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Picard 1893 and Lindelof 1894 Mzitn}:Sd’:al;ZIrltelll

. WR and DD
Emile Picard (1893): Sur I'application des méthodes Ve 1) @il

d’'approximations successives a I'étude de certaines équations
différentielles ordinaires

Picard Lindelof

vVi="~F(v) = Vv'(t)=v(0)+ /Ot fF(v"(7))dT

Ernest Lindelof (1894): Sur I'application des méthodes
d’'approximations successives a I'étude des intégrales réelles
des équations différentielles ordinaires

Theorem (Superlinear Convergence)

On bounded time intervals t € [0, T|, the iterates satisfy the
superlinear error bound

(€T)”

o ul

v — "] <

||V—V )

where C is a positive constant.



Lelarasmee, Ruehli and Sangiovanni-Vincentelli Methods Fart I
WR and DD
The Waveform Relaxation Method for Time-Domain Martin J. Gander

Analysis of Large Scale Integrated Circuits. |IEEE Trans.
on Computer-Aided Design of Int. Circ. a. Sys. 1982

Ruehli et al

“The spectacular growth in the scale of integrated circuits
being designed in the VLS| era has generated the need for
new methods of circuit simulation. “Standard” circuit
simulators, such as SPICE and ASTAP, simply take too
much CPU time and too much storage to analyze a VLSI
circuit”.




Time Parallel

MOS ring oscillator from 1982 Methods Part II

WR and DD
Martin J. Gander

+5 +5 +5

—T% r[

Using Kirchhoff's and Ohm'’s laws gives system of ODEs:

——d<
| f ™
I
i”
<

%—‘t’ = f(v), 0<t<T
v(0) = g



Waveform Relaxation Decomposition Methods Pars I

WR and DD
+5 +5 +5 Martin J. Gander
[ Ruehli et al

T T
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Iteration using sub-circuit solutions only:

81“ Z-i—i — fl( k+1kv217 % )
Orv, * = fZ(Vl ) V2+ )
8 k+1 — f3(V{(,V2k7V3+1)

Signals along wires are called 'waveforms’, which gave the
algorithm its name: Waveform Relaxation.



Historical Numerical Convergence Study Metnods Part I

WR and DD

Martin J. Gander

6.0 6.a_
4 ' | leration #1 E v, iteration §2
- i F
4.0 Pt _ 4.0F N
/ Ruehli et al
2.90f 2.ef
8.0 Q.2 L
0.a 1.0 2.0 3.8  @.0 1.9 2.0 a.e
(a) (b)
6.0 6.8
E v, | lteration #3 E v Iteration #4
4.0 L] e
2.ef 2.0F
e.6p . 9.0 J NN b
a.g 3.8 @.a 1.8 2.8 3.0

@

Lelarasmee et al (1982): “Note that since the oscillator is highly
non unidirectional due to the feedback from v3 to the NOR gate, the
convergence of the iterated solutions is achieved with the number of

iterations being proportional to the number of oscillating cycles of
interest”



Alternating Schwarz (Schwarz 1869)

For uy = 0in Q = (0,1), u(0) = u(1) =0:
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Martin J. Gander

O uf 0 in$y Owuj = 0 in €25
uy(0) 0 . uf(l) = 0
ui () uy—(B) up(a) = uf(a) o
u
u3(5)
ug (x)
1 1 | X
0 o I5} 1
Q Q)



Alternating Schwarz (Schwarz 1869)

For uy = 0in Q = (0,1), u(0) = u(1) =0:
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Martin J. Gander

Oxuj = 0 in$y Owuj = 0 in €25

uf(0) = 0 X ug(l) = 0

uf(B) = uy (B) up(a) = uf(a) o
u

u3(5)
ui(a)
u5(x)
1 1 | X

0 o I5} 1




Alternating Schwarz (Schwarz 1869)

For uy = 0in Q = (0,1), u(0) = u(1) =0:

Time Parallel
Methods Part Il
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Martin J. Gander

Oxuj = 0 in$y Owuj = 0 in Q)

w(O) = 0 w(1) = 0

46 = w6 w) = )
u

u3(8)
ui(@)
u3(B)
uz (x)
| | | X

0 a 6] 1




Alternating Schwarz (Schwarz 1869)

For uy = 0in Q = (0,1), u(0)
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Martin J. Gander



Dirichlet Neumann (Bjgrstad, Widlund 1986) Methods Part I

WR and DD

For Uy = 0in Q = (0,1), u(0) = u(1) = 0: Martin J. Gander
Owuy = 0 in 4 Oty = 0 in Q)

uf(0) = 0 u(1) = 0

ui(e) = ug (@) Oeul(a) = Bul(q)

| () |

ui (x)
‘ w X

0 . :

