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A first kind of convergence result: convergence to classical solutions

Assumptions
O v>0
Q ulg=7 = ur, m|t=0 = mo, ur and mg are smooth
Qo
0 <my < mo(x) <o

@ The Hamiltonian is of the form

H(x,Vu) = H(z) + [Vul?

where 8 > 1 and H is a smooth function. For the discrete Hamiltonian:
upwind scheme.
@ Local coupling: the cost term is

Flm](z) = f(m(z)) f:Ry =R, C'
@ There exist constants ¢; > 0, v > 1 and c2 > 0 s.t.
mf(m) > ci|f(m)]” — c2 vm
@ Strong monotonicity: there exist positive constants c3, 71 and 72 < 1 s.t.

F/(m) > c3min(m" ™, m™"2) vm



A first kind of convergence result: convergence to classical solutions

Theorem
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h,gltnao (”U - “h“Lﬁ(o,T;WLB(Q)) + [lm — mh”L?—nz((o,T)xg)) =0



A first kind of convergence result: convergence to classical solutions

Theorem

Assume that the MFG system of pdes has a unique classical solution (u, m).
Let up, (resp. mp,) be the piecewise trilinear function in C([0,T] X Q) obtained by

interpolating the values ul' (resp m7') of the solution of the discrete MFG system
at the nodes of the space-time grid.

h,gltgo (”“ - “h“LB(o,T;WLB(Q)) + [lm — mh”L?—nz((o,T)XQ)) =0

Main steps in the proof

@ Obtain energy estimates on the solution of the discrete problem, in
particular on || f(mp)ll v 0,1y x)



Convergence results

A first kind of convergence result: convergence to classical solutions

Theorem

Assume that the MFG system of pdes has a unique classical solution (u, m).

Let up, (resp. mp,) be the piecewise trilinear function in C([0,T] X Q) obtained by
interpolating the values ul' (resp m7') of the solution of the discrete MFG system
at the nodes of the space-time grid.
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Main steps in the proof
@ Obtain energy estimates on the solution of the discrete problem, in
particular on || f(mp)ll v 0,1y x)

Plug the solution of the system of pdes into the numerical scheme, take
g Y p
advantage of the consistency and stability of the scheme and prove that
(IVu = VunllLs 0,1y x0) and lm — mpllp2—ns (o 7)x ) converge to 0
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A first kind of convergence result: convergence to classical solutions

Theorem

Assume that the MFG system of pdes has a unique classical solution (u, m).

Let up, (resp. mp,) be the piecewise trilinear function in C([0,T] X Q) obtained by
interpolating the values ul' (resp m7') of the solution of the discrete MFG system
at the nodes of the space-time grid.

i (e = wnl oo o zwna gy + Im = mallia-ne o,y <) =0

Main steps in the proof

@ Obtain energy estimates on the solution of the discrete problem, in
particular on || f(mp)ll v 0,1y x)

@ Plug the solution of the system of pdes into the numerical scheme, take
advantage of the consistency and stability of the scheme and prove that
(IVu = VunllLs 0,1y x0) and lm — mpllp2—ns (o 7)x ) converge to 0

@ To get the full convergence for u, one has to pass to the limit in the Bellman

equation. To pass to the limit in the term f(my), use the equiintegrability
of f(mh)'
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A second kind of convergence result: convergence to weak solutions

7%7VAU+H(E,VU)=f(m) in [0,T) x Q
aa—zb —vAm — div (m%(x, Du)) =0 in (0,7] x Q (MFG)

ulg=7(x) = ur(x)
m|i=o(z) = mo(z)

Assumptions
@ discrete Hamiltonian g: consistency, monotonicity, convexity

@ growth conditions: there exist positive constants ¢y, ca, c3, cq such that

9q(z,0)qa—g(z,q) > cilge(w,q)|* — c2,
lgg(z,q)] < e3lgl +ca.

@ f is continuous and bounded from below

@ wup continuous, mg bounded



Convergence results

A second kind of convergence result: convergence to weak solutions

Theorem

(stated in the case d = 2)

Let up, at, mp At be the piecewise constant functions which take the values u?‘H
and m[, respectively, in (tn,tn+1) X (th —h/2,ih + h/2).

