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1 Utility maximization: the financial market model
(N. El Karoui, R. Rouge ’00; J. Sekine ’02; J. Cvitanic, J. Karatzas ’92)

(Ω,F , P ) probability space with m-dim. Brownian motion W = (W 1, · · · ,Wn),
T finite time horizon

price processes

trivial bond S0 ≡ 1; stocks 1 ≤ i ≤ d

dSit
Sit

=

n∑
j=1

σijt dW
j
t + bitdt

= σitdWt + bitdt

= σit[dWt + θtdt], t ∈ [0, T ]

θ = σ∗[σσ∗]−1b, εId ≤ [σσ∗] ≤ εId with ε > 0
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1 Utility maximization: the financial market model
investment strategies with non-convex constraints

(N. El Karoui, R. Rouge ’00 for convex constraints)

C̃ ⊂ Rd closed; Ã: strategies π = (π1, · · · , πd) s. th.
π ∈ C̃ P ⊗ λ-a.s. (λ Lebesgue measure)
{exp(−α

∫ τ
0
πs
dSs
Ss

) : τ stopping time in [0, T ]} uniformly integrable

wealth process

Xπ
t = x+

d∑
i=1

∫ t

0

πis
dSis
Sis

= x+

∫ t

0

πsσs[dWs + θsds]

preferences of small agent measured by exponential utility from terminal
wealth

utility function
U(x) = − exp(−αx), x ∈ R.
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1 Utility maximization: the optimization problem
F FT -measurable liability at time T .
First formulation:
Find

V (x) = sup
π∈Ã

E(U(Xπ
T − F )) = sup

π∈Ã
E(U(x+

∫ T

0

πsσs[dWs + θsds]− F )).

For simplicity:
p = πσ,

C = C̃σ,

A = Ãσ.

Xp
t = x+

∫ t

0

ps[dWs + θsds], t ∈ [0, T ]

Second formulation:
Find

V (x) = sup
p∈A

E(U(Xp
T − F )) = sup

p∈A
E(− exp(−α(x+

∫ T

0

ps[dWs + θsds]− F ))).
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1 Utility optimization: a solution method based on BSDE
Idea: Construct family of processes R(p) such that

form 1

R
(p)
0 = constant,

R
(p)
T = − exp(−α(Xp

T − F )),
R(p) supermartingale, p ∈ A,
R(p∗) martingale, for (exactly) one p∗ ∈ A.

Then

E(− exp(−α[Xp
T − F ])) = E(R

(p)
T )

≤ E(Rp0)

= V (x)

= E(R
(p∗)
0 )

= E(− exp(−α[X
(p∗)
T − F ])).

Hence p∗ optimal strategy.
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1 Utility optimization: a solution method based on BSDE
Introduction of BSDE into problem: find generator f of BSDE

Yt = F −
∫ T

t

ZsdWs −
∫ T

t

f(s, Zs)ds, YT = F ,

such that with
R

(p)
t = − exp(−α[Xp

T − Yt]), t ∈ [0, T ],

we have

form 2

R
(p)
0 = − exp(−α(x− Y0))

= constant, (fulfilled)

R
(p)
T = − exp(−α(Xp

T − F )) (fulfilled)

R(p) supermartingale, p ∈ A,
R(p∗) martingale, for (exactly) one p∗ ∈ A.

This gives solution of valuation problem.
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1 Utility optimization: construction of generator of BSDE
How to determine f :
Suppose f generator of BSDE. Then

R
(p)
t = − exp(−α[Xp

T − Yt])

= − exp(−α[x− Y0]) · exp(−α[

∫ t

0

(ps − Zs)dWs −
∫ t

0

[f(s, Zs)− psθs]ds])

= exp(−α[x− Y0]) · exp(−α
∫ t

0

(ps − Zs)dWs −
α2

2

∫ t

0

(ps − Zs)2ds)

·− exp(

∫ t

0

[αf(s, Zs)− αpsθs +
α2

2
(ps − Zs)2]ds)

= M
(p)
t ·A(p)

t ,

with M (p) nonnegative martingale. R(p) satisfies (form 2) iff for

q(·, p, z) = f(·, z)−pθ +
α

2
(p− z)2, p ∈ A, z ∈ R,

we have
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1 Utility optimization: construction of generator of BSDE

form 3 q(·, p, z) ≥ 0, p ∈ A (supermartingale cond.)
q(·, p∗, z) = 0, for (exactly) one p∗ ∈ A (martingale cond.).

