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Parallel architectures

Direct sparse solvers

Non overlapping domain decomposition methods
FETI-2LM

Multi-RHS antenna array
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S-FETI : multiple search directions
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Parallel architecture

Direct sparse solvers

Domain decomposition context
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Computer architecture

Networked compute nodes, more and more nodes and cores per node

Each node is a hierarchical memory SMP with possibly parallel accelerator
(many-core, GPU)

Main memory

|
Space and time locality of data required ' '
Level 2 cache Level 2 cache

for performance | |

Cache Cache Cache Cache

Need of multi-level parallel methods :

direct solvers , BLAS (shared memory),
domain decomposition methods (MPI) ,
+ parallel in time (or quasi-static non linear iterations — PANLIM project)
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Sparse direct solver based on nested bisection
P-threads multi-threading management
Splitting of blocks in small sub-blocks

Atsushi Suzuki, research granted by Total at LILL
Dissection Pardiso -
# cores CPU time elapsed time CPU esapsed time k2o
1 74.84 72.824 85.04 82.941
2 74.81 38.162 87.79 43.627 &
4 77.32 20.454 92.66 23.141
6 79.96 15.200 104.38 17.391 RRRRERARERS
8 83.56 12.008 118.25 14.786 BR85S _ - _
12 94.08 (x1.26) 9.873 (/7.38) 165.99 (x1.95) 13.993 (/5.93) R 3
elstctl, N = 206, 763, nonsingular S R
Bk
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Efficiency of parallel forward-backward suﬁ\

Actual performance limited by global memory access

Parallelization of forward-backward substitution for a single RHS gives
very limited performance (speed-up < 2)

With multiple RHS, higher arithmetic complexity with same memory
access requirement (better data locality)

IRHS @ lcore 12 RHS @ 12core efficiency

Dissection 0.6194 sec. 0.5135 sec 120.6% .
Pardiso 0.7054 sec. 1.2642 sec 55.8%

With more than one subdomain per compute node, memory bandwidth
available for each MPI process is even smaller .

Performance of each single RHS forward-backward substitution is
even lower
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Efficiency of parallel Gram Schmidt orthogon

7 e

Test on a cluster of 12-core Westmere Xeon nodes with Gigabit
Ethernet connection

Up to 8 compute nodes, maximum 6 cores per MPI process

Dimension of vectors = 50000

Number of new/old vectors = 20/80 , 20/4x20

#threads/MPI process | Modif GS Simultaneous Modif block GS
#MPI process GS
1 2 9.9 9.2

1

1 12 0.5 7.5
6 1 4.7 45
6 2 3.2 41
6 16 0.8 28
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6.5
35
31
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Optimal decomposition for 3D regular grid

Number of DOF = dN3

Number of interface DOF = 6dN? — complexity of a dot product

Fill in with sparse direct solver = O(d?N#)
— complexity of a forward-backward
substitution

Order of magnitude of N = 100

Storage and orthogonalization of many
search directions affordable

Use Krylov methods with full
orthogonalization
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Non overlapping domain decomposition method

Schur complement method
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Schur complement = discrete Dirichlet to Neur

0 '

Boundary value problem, inner and boundary degrees od freedom

Block structure [K" Kibj [Xi] [bij
Ko K , Xy | b,

Solution of Dirichlet problem
KiiXi + Kibxb — bi

X, =X,

= KX =b =KX, =X = _Ki;lKibXb T Ki;lbi

Neumann problem with same solution

Ko + Koy = Ki X, = Ky K KX, + Ky Ky

Ki K )X b
— =
Ko Ko J\ X (Kyp — Ky Ki;lKib)Xb +h, =Ky, Kii_lbi

ONERA
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Element based splitting of the global problem

(Kll 0 K13\ (Xl\ /bl\
0 K22 K23 Xy |5 bz
\K31 K32 K33) szj \b3/

[Kll Kl3j [le (blj "““ K22 K23 X2 b2
Ko K)o s ,. o ) ()
1 ,%,/"// =2

3

(1) (2) _
K33 T K33 - K33

) (2) _
b® +bP =bh,

ONERA
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Local equations, interface matching conditio 1\

Local equations inside subdomains P

(1) _
K11 Kyt K13 K3 = bl

(2) _
K22 Kot K23 X3 —bz

Admissibility condition on the interface = continuity condition
@9 (o)
Equilibrium condition on interface
Ka X+ Ky, X, + Ky X, =D,
Kgy X1 + K& X0 + Ky, x, + K@ x? = 4 p?