Q Q,



Dirichlet Neumann (Bjgrstad, Widlund 1986)

For uy = 0in Q = (0,1), u(0) = u(1) =0:
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Martin J. Gander

Oxui = 0 in € Oxuy = 0 in Q)
uj(0) = 0 . ug(l) = 0
uf(a) = uy (o) oxuz(a) = Oxui(e)
u u3(a) |
ug(x)
; ‘ X
0 o 1
u3(x)
Oyt ()
Q1 Q2



Dirichlet Neumann (Bjgrstad, Widlund 1986)

For uy = 0in Q = (0,1), u(0) = u(1) =0:
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Martin J. Gander

Oxui = 0 in € Oxx U5 0 in Q)
uj(0) = 0 . uf(1) 0
uf(a) = uy (o) Oxug () Oxuf ()
u u8(a) |
ug (x)
; ; X
0 o 1
vz (x)
uy(a)




Dirichlet Neumann (Bjgrstad, Widlund 1986)

For uy = 0in Q = (0,1), u(0) = u(1) =0:

Time Parallel
Methods Part Il
WR and DD
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Oxui = 0 in € Oxuy = 0 in Q)
uj(0) = 0 . ug(l) = 0
uf(a) = uy (o) oxuz(a) = Oxui(e)
u u3(a) |
1
ul(X) 8u2(a)
x Uy
u3(x)
| : X
0 o 1
vz (x) u3(x)
uy(a)
Q1 Qz



Dirichlet Neumann (Bjgrstad, Widlund 1986)

For uy = 0in Q = (0,1), u(0) = u(1) =0:

Time Parallel
Methods Part Il
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Martin J. Gander

Oxx Uy 0 in 1 Oxx U5 0 in €25
u(0) 0 . uf(1) 0
uf(a) uy () Oxug(a) Oxuf(a)
u u3(a) |
1
ul (X) U%(Oé)
B (x (x)
; ; X
0 o 1
i3 (x)
uy ()

93]



Dirichlet Neumann (Bjgrstad, Widlund 1986) Methods Part I

WR and DD

For uyx = 0in Q = (0,1), u(0) = u(1) =0: Hordn % Gander
Owuf = 0 in Qy Oty = 0 in Q5

u(0) = 0 B(1) = 0

uf(a) = uHa) Ouz(e) = Oxui(a)

u Bjgrstad, Widlund

LB
ug (x)

0 (‘l 1 X

Ql Q2



Dirichlet Neumann (Bjgrstad, Widlund 1986) Methods Part I

WR and DD

For uyx = 0in Q = (0,1), u(0) = u(1) =0: Hordn % Gander
Owuf = 0 in Qy Oty = 0 in Q5

u(0) = 0 B(1) = 0

uf(a) = uHa) Ouz(e) = Oxui(a)

u Bjgrstad, Widlund

LB
ug (x)
0 (‘l 1 X
u3(x)
8XU%(04)

Ql Q2



Dirichlet Neumann (Bjgrstad, Widlund 1986) Methods Part I

WR and DD

Martin J. Gander

For uyx = 0in Q = (0,1), u(0) = u(1) =0:

Owuf = 0 in Qy Oty = 0 in Q5
u(0) =0 ul(1) = 0
uf(e) = w3 (a) Oxuz(a) = Oxui(a)
u Bjgrstad, Widlund
(0
ug (x)
0 - T
uz(x) u3(x)
uz ()




Dirichlet Neumann (Bjgrstad, Widlund 1986) Methods Part I

WR and DD

Martin J. Gander

For uyx = 0in Q = (0,1), u(0) = u(1) =0:

Owuf = 0 in Qy Oty = 0 in Q5

uf(0) = 0 . uj(l) = 0

(o) = ua) Oui(0) = Oeuf(a)

u , Widlund




Dirichlet Neumann (Bjgrstad, Widlund 1986) Methods Part I

WR and DD

Martin J. Gander

For uyx = 0in Q = (0,1), u(0) = u(1) =0:

Owuf = 0 in Qy Oty = 0 in Q5
w(0) = 0 B(1) = 0
uf(a) = uHa) Oxuz(a) = Oxui(e)
| #(a)
2

u3(x) u9() u3(x)

1(x)
0 (‘l T X

uz(x) u3(x)

u3(e)




Dirichlet Neumann (Bjgrstad, Widlund 1986)