Now

q(·, p, z) = f(·, z)−pθ +
α

2
(p− z)2

= f(·, z)+α
2

(p− z)2 − (p− z) · θ +
1

2α
θ2 −zθ− 1

2α
θ2

= f(·, z)+α
2

[p− (z +
1

α
θ)]2 −zθ − 1

2α
θ2.

Under non-convex constraint p ∈ C:

[p− (z +
1

α
θ)]2 ≥ d2(C, z +

1

α
θ).

with equality for at least one possible choice of p∗ due to closedness of C.
Hence (form 3) is solved by the choice
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1 Utility optimization: construction of generator of BSDE

form 4 f(·, z) = −α2d
2(C, z + 1

αθ)+z · θ + 1
2αθ

2 (supermartingale cond.)
p∗ s. th. d(C, z + 1

αθ) = d(p∗, z + 1
αθ) (martingale cond.).

Problem: Let
ΠC(v) = {p ∈ Rd : d(C, v) = d(p, v)}.

Find measurable selection p∗t from πCt(Zt + 1
αθt). Solved by classical

measurable selection method.

1
α θtz+

pt
*

pt
*

tC
1
α θtz+π ( )

Measurable selection

from

tC

π ( )
tC

1 θz+ tα
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1 Utility optimization: main result
Thm 1
(Y,Z) unique solution of BSDE

Yt = F −
∫ T

t

ZsdWs −
∫ T

t

f(s, Zs)ds, t ∈ [0, T ],

with
f(t, Zt) = −α

2
d2(Ct, Zt +

1

α
θt)+Zt · θt +

1

2α
θ2t .

Then value function of utility optimization problem under constraint p ∈ A
given by

V (x) = − exp(−α[x− Y0]).
There exists an optimal trading strategy p∗ ∈ A such that

p∗t ∈ ΠCt(Zt +
1

α
θt), t ∈ [0, T ].
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1 Utility optimization: methods of proof of main result
Proof:

- existence and uniqueness for BSDE locally Lipschitz in z
(M. Kobylanski ’00)

- measurable selection theorem for ΠCt(Zt + 1
αθt)

- BMO properties of the martingales
∫
ZsdWs,

∫
p∗sdWs

for uniform integrability of exponentials (regularity of coefficients)•

Aim: existence and uniqueness for BSDE with Lipschitz drivers.
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2 BSDE: spaces
Time horizon T > 0, m ∈ N; (Ω,F , P ) n-dimensional Wiener space, Wiener
process W = (W 1, · · · ,Wn); (Ft)t≥0) natural filtration, completed.

L2(Rm) space of Rm-valued FT -measurable r.v., norm E(|X|2)1
2.

H2(Rm) space of (Ft)0≤t≤T -adapted processes X : Ω× [0, T ]→ Rm, norm
||X||2 = E(

∫ T
0
|Xt|2dt)

1
2.

H1(Rm) space of (Ft)0≤t≤T -adapted processes X : Ω× [0, T ]→ Rm, norm
||X||1 = E([

∫ T
0
|Xt|2dt]

1
2).

For β > 0, X ∈ H2(Rm) let

||X||2,β = E(

∫ T

0

eβt|Xt|2dt),

H2,β(Rm) space H2(Rm), norm || · ||2,β.
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2 BSDE: notions
parameters of BSDE:
terminal condition: ξ ∈ L2(Rm).
generator: f : Ω×R+ ×Rm ×Rn×m → Rm product measurable, adapted
in t,

(H1) f(·, 0, 0) ∈ H2(Rm),

f uniformly Lipschitz, i.e. there is C ∈ R s. th. for
(y1, z1), (y2, z2) ∈ Rm ×Rn×m, P ⊗ λ-a.e. (ω, t) ∈ Ω×R+

(H2) |f(ω, t, y1, z1)− f(ω, t, y2, z2)| ≤ C[|y1 − y2|+ |z1 − z2|].

