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Let’s start with an example of simulation with particles

Stochastic Lagrangian model for wind simulation, forced with a WRF simulation, in the Marseille
navigation basin (60 km x 60 km x 2 km. 150 x 150 x 200 computation cells, with 96 particles
in each cell (432 x 10° particles). Time step is 10 seconds, with screen-out each 600 seconds.

Simulation realized in collaboration with Yann Amice (Metigate) - 2016
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» Stochastic particle methods for McKean SDEs

Method and introduction to the numerical analysis, for smooth coefficients

> When the interaction kernels are non smooth functions

Motivated by applications
Atmospheric boundary layer simulation

Wind farm simulation

> Numerical analysis and numerical experiments
for Stochastic Lagrangian models (toy version)



Probabilistic Interpretation of PDEs
Linear framework, forward parabolic PDE (in one dimension)

A PDE of conservation form

2
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B(t, x), bounded measurable

(1) is a Fokker- Planck Equation.
Set (i, f) = [ f(

p is a weak solution of (1), if for any test function f € CZ(R).

(e d) = (0 1)+ [ (e 50" + Bls. ) s
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When po is a probability measure, (1) (or (2)) describes the dynamics of the time-marginals of a

stochastic process.



Associated martingale problem

Let (X¢)¢>0 the canonical process on (C([0, +o0), R), B(C([0, +00), R))).

For a probability P on (C([0, +-00), R), B(C([0,4+0),R))), we set P, = Po X; *.

Pon (C([0,40),R), B(C(]0,4+00),R))) is a solution of the martingale problem
2 o
3z if

associated to £ = 30”25 + B(t,z)
i) Po= po,

iy Vf € CZ(R), the process

J(Xt) — f(Xo) — /t BO’Qf”(XS) + B(s, X5)f'(Xs)| ds is a P-martingale.
0




Existence and uniqueness for X solution of
t
Xe=Xo+ / B(s, Xs)ds + oWs.
0

For any test function f

2

IEf(Xt):IEf(Xo)—k/OtEFaZ "(Xs) 4 B(s, X) f'(X5)| ds.

By setting p: = P o X’ the t-time-marginal of P,
Ef(Xt) = [, f(@)p(dz) = (pt, f) and (3) rewrites (2) :

(s ) = (oo 1)+ [ (oo 35"+ Bs. )i



Numerical approximation, particle method

Main idea : approximate the measure p; by the empirical measure of a set of N independent
trials of the r.v. X.

Introducing N particles of independent dynamics
t
X#:%+/B@J@%+ﬂw,hﬂwwM
0

where ((Xé){z:l,_,_,N) are i.i.d with law po, independent of the family of independent Brownian
motions (W¢),i=1,...,N).
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Do we have the convergence of the empirical measure U; toward p; ?



(Basic) numerical analysis

e The parabolic problem has a smooth solution

Vit >0, pi(de) = pe(z)da.

Introduce a smoothing empirical measure by a cut—off function

U (@) = (¢ + U7 (@) NZassx—Xt)

where ¢.(z) = £¢(£) and ¢ : R — R smooth and such that [, ¢(z)dz = 1.

At a given time ¢, we want the rate of convergence of the error :

+=N,e
sup E|pi(2) — 0" ()|
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Set pi (z) = (pt * ¢<) ().

If ¢ is a 6-order cut—off ( /
R
and if p; is smooth enough

zl¢(z)de = 0,Yg < 0 — 1, / |z|? |p(2)| dz < o0)
R

69
5 (@) = @)ooy < O || =5
T llpeo(m)
and
—N,e 9 e —N,e

sup E |p(t, ) — U, (u’v)‘ < Ce” +supkE |p;(z) — Uy " (2)

rER z€R
with

pi(e) = / be(x — y)pr(y)dy = Ege(z — X1)

N
TY (@) = e - Xi).

The convergence is ensured by the strong law of large numbers.



