Heaving buoys in axisymmetric shallow water and the

return to equilibrium problem

Edoardo BOCCHI
Supervisors: D. LANNES and C. PRANGE

Institut de Mathématiques de Bordeaux

6 August, 2019
CEMRACS 2019, CIRM, Luminy

universice 227
“BORDEAUX M';tﬁétn;::tigl}esddg

ordeaux

Edoardo Bocchi (IMB, Bordeaux) CEMRACS 2019 Luminy, 6 August, 2019 1/16



Assumptions on the solid:
@ Vertical side-walls
@ Only vertical motion

The contact line I" does not depend on time
= One free boundary problem: surface elevation ((t, X)
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Equations in the fluid domain Q(t) for U:

QU+ U -Vy, U= f%vx,zp —ge, in Q) (1)
divU=0 (2)
curl U =0 (3)
Boundary conditions at the surface and the bottom:
2=¢, %C-U.N=0 withN—(_va> 4)
z = —ho, U-e, =0 (5)
Pressure in &:
Ee = Latm (6)
Constraint in Z:
Gi(t, X) = Cu(t, X) @)
Jump at I':
Ce(t7 ) # Ci(ta ) (8)
Bz(t») =Patm+pg(<e_<-i)+PNH (9)
Continuity of the normal velocity at the vertical walls:
Viv=Vo- v (10)
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Shallow water approximation

2

h
Regime: the wavelength L is larger than the depth hg, i.e. p = L—OZ «1

Nonlinear shallow water equations

At precision O(p), h and Q = Sg—ho Vdz solve

Othe +V - Qe =0
Qe + V- (Qe ® Qc) + gheVhe = —12VP, =0 in &
B = Patm

e

oth; +V-Q; =0
0tQi + V- (h%Qz ® Qi) + gh;Vh; = —%Vﬂi in Z
h; = hy,

B.C.atI': B”F = atm+pg(Ce_Ci)\p+Pcor7 Qe'y\r :Qi'l/h—w

v
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Axisymmetric case

Cylindrical coordinates:
U= U(t,r,@,z), U= (uTaU9>uz) = Q= Q(t,?", 0): Q= (QT7QG)

tZ

/P

We assume that the flow is axisymmetric without swirl, which means that
the flow has no dependence on the angular variable ¢ and uy = 0.
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Axisymmetric case

Cylindrical coordinates:
U= U(t,r,@,z), U= (uTaU9>uz) = Q= Q(t,?", 0): Q= (QT7QG)

tZ

/P

We assume that the flow is axisymmetric without swirl, which means that
the flow has no dependence on the angular variable ¢ and uy = 0.

= Q(t,7) = (4, 0)
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Nonlinear shallow water equations

Othe + V-Qe =0
%Qec + V- (Qc ® Qc) + gheVh = —22VP, =0 in &
Be = Patm

6thi+V-Qi=0

01Q; +V - (,%Qz ® Qi) + gh;Vh; = —%Vﬁi in T

h; = hy

B.C. Blh‘ = atm+pg(ge_<i)|p +PCOT7 at T
Qe - Vip = Qi - VIp-

> Pressure eq: —V - (%Vﬂi) = —02hy + ...
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Axisymmetric nonlinear shallow water equations

Othe + 0rqe + e 0,

q 'R -
Oige + O | 22 ) + == + ghedrhe = 0, in (R, +o)
he The
Be = Patm
q;
oth; + 0rq; + — =0,
2 2 h .
0ugi + 0, (& ) + 2= + ghidoh = ——3,P;,  in (0R)
hi Thz‘ P
hi = hy
B.C Bi:Patm+pg(Ce_Ci)+Pcora at r=R
Qe = q;-
v for Py ~ Qi|2 . <% — %)I conservation of the fluid-solid energy!
= € i r=R
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Solid motion

Solid: G(t) = (0,0, 25(t)), Ug(t) = (0,0, 2¢(t)), w =0
Define the displacement 0¢ () := 2G(t) — 2G.eq
From the assumptions on the solid:  hy(t,7) = hy eq(r) + dc(t)

By the interior constraint h,, = h; we have also

alt,r) = —Sda(t)

Newton's law for the conservation of the linear momentum

.. R
mog = —mg ~|—f (P; — Patm)
0
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Solid motion

Solid: G(t) = (0,0, 25(t)), Ug(t) = (0,0, 2¢(t)), w =0
Define the displacement 0¢ () := 2G(t) — 2G.eq
From the assumptions on the solid:  hy(t,7) = hy eq(r) + dc(t)

By the interior constraint h,, = h; we have also
r.
ailt.r) =~ da(t
Newton's law for the conservation of the linear momentum
.. R
mog = —mg ~|—f (P; — Patm)
0

Using the elliptic equation on P,

(m + ma(6a))0a(t) = —cda(t) + cCo(t, R) + ( ) (f ) + ﬂ(ég)) 6% ()
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Writing u = (e, ge):

Fluid part (Hyperbolic IBVP)
oru + A(uw)opu+ B(u,r)u =0, re(R,+x0)
e - u|_, = —Z6(), (11)
u(t =0) = ug.

Solid part (Nonlinear ODE)

(m + ma(0c))dG = —cde + c(er - u),_, — ho) + (b(w) + B(5g)) 02,
6c(0) = do,

5¢(0) = 41. .
12
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Writing u = (e, Ge):
Fluid part (Hyperbolic IBVP)

oru + A(u)oru + B(u,m)u =0, 1€ (R,+00)

e, = ~536(1) (1)

u(t =0) = ug.
Solid part (Nonlinear ODE)

(m + ma(0c))dG = —cde + c(er - u),_, — ho) + (b(w) + B(5g)) 02,
6c(0) = do,

5¢(0) = 41.