Definition 1. (f, ξ) fulfilling above measurability requirements, (H1), (H2):
standard parameter.

Aim: find pair of Ft)0≤t≤T -adapted processes (Yt, Zt)0≤t≤T satisfying
backward stochastic differential equation (BSDE)

(∗) dYt = Z∗t dWt − f(·, t, Yt, Zt)dt, YT = ξ.
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2 BSDE: a priori inequalities
Method: use contraction on suitable Banach space. For this purpose, need a
priori inequalities.

Lemma 1. For i = 1, 2 let (f i, ξi) be standard parameters, (Y i, Zi) ∈
L2(Rm) × H2(Rm) solutions of (*) with corresponding standard parameters,
where for z ∈ Rn×m we denote |z| = (tr(zz∗))1

2. Let C be a Lipschitz constant
for f1. Define for 0 ≤ t ≤ T

δYt = Y 1
t − Y 2

t ,

δ2ft = f1(·, t, Y 1
t , Z

1
t )− f2(·, t, Y 2

t , Z
2
t ).

Then for any triple (λ, µ, β) with λ > 0, λ2 > C, β ≥ C(2 + λ2) + µ2 we have

||δY ||22,β ≤ T [eβTE(|δYT |2) +
1

µ2
||δ2f ||22,β],

||δZ||22,β ≤ λ2

λ2 − C
[eβTE(|δYT |2) +

1

µ2
||δ2f ||22,β].
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2 Proof a priori estimate: L2 boundedness of Y
Proof
1. (Y,Z) ∈ H2(Rm)×H2(Rn×m) solution of (*) with (ξ, f). Show:

sup
0≤t≤T

|Yt| ∈ L2(Rm).

By (*)

sup
0≤t≤T

|Yt| ≤ |ξ|+
∫ T

0

|f(·, s, Ys, Zs)|ds+ sup
0≤t≤T

|
∫ T

t

Z∗sdWs|,

and by Doob’s inequality

E( sup
0≤t≤T

|
∫ T

t

Z∗sdWs|2) ≤ 4E( sup
0≤t≤T

|
∫ t

0

Z∗sdWs|2) ≤ 8E(

∫ T

0

|Zs|2ds).

By (H1), (H2) |ξ|+
∫ T
0
|f(·, s, Ys, Zs)|ds ∈ L2(R). Hence we get

E( sup
0≤t≤T

|Yt|2) <∞.
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2 Proof a priori estimate: preliminary bound
2. To derive preliminary bound, apply Itô’s formula to semimartingale
(eβs|δYs|2)0≤s≤T . For 0 ≤ t ≤ T

eβT |δYT |2 − eβt|δYt|2

= β

∫ T

t

eβs|δYs|2ds+2

∫ T

t

eβs〈δYs, f1(·, s, Y 1
s , Z

1
s )

−f2(·, s, Y 2
s , Z

2
s )〉ds−2

∫ T

t

eβs〈δYs, δZ∗sdWs〉+
∫ T

t

eβs|δZs|2ds.

Reorder to get

eβt|δYt|2 + β

∫ T

t

eβs|δYs|2ds+

∫ T

t

eβs|δZs|2ds

= eβT |δYT |2 + 2

∫ T

t

eβs〈δYs, δZ∗sdWs〉

−2

∫ T

t

eβs〈δYs, f1(·, s, Y 1
s , Z

1
s )− f2(·, s, Y 2

s , Z
2
s )〉ds.



AN INTRODUCTION TO BSDE 16

2 Proof a priori estimate: preliminary bound
3. For 0 ≤ t ≤ T show:

E(eβt|δYt|2)≤ E(eβT |δYT |2)+
1

µ2
E(

∫ T

t

eβs|δ2fs|2ds).

Integrate in the inequality of 2., to get

E(eβt|δYt|2) + βE(

∫ T

t

eβs|δYs|2ds) + E

∫ T

t

eβs|δZs|2ds)

≤ E(eβT |δYT |2)

+2E(

∫ T

t

eβs〈δYs, f1(·, s, Y 1
s , Z

1
s )− f2(·, s, Y 2

s , Z
2
s )〉ds).