There exist functions @, m such that

@ after the extraction of a subsequence, up ar — U and mp Ay — M N LA (@)
for all B € [1,2)

@ @ and m belong to LY(0, T; WH(Q)) for any o € [1, %)
@ (@,m) is a weak solution to the system (MFG) in the following sense:
1
H(-,Da) € LY(Q), mf(m) € L'(Q),
m(Hp(-, Da) - Da — H(-, Dﬂ)) e L' (Q)

2 (@, m) satisfies the system (MFG) in the sense of distributions
3 a,m € C%[0,T); LY(Q)) and i1 = ur, Mlt=0 = mo -

Y. Achdou Numerical methods for MFGs
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An optimal control problem driven by a PDE

Assumptions

®: L%(Q) — R, C!, strictly convex. Set f[m] = V®[m)].
0 V:L%(Q) — R, C, strictly convex. Set g[m] = V¥[m].
O Running cost: L:Q x R* = R, C! convex and coercive.
Qo

©

Hamiltonian H(z,p) = sup {—p -~y — L(z,v)}, C!, coercive.
~YERY

L(x,v) = sup {—p-v— H(z,p)}.
pERE

Optimization problem: Minimize on (m,v), m € L2(Q), v € {L?(Q)}*:
T
Ty =0+ [ [ (2L (02)) ) dodt + Won(T. )

om

subject to { 5 vAm +divim~y) = 0, in (0,7) x Q,

m(0,z) = mo(z) inQ.



An optimal control problem driven by a PDE

The optimization problem is actually the minimization of a convex
functional with linear constraints:

Set
_ mL(z, %) if m > 0,
L(x,m,z) = 0 if m=0and 2 =0,
400 if m =0 and z # 0.

(m, 2) — L(z,m, z) is convex and LSC.

The optimization problem can be written:

T ~
it ® +/ / L(z, m(t, ), 2(t,2)) ) dzdt + U (m(T, -
meL2(Q) 2 (L1 (@)} i+, Q( (@, m(t, @), 2( ””))) i” (m(T-))

subject to
7]
aT —vAm+div(z) = 0, in(0,T)xQ,
m(T,z) = mo(xz) in Q,
m > 0.



Optimality conditions (1/2)

. 0¢dm — vAdm +div(dmy) = —div(médy), in (0,T]x Q,
&y om: { om(0,z) = 0 in £,

J(m, ) = / [ mt.o) (L1 (t.0) + fiml(t.2)
oL
+/0 /Q57(t,x)m(t,x)8—’y(z,fy(t,x))+/Q5m(T,ac)g[m(T,-)](z)dx.

ou .
Adjoint problem { o vAu — - Vu = L(z,v) + f[m](t,x) in [0,T) x Q
(

0
w(C=T) = glmls_z]
dJ(m,vy) = /OT /Q u(t, x) (6t5m — vASm + div(dm 'y))
T
[ m(t,mwt,z)%(x,v(t,x))
T oL
— [ [ mte.o) (aﬁm“v ) - w(m)) 5(t,2)
Y 1ol methods for MPGs



_ mimelbEee
Optimality conditions (2/2)
If m* > 0, then
oL
7(x77 (t7 23)) + vu(tvm) =0.
Oy
Therefore, v*(t, z) achieves

—Du(t, z)-v*(t, z) = L(z, 7" (t, ) = %%{—Du(t, z)-y—=L(z,7)} = H(z, Du(t, z))

and
v*(t,x) = —Hp(z, Du(t, z)).

We recover the MFG system of PDEs:

—%Z—VAu-i—H(a:,Vu):f[m] in [0,T) x Q

om . O0H .

e vAm — div (ma—p(z, Du)) =0 in (0,7] x Q
uli=7(z) = glm|e=r](z)

mli=o0(z) = mo(z).



Duality

The optimization problem can be written

T
[ [ (mt.o)=ptt.2)1(t.2) = Ho.p(t.2) ) ot
inf sup +<I> m) + Y (m|i=T)

m,Y p,u
/ / u(t,x (— —vAm+ dlv(m'y)) dzdt.

Fenchel-Rockafellar duality theorem + integrations by parts:
inf " (o) + U* (ulp=7) — / mo(z)u(0, x))dz,
[eY O

subject to

0
78—1: —vAu+ H(z,Vu) = a.
with

" (a) = il;%{ m(t, z)a(t, z)dedt—P(m)}, G*(u) = :lu>po{/n m(z)u(z)de—T(m)}.