Theorem (E.B. '18)

Local well-posedness of the coupled system (11) - (12) for compatible
initial data ug, 89,81 and ug € HF((R, +0)) with k = 2.
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Return to equilibrium

It consists in dropping the solid with no initial velocity from a
non-equilibrium position into a fluid initially at rest.

Initial data )
Solid: 6¢:(0) = 8o # 0, 6¢:(0) = 0
Fluid: he(0,7) = hg, ((0,7) =0, ¢.(0,7) =0
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Return to equilibrium

It consists in dropping the solid with no initial velocity from a
non-equilibrium position into a fluid initially at rest.

Initial data )

Solid: d¢(0) = 6o # 0, ¢(0) =0

Fluid: he(0,7) = hg, ((0,7) =0, ¢.(0,7) =0
= Compatibility conditions are NOT satisfied

Different approach:

@ linearized equations in the exterior domain

@ nonlinear equations in the interior domain
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Hydrodynamical linear-nonlinear model (L-NL)

o re (R, +w)
0+ Orge + £ = 0
ath + ghOarCe =0
e re(0,R)
qi
6th@' + 6rqi + ? =0
2 2 h;
G+ o () + Iy ghion = - o, P,
hi T’hi 1%

R.
de|,_p = _E(SG’(t% £i|T:R = Pum + Pg(Ce - Ci)|T:R + Peor
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Focus on the solid equation

(m + ma(6q))0a(t) = —cda(t) + cCo(t, R) + <h2(fR) + 5(5(;)) 6%(t)
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Focus on the solid equation

. b i
(m + ma(ég))da(t) = —Cdg(t) + Cce(t, R) + (hQ(tFi) + B(dG)) (S%(t)
Exterior problem:
OrCe + 0rge + =0 R
r B.C. ), = —50a(1).

Otqe + U%arCe =0,
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Focus on the solid equation

b

(m + ma(66))dc(t) = —cda(t) + cCe(t, R) + (hQ(tR)

; 6(6(;)) ()

Exterior problem:

Oue + rge + 2 = 0 .
r B.C. o), = —50(0):

Otqe + U%arCe =0,

Linear wave equation
attCe - U(%ATCe =0
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Focus on the solid equation

(m + ma(6q))0a(t) = —cda(t) + cCo(t, R) + <h2(fR) + 5(5(;)) 6%(t)

Exterior problem:

q
atCe + arQe + =

r

=0
R.

B.C. de|,_p = —§5G(t)'

Otqe + U%arCe =0,

Linear wave equation
attCe - U(%ATCe =0
Helmholtz equation with complex coefficients (£ Laplace tranform):

$2L(Ce) — v3AL(¢) = 0.

L) = ;j;;aéaxs)
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Focus on the solid equation

(m + ma(6q))0a(t) = —cda(t) + cCo(t, R) + <h2(fR) + 5(5(;)) 6%(t)

Exterior problem:

q
atCe + arQe + =

r

=0
R.

B.C. de|,_p = —§5G(t)'

Otqe + U%arCe =0,

Linear wave equation
attCe - U(%ATCe =0
Helmholtz equation with complex coefficients (£ Laplace tranform):
$2L(Ce) — v3AL(¢) = 0.

SR . + no incoming waves (13)

OrL(Ce))p = Tq}gﬁ(éc;)(s)
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Theorem (E. B. '19)

Considering the linear-nonlinear hydrodynamical model (L-NL), the solid
motion is governed by

(m I ma(5g))5g = —cdg — Z/SG

t . . .
+ cf F(s)ba(t — s)ds + (6(5) + A(66)) %
0
(14)
The Cauchy problem for (14) with 6y # 0 and §; = 0 admits a unique
solution 6 € C?([0, +),R) provided some admissibility condition on the
initial datum dg.

v

Assumption (numerical justification at this moment)

The impulse response function |F(t)| < Ct=2 fort > t,.
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Linearizing (14) around the equilibrium state, we get
.. . t .
(m 4+ mq(0)) 6g(t) = —cdg(t) — vig(t) + CJ F(t—s)da(s)ds (15)
0

which is a Cummins-type equation for the vertical motion.

Cummins equation® for the heave

L] t
‘El[(mj 6”‘ + mjk) i] + C,k Xj + JK”‘ (t—1) x, (T) dTl = fl( (l)
J: -—00

is implemented in naval architecture and hydrodynamical engineering.

LCummins, W.E., The Impulse Response Function and Ship Motions, Navy
Department, David Taylor Model Basin, 1962.
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Numerical results

ho=15m, R=10m, H =10 m, p = 1000 kg/m3, p,, = 0.5 p.

5

4L

Figure: Time evolution of d¢ given by the nonlinear integro-differential (14) (full)
and by the linear Cummins equation (15) (dash) for o = 1 m and §p = 5 m.
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Summary
@ We do take into account nonlinear terms

@ Validation of the shallow water approach to the floating body
problem: several experimental data with an axisymmetric geometry

@ Validation and improvement of the Cummins equation

Perspectives

@ Add horizontal motion and rotation: evolution of the contact line +
no axisymmetric flow (lguchi-Lannes '18 in 1d)

o Large time behavior of the solution (almost done by Kai Koike:
t~2-decay)
@ Study the nonlinear-nonlinear system for the return to equilibrium
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THANK YOU FOR THE ATTENTION!
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