More precisely,

E Uﬁv’g(x) — pi(w)‘ = i\f: [¢e (z — X{) — E¢e(x — Xt)}

N
1
< \/T\/ (¢e(x — Xi) — Ede(x — Xy))?
1
< ﬁ E((]ﬁs(l‘ - Xt))
< %7 ||¢||Loo(1R) Ede(z — Xt)
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Adding a time discretisation of X*

Xksnar = Xpar + AtB(kAL, Xjas) + 0(Wikiyae — Wiae).

N
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E[00&@) - U™ @) < & DOE[6e(o - Xiad) = 6:(0 — Kiar)
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A
A A
< C—; (could by reduced to C—t).
€ €
sup E |u(t, z) — Uﬁv’g’m(m)’ +E Hu(t7 x) — Uﬁv’a’m(w)‘
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McKean Vlasov Fokker-Planck prototype

d

d 2
o 0
G =1 2 gags, (wloede) Z
3,j=1
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po a given probability measure on R,
where, for a probability measure u
bz, u] = /Rd b(z, y)u(dy); for b(z, y) R%valued,
a[z,u] = o[z, u]'olx, u],

olz,u] = / o(z,y)u(dy); o(z,y) (d x k) matrix-valued.
Rd
Distribution equation : for any test function f € CZ(R?),

t d 2
(01 ) = (po, ) + /( %Z “Saaafx +Zb[xpsgf_)ds



Probabilistic point of view

for b and o Lipschitz on R4, for py admitting a second order moment, there is existence and
trajectorial uniqueness (given Xo € L*(Q) and (W3)) and in law of the solution to the SDE

t t
X = Xo +/ O'[Xs,ps}dws +/ b[X57ps]d5,
0 0

where p; is the law of X.

(Proof from Sznitman 89, with ¢ = 1, and bounded b ).
Py = {probability P on C([0, T],R%) such that Ep(sup;eo,7) |X2|) < oo}, endowed with the
Wasserstein metric.

® Py > m — Law(X{",t € [0,T]) € P2
t t
X:"=Xo+/ a[xg",ms]dws+/ BXT, ma]ds.
0 0

admits a fix point in P-.



Associated particle system

N
Idea : replace p; = Law(X,) by the empirical measure p”¥ = % Z Oxi,N -
1=1

. . t . . t .
xiN =X8+/ U[XQ’N,uiv]dW§+/ BXIN, uMds, i = 1,..., N. ©)
0 0

where ((Xé)zzzl,.“,N) are i.i.d with law po, independent of the family of independent Brownian
motions (W¢),i=1,...,N).

(6) is well-posed when b(z, y) o(x, y) are Lipschitz.

What convergence of ;" toward p; ?



Propagation of chaos (Sznitman 89)

Let E be a separable metric space and v a probability measure on E. A sequence of symmetric
probabilities ¥ on EY is v-chaotic if for any 1, ..., ¢ € Cp(E;R), k > 1,

k

lim <Z/N,¢1®...®¢k®1...®1>:H<l/,¢l>.

N—o0 =1

Application : Let (X 1V, ..., XN, the set of N particles satisfying (6), valued in
(C([0, T); RH)N, with law P

If the initial of (Xé’N7 e XéV’N) is po-chaotic, the chaos propagates and PY is P-chaotic
where P is the unique law of the McKean SDE.




The tow following assertions are equivalent : (Tanaka 82)
o PV is P-chaotic
e 11V converges weakly toward the (deterministic) measure P

supE( sup |XZ’N|2) +sup]E( sup |Xﬂ2> < 0o
N N

0<t<T 0<t<

sup NE ( sup |XN — XZ|2> < 00,
N <t<T

0

where
Xi = X5+ [ olxtpdawi+ [ pds
0 0

with p, = Po X; %,



Numerical approximation

t t
Xt = Xo —|—/ o[ Xs, ps]dWs + [ b[Xs, pslds, with p, = Law(X5).
0 0

Spatial discretisation :

t t
XY = Xi [ ol Wt [ XY s i < .
0 )

Time-Discretisation : At > 0, suchthat T = KAt for K € N,

N
i\N —j,N ; ;
X(lkzil)m XA+ ( % ZU (Xoae: Xua) Wiinyae — Wiar)

j=1
1 XN J,. _
+ At D b(Xia X)),
Xl = Xo.