By assumptions for 0 ≤ s ≤ T

|f1(·, s, Y 1
s , Z

1
s )− f2(·, s, Y 2

s , Z
2
s )| ≤ |f1(·, s, Y 1

s , Z
1
s )− f1(·, s, Y 2

s , Z
2
s )|

+|δ2fs|
≤ C[|δsY |+ |δsZ|]+|δ2fs|.
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2 Proof of a priori estimate: preliminary bound
The latter implies∫ T

t

E(2eβs|〈δYs, f1(·, s, Y 1
s , Z

1
s )− f2(·, s, Y 2

s , Z
2
s )〉|ds

≤
∫ T

t

2eβsE(|δYs|[C(|δsY |+ |δsZ|)+|δ2fs|]ds

=

∫ T

t

2eβs[CE(|δYs|2) + E(|δsY |(C|δsZ|)+|δ2fs|)]ds.

Now for C, y, z, t > 0 with µ, λ > 0

2y(Cz+t) = 2Cyz + 2yt

≤ C[(yλ)2 + (
z

λ
)2] + (yµ)2 + (

t

µ
)2

= C(
z

λ
)2+(

t

µ
)2 + y2(µ2 + Cλ2).
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2 Proof of a priori estimate: preliminary bound
With this further estimate last term:∫ T

t

2eβs[CE(|δYs|2) + E(|δsY |(C|δsZ|)+|δ2fs|)]ds

≤
∫ T

t

eβs[2CE(|δYs|2)+
C

λ2
E(|δsZ|2)

+
1

µ
E(|δ2fs|2) + (µ2 + Cλ2)E(|δsY |2]ds

=

∫ T

t

eβs[(µ2 + C(2 + λ2))E(|δYs|2)

+
C

λ2
E(|δsZ|2)+

1

µ
E(|δ2fs|2)]ds.
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2 Proof of a priori estimate: the inequality
Summarizing, we obtain

(∗∗) E(eβt|δYt|2) ≤ E(

∫ T

t

eβs|δYs|2ds)[−β+C(2 + λ2) + µ2]

+E(

∫ T

t

eβs|δZs|2ds)[
C

λ2
− 1]+E(eβT |δYT |2)

+
1

µ2
E(

∫ T

t

eβs|δ2fs|2ds)

≤ E(eβT |δYT |2)+
1

µ2
E(

∫ T

t

eβs|δ2fs|2ds).

This is the claimed inequality.

4. First inequality: integrate inequality from 3. in t.

5. Second inequality: take second term from right hand side to left in (**). •
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2 BSDE: existence, uniqueness

Theorem 1. Let (ξ, f) be standard parameters. Then there exists a uniquely
determined pair (Y,Z) ∈ H2(Rm)×H2(Rn×m) with the property

Yt = ξ −
∫ T

t

Z∗sdWs +

∫ T

t

f(·, s, Ys, Zs)ds, 0 ≤ t ≤ T.

Proof
Consider

Γ : H2,β(Rm)×H2,β(Rn×m)→ H2,β(Rm)×H2,β(Rn×m), (y, z) 7→ (Y,Z),

where (Y,Z) is solution of

(∗) Yt = ξ −
∫ T

t

Z∗sdWs +

∫ T

t

f(·, s, ys, zs)ds, 0 ≤ t ≤ T.
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2 Proof: existence, uniqueness
1. Prove: (Y, Z) well defined. By assumptions

ξ +

∫ T

t

f(·, s, ys, zs)ds ∈ L2(Ω), 0 ≤ t ≤ T.

Therefore

Mt = E(ξ +

∫ T

0

f(·, s, ys, zs)ds|Ft), 0 ≤ t ≤ T,

is martingale. M is continuous, since we are on Wiener filtration. M square
integrable. Hence martingale representation provides (unique) Z ∈ H2(Rn×m)
s. th.

Mt = M0 +

∫ t

0

Z∗sdWs, 0 ≤ t ≤ T.

Let

Yt = Mt −
∫ t

0

f(·, s, ys, zs)ds.

