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Dispersion
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Introduction

Classic dispersive models:
@ Serre-Green-Naghdi equations
@ Schrodinger equation

@ Bubbly fluids model of lordanskii-Wijngaarden-Kogarko type

Advantages:
@ Accurate description of dispersive phenomenas

@ Good mathematical properties (Galilean invariance, entropy condition satisfied, admit a variational
formulation, ...)

Disadvantages:
@ Huge calculation time
@ Boundary conditions are very sophisticated

@ Impossible to impose discontinuous initial conditions
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Outline

o Serre-Green-Naghdi (SGN) model as Euler-Lagrange equations, variational formulation

Extended Lagrangian concept

Hyperbolic version of SGN model
@ Numerical methods

@ Numerical results
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Serre-Green-Naghdi model
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Serre-Green-Naghdi model:

oh

ot + div(hu) =0,

Ohu . gh2 1 .
— h /) = = — —hh

ot + div(hu ® u+ pl) =0, p > +3
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Euler-Lagrange equations

SGN equations admit a variational formulation with the Lagrangian:

_ hlul*  hh*  gh?
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Functional of action:
51

a:/ﬁdt.
to

Hamilton's principle:

ty
da=0, a= /lldt.
to

Complemented by a geometric constraint h; + div(hu) = 0, the Euler-Lagrange equations for £ read:
oh

TS + div(hu) =0,
2 .
%+div(hu®u+pl):0, p= %Jr%hh.
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Extended Lagrangian concept

Lagrangian of the SGN system: .
B hluf>  hi?  gh?
£= / (T*T‘T dD.

The extended Lagrangian:
A hlul>  h®  gh® Ah 7\ 2
L= / (T*? S5 (1) )ap.

The penalty term:
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Extended Serre-Green-Naghdi model

Extended Serre-Green-Naghdi model:

% + div(hu) =0,
%—Fdiv(hu@u—&-pl):o, p= %”2— % (% —1)
% + div (hnu) = hw,
8;—:" +div (hwu) = —A (% - 1) .
The model admits the energy conservation law:
%—f + div(Eu + pu) =0,
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Hyperbolicity of the extended model

SGN system in the primitive form:

where
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The model is unconditionally hyperbolic. The eigenvalues are:

by 2
bi23=u, Ga=utpp=ux gh+§%
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Genuine non-linearity of characteristic fields

Eigenvalues and corresponding right eigenvectors of A:
& =u, vi=(0,0100)",
e=u w=(0- h,01o) ,
&=u,  v2=(0,0,0,01)"

h T
- ’ = _77130a070 ’
Ve ( VP )

.
1,0’0,0) ;

&

h
& = U+ \/Pn, VsZ(ﬁ,
Contact characteristics (£1,2,3 = u) are linearly degenerate:
Vwéi23 - vip3 =0, Vw = (Oh, Ou, Ov, On, BW)T
Sound characteristics (€45 = u & +/pn) are genuinely non-linear:
Vwéas -vas =1+ —— hphh # 0.
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Numerical resolution

Conservative formulation of the system:

ou | OF(U)  9oG(U)
ot Ox dy

S(U).
Conservative variables and source terms:

U = (h, hu, hv, by, hw)T,  S(U) = (0:070» hw, A (1 - %)) .

Flux vectors:
F(U) = (hy, hu? + p, huv, hun, huw)T, G(U) = (hv, hvu, hv? + p, hvn, hvw)T.

Numerical resolution of the system is divided in two steps via the classic splitting method:
1) Hyperbolic step:
ou  OF(U) & 0G(U) _ 0

ot Ox dy
2) ODE step:
ou
T S(U).
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Numerical resolution: hyperbolic step

Godunov method:

07 =g, - s (y (L, +

- )+ ax (6] + 67,

f+%,1 /7%,1 ij—3
The Riemann fluxes are calculated with the HLLC solver:
Giﬁ% = HLLC(U(i,j), u@i,j+ 1))

The method has a stability constraint:

AX n n n
At < —, Cmax = max{|uf| + ai'}.
Cmax !
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Numerical resolution: ODE step

The ODE consists in resolution of the following system:

oh ou ov on ow A/n
- = — = — = = = —=—-=(--1). 1
ot = O ot = O ot = O at — " ot h (h ) (1)
The system (1) admits the exact solution:
hn+1 — hn un+1 — un vn+1 — Vn.
At h"w" At
n+l _ 4n n__gn =t . 2t
" =h"+(n h)cos(ﬁhn)—kﬁan(ﬁhn),
1 _ (1) s Aty At
w™ = ﬁ(h” 1)5”‘(‘5‘,,,7)""” cos(ﬁhn)

S. Tkachenko (Aix-Marseille Université) Multidi ional waves in dispersive media 8 August 2019 13/19




Numerical results 1D, 1st order in time and space

Initial condition
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Figure: Numerical solution to the Riemann problem: Dispersive shock wave. Ncells = 768000, A = 300m2/s2, t = 44.434s.

S. Tkachenko (Aix-Marseille Université)

Multidi

ional waves in disp

media

8 August 2019

14/19



]
IMEX: Second order method

Second order implicit-explicit scheme for conservative equations:

* n At n n
u; —Ui—’YE( i+%_Fi—%

n n At n n At * *
Ut = - (- )5 (FLy —Fy ) — @5, (Fry —Fr

2 2

) +yAtS(Uy),
) + (1= 9)AtS(U])+yALS(UT).

First step:
o Calculate Riemann fluxes F?ﬂ:% from n-th layer
@ Solve the implicit equation for U}
Second step:
@ Calculate Riemann fluxes F:.“i% from U7, calculated on the previous step

@ Solve the implicit equation for U7™!
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Numerical results 1D, 2nd order in time and space

1=44.343 sec
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Figure: Numerical solution to 1D Riemann problem for the extended SGN model: a dispersive shock wave. Ncells = 8000,

X\ =300m?/s?, t = 44.434s.
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Numerical results 2D
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Figure: Initial condition of a 2D Riemann problem for the extended SGN model. Initial water depth is h;y = 1.8 m inside the
dark gray region {(x,y) : 260 m < x,y < 340 m} and h, = 1.0 m outside. Initial velocity is ug = vo =0 m/s.
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Numerical results 2D
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Conclusions and perspectives

Conclusions:
@ Extended hyperbolic SGN model is derived
@ 1D Riemann problem is numerically solved (1st and the 2nd order)

@ 2D Riemann problem is numerically solved (1st order)

Perspectives:
@ 2D code for bubbly fluids

@ Higher order methods for 2D extended models
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