Ui (@) = i Z be(x — X.A,), pour un cut-off donné ¢.



Rate of convergence

Dimension d = 1.

Assume that po(-) € C%(R), b(-,-) € C2*(R?) and s(-,-) € Cp(R?).
Assume the strong ellipticity of the differential operator L.

Then pi(-) € W*(R) forall t € [0, T).

For a 2-order cut-off ¢(z), Vk < K,

—N,e,At

E|Uka:™ — PkAtHLl(R) < Cro,Tp0 (

H(x) := 1{;>0y, Heaviside function

N
1
E|(H * prae)(z) — (x — XKAr) 21 @®) < Cbo,T,00 (7




Rate of convergence

d=1.

b(-,-) and s(-,-) C*°(R?), with bounded derivatives.

A non degenerescency condition for £ (needed by the use of Malliavin calculus framework).
¢(x) is the Gaussian density on R.

e? = At.

+=N,e,At 1 1
ElUkat™ = pratllor@y < Coo,Tp0 <\/ﬁ + At + ﬁ) :

H(z) := 1,>0, Heaviside function,

E|l(H # prae)(x) — = > H(x — Xiar) 21 ®) < Ch,o,1,00 ( JFAt) :

L
VN
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[> Stochastic particle methods for McKean SDEs

Method and introduction to the numerical analysis, for smooth coefficients
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Motivated by applications
Atmospheric boundary layer simulation
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for Stochastic Lagrangian models (toy version)

20



Fluid particle model for turbulent flow :
Convergence analysis ?

» Lagrangian McKean SDEs for fluid turbulent subscale models [Pope 95, 03; Durbin Speziale 94,

Dreeben Pope 98, Waclawczyk Pozorski Minier 04, Bossy et al. 16]

t
Xt = Xo -|—/ Ust
0]
t t
(U1, 04) = (Uo, ©0) + / Ee [£(Us, ©4)| X.]ds + / Ee [1(Us, ©4) | X.] W,
0 0
Ingredient of the problem :

- Singular interaction (mean field) kernel in the diffusion term.
- degenerate diffusion coefficient

21



Simplified the fluid particle model
Goal : analyze the rate of convergence

t
X = [X0+/ Usds] mod 1
0
t
Ut = U()+/ B[Xs;ps]ds—l-Wt, Pt :[:(Xt,Ut), for all t ST
0

b(v)y(z,v) dv

T x LY(T x RY) 3 (2,7) — Bla; :fRd—n

( )3 (2,7) [z;7] Joa (@, v)dy  Uga vz 0)dv>0}
(t,z) = Blz; p(t)] = E[b(Up)| X¢ = ]

The smoothed process (X ¢, U€, e > 0) converges in law to (X, U), by substituting the conditional

expectation B[z; pt] with the kernel regression estimate

Jrxra bW Ke(z — y) p(dy, dv)

Bela; p] = Jowpa Ke(z —y) p(dy, dv)

1
where Kc(z) := —dK(g) and K is a kernel function.
€ €
¢
X¢ = [X0+/ U;ds] mod 1
0

t
U =Us +/ Be[XS, pilds + Wy, pf = L(X(,Uf), forallt <T.
0

22



Numerical analysis of a non degenerate toy model (d=1)

t
Yi =Y +/ b[Ya; pslds + owe, pr = L(Yi).
0
Assume b symmetric b(z, y) = b(x — y). bz, pt] = Eb(z — Y).

Introduce N particles:

Let (w?,i = 1,..., N) N-Brownian motion, independent of the i.i.d. (Y§,i = 1,..., N) with law po. We
consider

. ) t 1 N . . . N
N =Y [ S v s boul, Y = 13 dpn.
=1 i=1 '

z| =

Assume that there exists » > 2 such that b(+) is in C;H(]R), and pg € W (R) N W1 (R).