Then Y square integrable, and

Yt = E(ξ +

∫ T

t

f(·, s, ys, zs)ds|Ft), 0 ≤ t ≤ T.
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2 Proof: existence, uniqueness
Hence

YT = ξ = M0 +

∫ T

0

Z∗sdWs −
∫ T

0

f(·, s, ys, zs)ds,

and thus for 0 ≤ t ≤ T

Yt = ξ −M0 −
∫ T

0

Z∗sdWs +

∫ T

0

f(·, s, ys, zs)ds

+ M0 +

∫ t

0

Z∗sdWs −
∫ t

0

f(·, s, ys, zs)ds

= ξ −
∫ T

t

Z∗sdWs +

∫ T

t

f(·, s, Ys, Zs)ds.
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2 Proof: existence, uniqueness
2. Prove: For β > 2(1 + T )C Γ is contraction.

Let (y1, z1), (y2, z2) ∈ H2,β(Rm)×H2,β(Rn×m), (Y 1, Z1), (Y 2, Z2) solutions of
(*) by 1. We apply Lemma 1 with C = 0, β = µ2, and f i = f(·, yi, zi). We obtain

||δY ||2,β ≤ T

β
E(

∫ T

0

eβs|f(·, s, y1s, z1s)− f(·, s, y2s, z2s)|2ds),

||δZ||2,β ≤ 1

β
E(

∫ T

0

eβs|f(·, s, y1s, z1s)− f(·, s, y2s, z2s)|2ds).

By Lipschitz continuity of f

||δY ||2,β ≤ 2TC

β
[||δy||2,β + ||δz||2,β],

||δZ||2,β ≤ 2C

β
[||δy||2,β + ||δz||2,β].
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2 Proof: existence, uniqueness
We summarize to obtain

(∗∗) ||δY ||2,β + ||δZ||2,β ≤
2C(T + 1)

β
[||δy||2,β + ||δz||2,β].

By choice of β, Γ is contraction.

3. Let (Y , Z) be fixed point of Γ given by 2. Let

Yt = E(ξ +

∫ T

t

f(·, s, Y s, Zs)ds|Ft), 0 ≤ t ≤ T.

Then Y is continuous and P -a.s. identical to Y . Then (Y,Z) solves BSDE.

4. Uniqueness: contractivity of Γ, uniqueness of fixed point. •
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2 BSDE: recursive approximation of solution
Corollary 1. Let β > 2(1 + T )C, ((Y k, Zk))k≥0 given by Y 0 = Z0 = 0,

Y k+1
t = ξ −

∫ T

t

(Zk+1
s )∗dWs +

∫ T

t

f(·, s, Y ks , Zks )ds

by preceding proof. Then ((Y k, Zk))k≥0 converges in H2,β(Rm)×H2,β(Rn×m)
to the solution (Y, Z) of (*).

Proof
(**) in proof of Theorem 1 yields

||Y k+1 − Y k||2,β + ||Zk+1 − Zk||2,β ≤ εk[||Y 1 − Y 0||2,β + ||Z1 − Z0||2,β],

with ε = 2C(T+1)
β < 1. Hence

∑
k∈N

[||Y k+1 − Y k||2,β + ||Zk+1 − Zk||2,β] <∞.

Use standard argument. •
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2 Linear BSDE
Examples for explicitly solvable BSDE rare; here is one.

Proposition 1. β : Ω×R+ → R, γ : Ω×R+ → Rn, ϕ : Ω×R+ → R bounded,
adapted, continuous, ϕ ∈ H2

T (R), f(·, t, y, z) = ϕt+βty+z∗γt, t ≥ 0, y ∈ R, z ∈
Rn, ξ ∈ L2

T (R). Then the linear BSDE

(∗) dYt = Z∗t dWt − f(·, t, Yt, Zt)dt, Yt = ξ,

has unique solution (Y,Z) ∈ H2
T,β(R)×H2

T,β(Rn), and

Yt = E(ξΓtT +

∫ T

t

Γtsϕsds|Ft),

where for s ≥ t Γts is solution to forward SDE

(∗∗) dΓts = Γts(βsds+ γ∗sdWs), Γtt = 1.