Time Parallel
Methods Part Il

WR and DD
Martin J. Gander
For uy =0in Q =(0,1), u(0) = u(1) = 0:
Oxui = 0 in € Oxus = 0 in Q)
uf(0) = 0 ul(l) = 0
ul(a) = h"t Ohuf(a) = Oxuf()
A" = 0uj(a) + (1 —0)h" !
u 0
ui(x)
; ‘ X
’ 2() '
u3(x)
uy(a)
Q1 QQ




Time Parallel

Neumann-Neumann (Bourgat, Glowinski, Tallec, = wethods Fart

B WR and DD
Vld I’aSCU 1989) Martin J. Gander

For uy =0in Q= (0,1), u(0) = u(1) =0:

Oxul! = 0 in€; Oy 0 in€Q;

uf(0) = 0 ¢7(0) = 0

uz(1) = 0 P3(1) = 0

uln(a) - hn_l anlwln(a) - anl u]r:l(a) + 8,12 ué,(a) Bourgat, Glowinski,

h" = b — 01 (a) + ()
u
hO
ui (x) u3(x)

0 o ] X

93] Qy



Time Parallel

Neumann-Neumann (Bourgat, Glowinski, Tallec, = wethods Fart

WR and DD
Vidrascu 1989) Martin J. Gander
For uxw =0in Q = (0,1), u(0) = u(1) = 0:
Oxul! = 0 in€; Oy 0 in€Q;
uf(0) = 0 ¢7(0) = 0
u(1) = 0 P3(1) = 0

Bourgat, Glowinski,
Tallec, Vidrascu

uf(a) = h" On 7 (@) = Omu(a) + In,u3()
A" = A" — 01 () + ha(a))

93] Qy



Time Parallel

Neumann-Neumann (Bourgat, Glowinski, Tallec, = wethods Fart

WR and DD

Vidrascu 1989) Martin J. Gander
For uy =0in Q= (0,1), u(0) = u(1) =0:

Oxul! = 0 in€; Oy 0 in€Q;
uf(0) = 0 ¢7(0) = 0
uz(1) = 0 P3(1) = 0

uf(a) = h" On 7 (@) = Omu(a) + In,u3()
A" = A" — 01 () + ha(a))

Bourgat, Glowinski,
Tallec, Vidrascu

1 vA(x)
1(x) 40
1(x) u3(x)
ui(x) h u3(x)
0 & : X




Time Dependent Problems

What happens if the PDE is time dependent, e.g. a heat
equation
O = Oxxtt, in Q

or a wave equation,

Ot = C?Opu, in Q,

where the domain is now in space-time 7
t

T

2, x(0,T) 2 x (0, T)

Time Parallel
Methods Part Il
WR and DD

Martin J. Gander

Evolution Problems



Time Dependent Problems

What happens if the PDE is time dependent, e.g. a heat
equation
O = Oxxtt, in Q

or a wave equation,

Ot = C?Opu, in Q,

where the domain is now in space-time 7
t

T

2, x(0,T) 2 x (0, T)
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Time Parallel

Schwarz Waveform Relaxation: wave equation Methods Part I

WR and DD

Martin J. Gander
el =c?0xxuf in Q1 x(0,T)  Opruhi=c20ix s in Q% (0,7)
u7(0,t)=0 ug(1,t)=0
uf (8, t)=ug (8, 1) uz(a, t)=u{(a, t)

Theorem (Wave equation (G 1997))

The algorithm converges in a finite number of steps, i.e.

when
Schwarz WR
Tc .
n=

B—a

» Analogous results for many subdomains and general
decompositions (G, Halpern 2004)
» Results with absorbing transmission conditions for

non-overlapping decompositions (G, Halpern, Nataf
2003)



Graphical Convergence Proof in 1D

characteristics

no error in uf

no error in uj

no error in u%

0

Q)
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Martin J. Gander

Schwarz WR



Time Parallel

An Example with non-matching grids
solution at iteration step6

M

Wil

.m i
'o

il




Time Parallel

Dirichlet-Neumann WR: wave equation Methods Part I

WR and DD
Martin J. Gander
8ttuf:c28)<xuf in Q1 x(0,T) attu5:c2axxug in Q% (0,T)
uy(0,t)=0 uj(1,t)=0
ul(a, t)=h""1(t) Oxuf(a, t)=0xui(a, t)

h"(t) = Qub(a, t) + (1 — 0)h" ()
Theorem (G, Kwok, Mandal 2014)
If a = 0.5 and § = 0.5, DNWR converges in 2 iterations.

Dirichlet-Neumann

If a # 0.5 and 0 = 0.5 the algorithm converges in a finite
number of steps, as soon as

S Tc
n>_ _—/——.
~ 2min(a,1 — @)

Ifa=0.5 and 6 € (0,1), 6 # 0.5, the algorithm converges
linearly.