Then p; € WT°°, and for all test function ¢ € C3(R), there exists a positive constant C' such that

C
sup E (¢, N _ < —.
te[OI,DT] (e — pe)| < i

where the constant C'is of the form 3 exp(a||V’ || t).
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Control of the drift error term

N
1 )
Ve [0.T], Ean() = E[py,"™, o] — = 3T b(rN - 7).
Jj=1

Notice that, with Y,* = Yy + [ b[YY; pslds + ow;,

t 1 XN )
By, - v =5 [ (b[Y;,ps} -5 Dby - Y:'N>> ds|
j=1

Since b is Lipschitz with constant L = ||b’|| oo,  +— bz, p¢] is Lipschitz, and applying Gronwall Lemma

t t t
ElY; - vV < / LE|Y} — v}V |ds +/ Egin(s)ds < / exp(L(t — 8))Eqin(s)ds.
0 0] 0
1 X .
Eam(t) < BLEIYN — V4B o] = = SO b(Y, = YY)
i=1

t 1 XN g
< /O 3L exp(L(t — 8))Eqin(s)ds + ]EH]Eb(w -Y) -+ ; bz — Y; )|1=Yt1] .

2
The (Y7, j # 1) being ii.d. E U]Eb(yc -Y:) Z bz — YY) } < %
=Y}
Thus ‘
c —Lt c
fon(®) < [ BLexp(L( — ) Eam(s)ds + T < exp(m)% < exp(3L0 .
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A symptomatic case

t

1

Yi=Yo+ [ Spu¥ods+un g = L(Y).
0

McKean 1967, Calderoni &Pulvirenti 1983, Sznitman & Varadhan 1986, Sznitman 1986.

+ N
)/tl, :YOZ—F/O KC[YSZ’N7}’LS }dS-‘rO’wt, Hiv :ZJY N
i=1

with K¢[z;7] := [ Ke(z — y)y(dy) with Ke(z) = %K(f) and K positive function of mass equal to 1.

When pg € W21(R) N W2 (R) then p, € W1(R) N W2 (R) for all finite t > 0 and
llot = pEll L1y < C€2,
where Y,S = Yo + [y S K[V pSlds +we,  pf = L(YY).

From the previous lemma: sup, ¢ (o 7 )<¢7 Pt>) <C (62 + exp\(ﬁ/ﬁ)) )

Numerical experiments are more optimistic :
(po(dz) = Lo 1) with N = 16000, T =0.2,0 = 1, € = 0.51072 left, ¢ = 0.1 right)

25


symptomatic-case.png

A symptomatic case

2

McKean 1967, Calderoni &Pulvirenti 1983, Sznitman & Varadhan 1986, Sznitman 1986. When

po € W2L(R) N W2 (R) then p, € W(R) N W2 (R) for all finite t > 0 and

t
1
Y =Yo+/ sps(Ye)ds +we, pr = L(Y2).
0

||Pt - pEHLl(]R) < 062a
Define

YN = vy +/ K[V 5 )ds + owt,  pp = Z‘SY;W
0 =1

with Ke[z37] = [lpe]| A Kela; 7] V =l

Assume that po(-) € C%(R), for a 2-order cut-off ¢(x),V k < K,

1
Ell¢e * py — pellLt®yor Lo ) < Cb,o,Tp0 (T/N + 52) .

26



Go back to McKean kinetic particle system

(X},Uf,t <T,i=1,...,N) are the strong solution of
X{ = Xé-i—/ Us‘ds mod 1
Ui = Uo+/ B[X., ps]ds + Wi, pr=L(X{,Uf), forallt <T,

where we recall that (Xé, Ué,i =1,...,N) arei.id. with density po.
(XUt <T,i=1,...,N) are the strong solution of

. . t .
X = X5+/ UL<ds] mod 1

”—UO+/ B[ XD€, pflds + Wi, p§ = L(XPS,UPS), forallt < T,

. . t .
XN Z x3 +/ U N ds,

N 3N i,N §,N
1 b(Us Ke( X — X3
Uz N Uo / ( Ve ( )

N
NZ] L Ke(X0N — X3

Nadaraya-Watson estimator at x ¢V

»> Control the error seen by the particles : E|F[X}; p] — F. [X:’N7 pivl.

ds+ W}, forallt <T.
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Rate of convergence

For any f measurable bounded on R?, we set the kernel regression version of the conditional expectation :
(z,t) = F[z; pi] = EIf (Ue)| X = 2],
Jraspa f()Ke(z —y) pt(dy, dv) E[f(U)Ke(z — X1)]
(r,t) —Fe [:E; Pt] = _
Jraxza Ke(@ —y) pe(dy, dv) E[Kc(z — X¢)]

Assume that f and b smooth and bounded function with bounded derivatives; K > 0 Lipschitz bounded,
with compact support.

