, HERDA, '17

Strategy
e Forward/backward Euler in time + finite volume in space
@ Numerical scheme for the steady-state [
= approximation of the steady flux J>°
@ Approximation of the flux J as J = J®°h — f>*Vh

Main result

1fst) — o < ce |

“Drawback”

Pre-computation of the steady-state needed for the definition
of the scheme
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© Results for the Fokker-Planck equations
@ Presentation of the B-schemes and first results



Schemes for the evolutive drift-diffusion equation
From the equation...

hf+V-J=0, J=-Vf+Uf,
f(-,0) = fo > 0 + boundary conditions

... to the scheme

m(K)u + E : Frtl _
At = K,O‘
o€l

]_—}Q;l ~ /(_vfn,+1 + fn—',-lU) X nK,cr I

o 7 : control volumes, K € T
@ £ :edges, 0 €&
o At : time step



Numerical fluxes
Fro ~ / (—Vf + fU) nx,

1
UKO‘%—/U'HKU
7 m(o) J, ’

Generic form

fK,O’ =To (B(_UK,adU)fK - B(UK,O'dO')fL)7 To =

with B(0) =1, B(z) >0 and B(z) — B(—z) = —z Vx € R

Classical examples

_ S
Bup(s) =1+5", Bee(s)=1- 3

a C.-H., Droniou, ’05



Scharfetter-Gummel fluxes

Generic form
m(o
]:K,o = Ts (B(_UK,ada)fK - B(UK,ada)fL)a To = d( )
with B(0) =1, B(z) >0 and B(z) — B(—x) = —z Vzx € R

Preservation of a thermal equilibrium U= -VV¥

f=XeV = —Vf—fVU=0

At the discrete level Ug,d, = (Ux — V)

Uk =27 = Fio=0) = Bl)= 57|

U SCHARFETTER, GUMMEL, 1969



Family of B-schemes for the Fokker-Planck equation

( In(+1 B fln( n+1
ogEEK
Ty (B(—UK,UdJ) mH _ B(Uk ody) ’g“), o= K|L,
‘FITZ;I = \7s (B(_UK,JdO') [1}+1 - B(UK,UdU)f£>a OIS gelgjb

0, oceé&l

ext:

Hypotheses on B —
e B(0) =1,
e B(z) >0 VzeR,
e B(x) — B(—x) = —=.

Lo
PO B N ®w s G o

wo



Additional hypotheses

o Admissibility and regularity of the mesh
° EL, #0
o f%>0 VKeT

e ImP and MP such that

0<mD§f£§MD Vo e EP

ext:

@ JdV > 0 such that

max max |Ug .| < V.
KeT o€l

Proposition

The scheme has a unique nonnegative solution (f5)ke7 n>0.




Associated steady-state

> FR,=0

oefk

, oe&l

ext

7o (B(-Ukodo) [ = B(Uk0do) [, o = KL
TR = 4 7o (B(-Ukodo) 7 = BUksdo) 7

0, o€ (Sgt

Proposition

o Existence and uniqueness of a solution to the scheme
(fR)KeT.
@ dm®, M such that

0<m™®< f2<M® VKeT.
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© Results for the Fokker-Planck equations

@ Long time behavior



How to rewrite the numerical fluxes?

f=1%h=3=J3%-f*vh |

Fica = 7o (B(~Uskodo) fic = BUkodo) 1),
=Ty <B(—UK,ada)hKf1°<° - B(UK,ada)thgo>v
= Frohi + 75 B(Uk odo) f°(hi — hi),
= Frohr + 1o B(=Uk odo) f& (hx — hr)
Reformulation of the fluxes
Fro=Fre +TofBo(hKx —hr)
with F4P = (F3, ) hic — (F3) b
and 5%, = min(B(~Usods) /5, B(Usodo) f7°)




Entropy-entropy dissipation property

o >0, (1) =0, ®'(1)=0

Discrete relative ®-entropy
Hy = m(K)®(hj) [
KeT
Discrete dissipation

Dg = 1o 5y (W — BE)(® (b)) — @' (h})).
el

Discrete entropy-entropy dissipation property

HIY —fgn
QTt(I)—FDg_H <0 Vn>0.




Main results

Uniform bounds

: SR fx
m>® min(1, min =2-) < f < M*° ma 1ma =L
( rer %o)_fK— x( XfK)

Proof
» &, (s)=(s—M)", M =max(1,maxh?)
» &_(s)=(s—m)", m=min(1,minhl)

Exponential decay
Da(s) = (s — 1)
Hp < H e """,

2
(Z m(K)|fx —f?l) < Hg, (Z m(K) ??) e .