Consequence : an iterative solver for the discrete MFG system (1/3)

Set v =0, ®(m) = [, F(m(t,z))dzdt, ¥(m) = [, G(m(z))dz for simplicity. The
discrete version of the latter optimization problem is
M—-1N-1 wl n+1 n n n n
u;' —u, Uigr — Uy Uy Uy
hAt 2t g (@, - )

inf

+h Z G~ <u,fw> —h i: m{u?
i=0 i=0

Set
1
B e e N e
af = ————, bi=—7" = >
At h h

3
= (ai, b7, c]') €R 4= (4]")o<n<M,icR/NZ
q=Au A : linear operator

The optimization problem has the form

oot {600) + x(w} = infsup{€(q) + x(u) + (o, Au — ) |

n __ n+l _n+1 _n+1
where o7t = (mj™, 277, 257 ).



Consequence : an iterative solver for the discrete MFG system (2/3)

Setting L(u, q,0) = O(q) + x(u) + (o, Au — q), we get the saddle point problem:

inf sup L(u, g, o).
u,q o

Consider the augmented Lagrangian

T
LT(uv q70) = ‘C(uv q, 0) + §||A’U/ - q”%

T
= 0(q) + x(u) + (o, Au = g) + - [|Au — g 3.

It is equivalent to solving
inf sup £ (u, q,0).
u,q o

The Alternating Direction Method of Multipliers is an iterative method

(uw),q(k),g(k)) N (u(k+1),q(k+1),o<k+1))



Consequence : an iterative solver for the discrete MFG system (3/3)

Alternating Direction Method of Multipliers
Step 1: vt = argmin, £, (u,q*), (M) ie.

0 € 0x (u(k+1)) +ATe®) AT (Au(k‘H) - q(k))
This is a discrete Poisson equation in the discrete time-space
cylinder, 4+ possibly nonlinear boundary conditions.
Step 2: ¢*+tD) = arg min, Ly (uF+D) g, 0 e,
ok _ (q<k+1> _ Au<k+1>) c 90 (q(k+1))
can be done by a loop on the time-space grid nodes, with a low
dimensional optimization problem at each node (nonlinearity).
Step 3: Update o so that ¢(*+1) = arg min, £ (u(’“rl),q7 0'<k+1)), by
o+ — (k) o) (Au(k'H) _ q(k+1>) .

Loop on the time-space grid nodes.

oD ¢ 90 (q(k+1)> = mM >0 Yo<n< M,i
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Main purpose

@ Many models for crowd motion are inspired by statistical mechanics
(socio-physics)

©

microscopic models: pedestrians = particles with more or less complex
interactions (e.g. B. Maury et al)

macroscopic models similar to fluid dynamics models (e.g. Hughes et al)
in all these models, rational anticipation is not taken into account

MFG may lead to crowd motion models including rational anticipation

© ©6 0 ©

The systems of PDEs can be simulated numerically



A Model of crowd motion with congestion

O One (possibly several) population(s) of identical agents: the pedestrians

(%]

The impact of a single agent on the global behavior is negligible

O Rational anticipation: the global model is obtained by considering Nash
equilibria with N pedestrians and passing to the limit as N — oo

@ The strategy of a single pedestrian depends on some global information, for
example the density m(t,z) of pedestrians at space-time point (¢, x)

O In congestion models, the cost of motion of a pedestrian located at (¢, z) is
an increasing function of the density of pedestrians at (¢, z), namely m(¢, x)

@ Each pedestrian may be affected by a random idiosynchratic (or common)
noise



A typical application: exit from a hall or a stadium

The cost to be minimized by a pedestrian is made of three parts
@ the exit-time. More complex models can be written for modelling e.g. panic.

@ the cost of motion, which may be quadratic w.r.t. velocity and increase in
crowded regions

cost of motion = (c+m(t,x))*V?
V= instantaneous velocity of the agent
m(t,x) =  density of the population at (¢, z)
a =  some exponent, for example %
¢ = some positive parameter

@ possibly, an exit cost



Applications to crowd motion

A typical case: exit from a hall with obstacles

The geometry and initial density

density at t=0 seconds

50

cLRr ML WL S G

D

exit exit

The initial density mg is piecewise constant and takes two values 0 and 4
people/m?2. There are 3300 people in the hall.
The horizon is T' = 40 min. The two doors stay open from t =0to t =T.