1
[Measure discretization error] Forany 1 < p < 1 + 1734 and ¢ > 0, there exists a constant C' such that

forallae > 0, e > 0and N > 1 satisfying < ¢, we bound the error seen by the particles by

|=

a2ed NP

1 1 1 1 )

+ + +
aelN © PN anyy P YN

If we choose o = ¢, the optimal rate of convergence is achieved for N = e~ (4+2)P and

E|F[X}; pt] —Fe[th’N;uiV]’ SC(6+

E[|F[Xt1;pt] — FE[th’N;uéVH] <N (d+12)p‘
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Nonparametric regression estimate

Let (X3, U;) be an i.i.d sequence of n random variables.

approximate F'(z) = E[f(U)|X = z] with:
Fo(z) = ZWn,z‘(l‘) - f(Us),

where the weight W, ; depends only on z and (X, f(U;)), 7 < n.

o Ks(x—Xl)
S Y Ke(w = X))

where K. (z) = K(%). Related to the minimization:

Wn,z(l‘)

29



Nonparametric regression estimate

Let P, = {An,1, An,2,. ..} be a partition of the domain. Set

:H'{XieAn,j}

Whil) = =<7
( ) Zi:l IL{XiEAn,j}

, forze A, ;.

Related to the least squares estimate:

n

F,, = argmin {% Z(f(Uz) — fn(Xi))2}>

fn i=1

where the arg min is taken on the set of piecewise constant functions adapted to P.

Also: local modeling estimates (e.g. local polynomial estimates), global modeling/least squares
estimates, penalized modeling. ..
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Convergence rate of the nonparametric estimates

» Consider the mean L? error:

E[/D |F(z) — Fu(2)|*p(x) d:p],

» Variance-Bias decomposition:

E[/D |F(z) — Fu(x)|p(x) dw] - /Vaan(m)p(m) dm+/|bias(:c)|2p(x) dx

» The previous estimators are weakly universally consistent (Stone’s theorem).
» For (p, (') smooth conditional expectations, the lower optimal convergence rate is of order

n 2p+d

For Lipschitz continuous regression functions, we have
E||F, — F|| < C +dCe ,

for both partitioning estimate and kernel estimate (with naive kernel).

This gives an optimal rate of n. d+2
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Local averaging based particle algorithm

1. Initialization of (X, Ul) for1 <i <n
2. Time loop : for t, = kA upto T :
» foreachparticlel << mn:
2.1 update the position : X;’"’ = X;*fl + U;’:l v
2.2 add gaussian noise: U’ = U™, + (W, — W, _,)
2.3 drift computation : loop over each particle to calculate the W, ; (X,i‘fl):
S bULT K (X0 - X"

)
N in Jn - Ay
Zj:l K"(Xk—l - Xk—l)

U}i,vn+ —

> End loop particles

3. Final mean field evaluation at x: Loop on all particles

S5y FUF") Kn(z = X37)
>l Kz = X7)

Complexity up to O(n?) for kernel estimates,
and only O(n) for partitioning estimates.
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Numerical simulation

Ford = 2
dU; = Cdt — VV (Xy)dt + ((U;) — 2U;)dt + dWs,
——— ———
“pressure” conditional drift
with

1 1
V(z,y) = . cos(2m x) sin(2w y) — 5%

Xo = oZwith £(Z) = N(0,1), L(Uo) = N(0,1),

Regression estimate implemented with Epanechnikov kernel
T = 2,128 times step,

N 5 : _ 1
N = 10° particles, € = 15
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(a) Density