If ξ, ϕ ≥ 0, also Y ≥ 0.
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2 Linear BSDE; solution
Proof

1. (ξ, f) fulfil conditions of Theorem 2; hence unique solution (Y,Z) exists.

2. Fix t ≥ 0. Then

Γts = exp(

∫ s

t

γ∗udWu −
∫ s

t

(
1

2
|γ∗u|2 − βu)du) = Γ0

s(Γ
0
t )
−1

solves the linear SDE (**). Now

d(Γ0
tYt +

∫ t

0

Γ0
sϕsds) = dΓ0

tYt + Γ0
tdYt + d〈Γ0

t , Yt〉

= Γ0
tYt(βtdt+ γ∗t dWt) + Γ0

t [Z
∗
t dWt − (ϕt + βtYt + γ∗tZt)dt] + Γ0

tγ
∗
tZtdt+ Γ0

tϕtdt

= Γ0
tYtγ

∗
t dWt + Γ0

tZ
∗
t dWt,

hence (Γ0
tYt +

∫ t
0

Γ0
sϕsds, t ≥ 0) local martingale.
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2 Linear BSDE: solution
Moreover,

sup
0≤t≤T

Γ0
t |Yt| ≤ sup

0≤t≤T
Γ0
t sup
0≤t≤T

|Yt| ∈ L1
T (R), sup

0≤t≤T
Γ0
t ∈ L2

T (R).

So local martingale is uniformly integrable, and therefore

Yt = (Γ0
t )
−1[Γ0

tYt +

∫ t

0

Γ0
sϕsds]− (Γ0

t )
−1

∫ t

0

Γ0
sϕsds

= (Γ0
t )
−1E(Γ0

T ξ +

∫ T

0

Γ0
sϕsds|Ft)− (Γ0

t )
−1

∫ t

0

Γ0
sϕsds

= E(ξΓtT +

∫ T

t

Γtsϕsds|Ft).

3. If ϕ, ξ ≥ 0, by the representation also Y ≥ 0. •
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2 BSDE: comparison principle
Important property of solutions: order given by terminal states is preserved.

Theorem 2. (f1, ξ1), (f2, ξ2) standard parameters, (Y 1, Z1), (Y 2, Z2) corre-
sponding solutions of BSDE. Assume

ξ1 ≥ ξ2,

δ2ft(ω) = f1(·, t, Y 2
t , Z

2
t )(ω)− f2(·, t, Y 2

t , Z
2
t )(ω) ≥ 0 for P⊗ λ− a.a. (ω, t).

Then Y 1
t ≥ Y 2

t for any 0 ≤ t ≤ T .

Proof
For notational simplicity, assume that n = 1.

∆yf
1(·, t) =

f1(·, t, Y 1
t , Z

1
t )− f1(·, t, Y 2

t , Z
1
t )

Y 1
t − Y 2

t

,

∆zf
1(·, t) =

f1(·, t, Y 2
t , Z

1
t )− f1(·, t, Y 2

t , Z
2
t )

Z1
t − Z2

t

,

with the convention that quotient is 0 if denominator vanishes.
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2 BSDE: comparison principle
δY, δZ defined as in proof of a priori inequalities; then BSDE for δY is linear:

dδYt = δZtdWt − (f1(·, t, Y 1
t , Z

1
t )− f2(·, t, Y 2

t , Z
2
t ))dt

= δZtdWt − (f1(·, t, Y 1
t , Z

1
t )− f1(·, t, Y 2

t , Z
2
t ))dt− δ2ftdt

= δZtdWt − [∆yf
1(t)δYt + ∆zf

1(t)δZt + δ2ft]dt;

initial condition δξ = ξ1 − ξ2. By Lipschitz continuity, ∆yf,∆zf bounded,
adapted, δ2f, δξ square integrable. Representation formula of Proposition
yields δYt ≥ 0 for δξ, ϕ = δ2f ≥ 0, all 0 ≤ t ≤ T. •

Comparison principle essential in proof of existence of solutions for BSDE
with coefficients fulfilling local Lipschitz conditions (as the one on the utility
optimization problem of first part).
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