Y. Achdou Numerical methods for MFGs
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%—l—uAu—H(z,Vu,m):O

66—7: —vAm —div (maa—f(-,Vu,m)) =0

with the Hamiltonian

|p|?

H(z,p,m)=H(z,m)+ m

andc>0,0<a<?2

The function H(z,m) may model the panic
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Evolution of the distribution of pedestrians

density at t=10 seconds density at t=2 minutes

corrNwwe
[EERTERURT

ok N w e u oo

density at t=5 minutes density at t=15 minutes

S

SN (oI

(the scale varies w.r.t. t)

crMwema

BNy

hen oo



Evolution of the density of pedestrians

(Loading m2doors.mov)

Figure : The evolution of the distribution of pedestrians
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Exit from a hall with a common uncertainty

(idea of J-M. Lasry)

Similar geometry. The horizon is T
O Before t = T'/2, the two doors are closed.
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O At T'/2, the probability that a given door be opened is 1/2: A common
source of risk for all the agents.



Exit from a hall with a common uncertainty

(idea of J-M. Lasry)

Similar geometry. The horizon is T

Qo

Qo

Before t = T'/2, the two doors are closed.

People know that one of the two doors will be opened at ¢t = T'/2 and will
stay open until ¢t = T, but they do not know which one.

At T'/2, the probability that a given door be opened is 1/2: A common
source of risk for all the agents.

Interest of this example: the behavior of the agents can be
predicted only if rational anticipation is taken into account.



The evolution of the distribution of pedestrians
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The system of PDEs

0
% + vAur — Hi(t,z,m1 + ma, Vui) = —F1(m1,mz2)
1o} OH
amL _ vAmq — div (ml—l(t,x, mi +m2,Vu1)) =0
at op
Ouso
a0 + vAugz — Ha(t,x,m1 + ma, Vuz) = —Fa(m1, m2)
0 OH:
amaz _ vAmg — div <m2—2(t,a7, mi +m2avu2)) =0
ot op

with on the boundary,
Our _ Ous _
on ~ On
V@mz +mun- —=(t,x,m1 +ma2,Vu;) =0, i=1,2
on Ip




Two populations must cross each other

m
Fl(ml,mQ)zg(il—o.s) + (m1+ma —8),
mi1 + ma _
m
Fy(mi,mg) = <72 — 0.6) + (m1 +ma — 8)+
m1 + mo _
Q=(0,1)%, v =003, e
H =p?-14x1 >
1(z,p) = Ipl A X e <0.7,00>0.2}

Ha(z,p) = |p|* — 1.4 X 1{4, c0.7,0,<0.8} o



Evolution of the densities v = 0.03
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MFG with 2 populations

Bibliography

=) [ =) =) [=) [=)

Achdou, Y., Capuzzo Dolcetta, 1., Mean field games: numerical methods,
SIAM J. Numer. Anal., 48 (2010), 1136-1162.

Y. Achdou, A. Porretta, Convergence of a finite difference scheme to weak
solutions of the system of partial differential equation arising in mean field
games SIAM J. Numer. Anal., 54 (2016), no. 1, 161-186

J.-D. Benamou and G. Carlier, Augmented lagrangian methods for transport
optimization, mean field games and degenerate elliptic equations, Journal of
Optimization Theory and Applications 167 (2015), no. 1, 1-26.

P. Cardaliaguet. Notes on mean field games, preprint, 2011.

Cardaliaguet, P., Graber, P.J., Porretta, A., Tonon, D.; Second order mean
field games with degenerate diffusion and local coupling, NoDEA Nonlinear
Differential Equations Appl. 22 (2015), no. 5, 1287-1317.

Cardaliaguet, P., Delarue, F., Lasry, J.-M., Lions, P.-L., The master equation
and the convergence problem in mean field games, 2015

Lasry, J.-M., Lions, P.-L., Mean field games. Jpn. J. Math. 2 (2007), no. 1,
229-260.

Y. Achdou Numerical methods for MFGs



Bibliography

Lions, P.-L. Cours au Collége de France. www.college-de-france.fr.

Porretta, A., Weak solutions to Fokker-Planck equations and mean field
games, Arch. Rational Mech. Anal. 216 (2015), 1-62.



	Convergence results
	Variational MFGs
	A numerical simulation at the deterministic limit
	Applications to crowd motion
	MFG with 2 populations