0.0k N
0.0 02 10

&
=)
=)
)

N
02 04 06 08

(b) Turbulent kinetic energy
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We want to observe the error of the scheme as
/ |F[z; pr] — Fe[z; n3 "]l pr (z) da,
D

First we approximate the mean field F'[z; pr] by

Felz; per] = el = (wr)],

k=1

N,

3]

Using spline interpolation on a mesh of size Az, we observe the approximate L error

N,
1 e ——Ax = B A
N D /D Pl o] = FA%a; 1o ()] |2 (@) de.
mec =1

N = 20000
N = 20007

N, = 20000
v, 29907
4721
66874
100000

o
-
—
-
.

MIAMFE

MIAMFE
MIAMFE
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Observe the approximate L error:

105 W W WL W W
—— Optimal N (€)
- N=1/é

in-line with what we expected from the theoretical rate where the optimal value of window size is

given by ——.

N d+2
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Observe the kernel regression estimation error

bias : / ‘Fe [m;ME,N]Az _F [x; ME,]\_]]AZ
D

2
P (x) da,

2 —Ax

variance :

mc

N,
TRy —
N Z/D‘Fe[x?/«““] - FS [fC;u’N(wj)]‘p
Jj=1

MDIVar

€

() dz.
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Impact of the choice of the kernel

Velocity field and its error

1.0

0.88
0.80
0.72
0.64
0.56
0.48

0.40

0.88
0.80
0.72
0.64

0.56

[ 0.010
- 0.032

- 0.024

0.016
0.008
0.000
—0.008

~0.016

0.040
0.032
0.024
0.016
0.008
0.000
—0.008
—0.016

0.032
0.024
0.016
0.008
0.000
0.008

—0.016

Regression kernels :

hat kernel

triangle kernel

epanechnikov kernel
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Impact of the choice of the kernel : Partitioning

04 06 08 1.0

00 02

00 02 04 06 08 10

0.84
0.78
0.72
0.66
0.60
0.54
0.48
0.42
0.36

0.16
0.12
0.08
0.04
0.00
—0.04
~0.08
—0.12
—0.16

0.05
0.04
0.03
0.02
0.01
0.00
—0.01

—0.02

Indicator function (NGP)

Hat function (CIC)
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Thank you for your attention

Bibliography
Bernardin,et al. Stochastic Downscaling Methods : Application to Wind Refinement. Stoch. Environ. Res. Risk.
Assess., 23(6), 2009. Bernardin,et al. Stochastic Lagrangian Method for Downscaling Problems in Computational
Fluid Dynamics. ESAIM: M2AN, 44(5):885-920, 2010. B., Jabir. and Talay. On conditional McKean Lagrangian
stochastic models. PTRF 2011.
B. and Jabir. On confined McKean Langevin processes satisfying the mean no-permeability boundary condition. SPA
2011
B., Fontbona, Jabin, Jabir. Local existence of analytical solutions to an incompressible Lagrangian stochastic model
in a periodic domain.CoPDE, 2013.
B. and Jabir. Lagrangian stochastic models with specular boundary condition. JFA 2015
B., J. Espina, etal. Modeling the wind circulation around mills with a Lagrangian stochastic approach. SMAI-JCM
2016.
B. and Jabir. Some McKean models with non smooth nonlinear diffusion coefficients Preprint.

B. and Violeau. Particles method for Lagrangian Stochastic Models Preprint

References
Antonnelli and Kohatsu-Higa. Rate of convergence of the particle method to the solution of the MC Kean—Vlasov’s
equation. Annals of Applied Probability, 2002.
Durbin and Speziale Realizability of second-moment closure via stochastic analysis. J. Fluid Mech. 1994

Jourdain, and Méléard. Propagation of chaos and fluctuations for a moderate model with smooth initial data, Ann.
Inst. H. P Probab. Statist., 1998.

Pope. Lagrangian pdf methods for turbulent flows Annu. Rev. Fluid Mech. 1994
Minier and Pozorski Wall-boundary conditions in probability density function methods and application to a turbulent
channel flow Physics of Fluids, 1999.