KeT KeT

v




Test case

hf+V-J=0, J=-Vf+Uf

u=(,) 1

Solution and steady-state

f(z1,29,t) = exp(x1)+ exp <x21 — (71'2 + i) t> sin(mxy)

[ (x1,22) = exp(w1)



Long time behavior

Decay to the steady-state associated to the scheme

10° 10"

2
8 5 5
T 10°° 10
g
- 5
= w41 - a4l
=100 1071
- 1 1
=
=

1015 4 10"

0 1 2 3 4 5 0 1 2 3 4



Long time behavior
Decay to the real steady-state

10°

10-10

10

10°°

101

=



Outline of the talk

@ Discrete functional inequalities

© Results for the porous media equations
@ Presentation of the schemes
@ Long time behavior

© Results for the Fokker-Planck equations
@ Presentation of the B-schemes and first results
@ Long time behavior
@ About nonlinear schemes



Design of nonlinear TPFA schemes

Numerical fluxes
J=-Vf—fVU=—fV(logf+ V)

Fro ~ / V(g f+ ¥) g

Fico = 7o 1(fic: f1) (108 fic + Wi —log f1 =01 )

Examples of r functions

r+y r—y
r(z,y) = 5 T(ffay):mw-




Design of nonlinear TPFA schemes
Wf+V-J=0, J=-Vf—VIfinQxRy,
J n=0onT xRy,

The nonlinear schemes

n—+1 _fn
m) IR S

aGE}?t

Fico = 7o v(fc: 1) (log fix + Wic = log f1 = 01 ).

Preservation of the thermal equilibrium
° ff= e VK is a steady-state,

@ \is fixed by the conservation of mass.



Dissipativity of the schemes

m(i) KT
At K,o 7
O.Egznt
Fro = TaT(fK,fL)<10g Jx _ log 55 IL )
Iz fie
Dissipation of the discrete entropies
Discrete relative entropy : H} = Z P fK)
KeT fK
Hngl Hn
7At + <0
with
Do= 3 7r(fic fr) (log 2 —tog 1) (a2 -
I i IE

o€€int

o'(IL

Jr
e

)



Main results for the nonlinear TPFA schemes

A priori estimates

@ Uniform bounds obtained with
®(s) = (s — M) and ®(s) = (s —m)~

% ik

fK fK)

for M = max(1, max <=-), m = min(1, min

Existence of a solution to the scheme

@ via a topological degree argument

Exponential decay of H}

@ based on a discrete Log-Sobolev inequality



On general meshes?

'EI
£

]
N
[
1L

\
i

It

I7

N
ERBN
I

INNNNNNENEEEEERE

I
VAV VAV A A

@ The nonlinear strategy is applicable to other kinds of finite
volume schemes.

@ DDFV schemes, for instance.

Q CaNcEks, GUICHARD, 2016
Q Cancks, C.-H., KRELL, 2018



Convergence with respect to the grid

On Kershaw meshes

dt errf ordf | Nmax | Nmean Min f™

2.0E-03 || 7.2E-03 | — 2.15 | 1.010E-01

5.0E-04 || 1.7E-03 | 2.09 2.02 | 2.582E-02

3.1E-05 || 4.0E-04 | 2.11 1.07 | 1.628E-03

aldlwnoRZ

9
8
1.2E-04 || 7.2E-04 | 2.20 7 1.49 | 6.488E-03
7
7

3.1E-05 || 2.6E-04 | 1.98 1.04 | 1.628E-03

On quadrangle meshes

dt errf ordf | Nmax | NVmean Min f™

4.0E-03 | 2.1E-02 | — 2.26 | 1.803E-01

1.0E-03 || 5.1E-03 | 2.08 2.04 | 5.079E-02

6.3E-05 || 3.3E-04 | 2.09 1.22 | 3.349E-03

gldlwn~RZ

9
9
2.5E-04 || 1.3E-03 | 2.06 8 1.96 | 1.352E-02
8
7

1.2E-05 || 7.7E-05 | 1.70 1.01 | 8.695E-04




Long time behavior

Exponential decay of the discrete relative entropy

10%

10

1010

1015

-20
10 0

=1

0.5 1 1.5 2 25

Kershaw

10

10710

101

-20
10 0

quadrangles



Conclusion

@ FV schemes are well adapted for the discretization of
conservation laws/system of conservation laws.

@ They are able to preserve physical properties like positivity,
conservation of mass, entropy dissipation,...

@ For dissipative problems, they satisfy discrete entropy -
dissipation properties.
— bounds on the solution, leading to compactness properties
— knowledge of the long time behavior

o Classical results like compactness properties or functional
inequalities may be adapted to the discrete setting.
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