Time Parallel

Neumann-Neumann WR: wave equation Methods Part I

WR and DD

Martin J. Gander

Opul =c 8XXu in Q;x(0,T) Ouy? = c28XX1p” in Q; x (0, 7)
uf(0)=0 ¥1(0) =
ug(1)=0 Y(1) :o

( ) h™ 1( ) 8ni¢?(a’t) = 8”1 uf(a’t)"i'anz ug(avt)

B(E) = B7L(E) — Bt (e £) + (1))
Theorem (G, Kwok, Mandal 2014)
If a = 0.5 and § = 0.25, NNWR converges in 2 iterations.

If a # 0.5 and 0 = 0.25 the algorithm converges in a finite
number of steps, as soon as

Tc

> — .
4min(a, 1 — «)

Ifa« =0.5 and 6 € (0,0.5), 6 # 0.25, the algorithm
converges linearly.



Time Parallel

Convergence estimates: heat equation Methods Part I
Methods 2 subdomains N equal subdomains MWE aJndGDDd
n(ﬂ_a) n(S artin J. Gander
SWR erfc <—ﬁ ) 2"erfc (2\/?)

DNWR (%)nerfc (2’\’/0‘?) (N —2)"erfe (2N’1/T)

o | (525) e (33)| (g ) o
-

N=T

Optimized Schwarz Waveform Relaxation (OSWR)

Dol = Dl in QX (0,T)  Bpul = Detsf in Q2 x(0,T)
uf(0,t)=0 uh(1,t)=0
Bl uf(/@7 t) = B]. ug_]-(/@’ t) B2 US(OZ, t) — B2 uf(a7 t) Heat Equation

» Many convergence results: heat equation, wave
equation, advection reaction diffusion, Maxwell, shallow
water, ...

» Recent methods like Sweeping Preconditioner and
Source Transfer are based on the same approach



Time Parallel

An Example with 8 Subdomains Methods Part I

WR and DD
time = 0.000 .
1 - - - - - Martin J. Gander
09 B
Picard Lindeldf
08 il Ruehli et al
0.7 - 4 )
Schwarz
Bjgrstad, Widlund
Bourgat, Glowinski,
0.6 - b Tallec, Vidrascu
505 7 Evolution Problems
Schwarz WR
Dirichlet-Neumann
04 - WR
Neumann-Neumann
WR
03 | A Heat Equation
0.2 |- 4
4
0.1 b
b
0 1 1 1 1 1
0 1 2 3 4 5 6



Time Parallel

Parareal Schwarz Waveform Relaxation Method Part I
G, Jiang, Li (2011), see also Maday, Turinici (2007)

Model problem: 0;u = dyu in Q=(0,1) x (0, T)

Martin J. Gander

Decomposition of the space-time domain:

t
A X X

tn+1

t,—, Parareal Schwarz
WR

Xi X,‘+1

L L
Qip = (Xi - E,Xi+1 + 5) X (tna tn—l—l)



Time Parallel

Parareal Schwarz Waveform Relaxation Methads Pars I

. . .- . .. .- . WR and DD
Given an initial condition ug and boundary conditions g~

and g™, we define Fi,(up, g ,g") and Gjp(up, g~ ,g™") to be
fine and coarse approximations of the solution at t = t, 1 of

Martin J. Gander

Oy = Ol xe( - +) t € (tn, tay1)
U(X tn) = o ( / ’ I )
B u(x ,t) = g~ t € (tn, tht1)
Bfu(xt,t) = g t € (tn, tht1)
A Parareal Schwarz Waveform Relaxation Algorithm:
Given initial conditions u(’)‘ .»(x) and boundary conditions
B uf ; ,(t) and B uf; ,(t), we compute
1Al uftt = F,,,(u0 s B uk n,B,TFuf‘H’n) in parallel Vroreal Schwarz

2. Compute new initial conditions using

k+1
uO,/,n-l—l

k+1 — k+1 + k+1 + k
+G(u0 in 7B 1 ]_n7B /+1 n)_G(UO /n7B i— 1n7Bi ui+1,n)

_F(uOlmB U, 1n>B u/+1n)



Parareal Schwarz WR Numerical Example

0.8

reference solution

Model problem:
1D Heat equation

O = Oyl
onQ2=(0,6)x(0,T), T=3

Space time decomposition
into 6 spatial subdomains,
and 10 time subdomains

Discretization with Ax = 15,
_ 3
At = 15

Overlap in space of 2Ax
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Schwarz
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Bourgat, Glowinski
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Evolution Problems
Sch WR

let-Neumann

Neumann-Neumann
WR
Heat Equation

Parareal Schwarz
WR



Parareal Schwarz WR:

1

0.8

Approximation at iteration=1

Iteration 1

0.8

0.6

0.4

0.2

Error in iteration=1
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Time Parallel

Parareal Schwarz WR: lteration 2 Metheds Part I

WR and DD
Martin J. Gander

Approximation at iteration=2 Error in iteration=2
Picard Lindelsf
Ruehli et al
1 il 1
il
i Schwarz
0.8 : 0.8 Bjgrstad, Widlund

Bourgat, Glowinski,
Tallec, Vidrascu

0.6

Evolution Problems
Schwarz WR
Dirichlet-Neumann
WR
Neumann-Neumann
WR

Heat Equation

0.4

0.2

A
R
TR

Parareal Schwarz
WR




Parareal Schwarz WR:

Approximation at iteration=3

1 “\\\‘;‘

0.8

Iteration 3

Error in iteration=3

0.8

Time Parallel
Methods Part 11
WR and DD

Martin J. Gander

Picard Lindel6f

Ruehli et al

Schwarz
Bjgrstad, Widlund

Bourgat, Glowinski,
Tallec, Vidrascu

Evolution Problems
Schwarz WR
Dirichlet-Neumann
WR
Neumann-Neumann
WR

Heat Equation

Parareal Schwarz
WR



Parareal Schwarz WR: lteration 4
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Approximation at iteration=4
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Time Parallel

Parareal Schwarz WR: Iteration 5 Methods Part I
WR and DD
Martin J. Gander
Approximation at iteration=5 Error in iteration=5

Picard Lindel6f

Ruehli et al

1 1
Al Schwarz
0.8 : 0.8 Bjgrstad, Widlund
Bourgat, Glowinski,
Tallec, Vidrascu
0.6 0.6
0.4 0.4 Evolution Problems
Schwarz WR
Dirichlet-Neumann
0.2 {4 0.2 WR
e -
il Neumann-Neumann
SR WR
0 0 Heat Equation
0 0
Parareal Schwarz
WR
0 2 0




Parareal Schwarz WR: lteration 6

Approximation at iteration=6

0.8
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0.6

Error in iteration=6
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Parareal Schwarz WR: lteration 7

Approximation at iteration=7 Error in iteration=7
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Parareal Schwarz WR: lteration 8
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Parareal Schwarz WR: Iteration 9

Approximation at iteration=9

1 il
i
0.8
0.6
0.4 i
il
- AN
X
\ "::‘ “‘ il
aa
AR
0.2 e
E G
A
A
o S

Error in iteration=9

0.8

0.6

Time Parallel
Methods Part 11
WR and DD

Martin J. Gander

Picard Lindel6f

Ruehli et al

Schwarz
Bjgrstad, Widlund

Bourgat, Glowinski,
Tallec, Vidrascu

Evolution Problems
Schwarz WR
Dirichlet-Neumann
WR
Neumann-Neumann
WR

Heat Equation

Parareal Schwarz
WR



Parareal Schwarz WR: Iteration 10

Approximation at iteration=10
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Parareal Schwarz WR: Iteration 11
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Approximation at iteration=11
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Parareal Schwarz WR: Iteration 12
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Parareal Schwarz WR: Iteration 13
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Parareal Schwarz WR:

Approximation at iteration=15
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Optimized Parareal Schwarz WR: lteration 2
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Optimized Parareal Schwarz WR: lteration 3
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Optimized Parareal Schwarz WR: lteration 4
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Optimized Parareal Schwarz WR: lteration 5
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Optimized Parareal Schwarz WR: Iteration 6
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Convergence Behavior of PSWR

Convergence comparison between Dirichlet and optimized
transmission conditions in space:
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Conclusions Part II: WR and DD

» Waveform relaxation methods for ODEs have their
roots in the Picard interation (1893) and the analysis by
Lindelsf (1894)

» Waveform Relaxation was invented by Lelarasmee,
Ruehli and Sangiovanni-Vincentelli (1982) for VLSI
simulations

» Schwarz Waveform Relaxation goes back to the PhD
thesis of Gander (1996)

» Optimized Schwarz Waveform Relaxation (Gander,
Halpern, Nataf 1999)

» Dirichlet-Neumann and Neumann-Neumann Waveform
Relaxation (Gander, Kwok Mandal 2013, and Hoang,
Jaffré, Japhet, Kern and Roberts 2013)

Preprints are available at www.unige.ch/~gander
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