_ LANN R ONERA
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Local condensation : Schur complement me

Interface unknown : Xy = x(:? = X(?)Z)

Solution of internal equations in
subdomains

K11 X, = bl_ K13 X3
K22 X, :bz - K23 X3

Equilibrium condition on interface => definition of residual

K31 X+ K32 Xyt K33 X3 _bs —
(K33 o K31K1_11K13 o Kssz_;Kzs)Xs o (bs o K31K1_11 1 K32K2_éL 2)

. AT ONERA
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Implementation

Solution of local system via a direct method (Gauss, Cholesky)
Ky Xy =0 =Kz X Ko Xy =0, =Ky Xy

Local contribution to interface residual

K11 K13 Xy B b1 _ 0
K31 K?(,? X3 b(sl) (Ks%) o K31K1_11K13)X3 o (bs(l) o K31K1_11b1)

K22 K23 X2 . b2 _ O
K32 Ke(é) X3 b(32) (Ke(,g) o K32K£§K23)X3 - (bs(Z) o K32K2_21b2)
Global interface residual obtained by assembling local contributions

(Ke(,? o K31K1_11K13)X3 o (bs'(,l) o K31K1_11b1)+ (Kég) - K32K2_21K23)X3 - (b3(,2) o K32K2_21b2)
(K33 o K31K1_11K13 o K32K2_21K23)X3 _ (b3 o K31K1_11b1 _ K32K2_21b2)

: AN AR ONERA
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Robin interface conditions

FETI-2LM method

Application to Maxwell equations

RS ONERA
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Robin conditions on interfaces

Global system of equations
(Kll O K13\ /Xl\ /bl\
0 Ky Kyl X |5 bz
\K31 Ksz K33/ \ X3 ) \b3) 0, I3 0

Local system of equations Interface matching conditions

~

Kis Kis X1 b, x — x(2)
Ky Kig +k )X B by +4, 3 (1) (31) (2)o(2)
K31X1 T K32X2 T K33 X3~ K33 X3~ = bs

Kp  Kiu \(%,) [ b, A+ A, =k X —k,x? =0
K, K&Z+k,|x?) (b?+2,

_ LANN S ONERA
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Interface matching conditions are mixed

Xél) _ Xéz)

(1) (2) _

Combine the equations to find two homogeneous conditions
A+ A, -(k +k, ) x2P =0
A+, -(ky+k, ) x5 =0

Definition of condensed interface problem

18
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Condensed interface problem for FETI-2LM

Local elimination of inner unknowns

( K?E;) - K31 K1_11K13 T k1 ) X:(sl) = /11 "'b?gl) - K31 Kl_ll bl
( Kész) - K32 K2_21K23 + kz ) X§2) — /12 +b§2) - K32 Kz_zl bz

Matrix of condensed interface problem

| =k k(KA Ky KK 4 k,)
~ -1
|‘(k2+k1)(K3(31)‘K31K111K13+k1) |

. | _ DR ONERA
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Optimal interface conditions

Optimal interface conditions
2) -1
kl K K32 Kzz K23
_ (1) -
kz - K K31 K11 K13

Optimal conditions = condensation on interface of remaining structure
= discrete Dirichlet to Neumann operator of outer domain

Interpretation via local condensation in global system of equations

Kll K13 Xl bl
Ky, K& +KE K, KoK, JIx, ) (bY+b? —K,, K, b,

_ VRN TR ONERA
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Main features of the method

Well posed local problems, even with irregular mesh splitting with
correct Robin conditions

Convergence in p -1 iterations in case of one-way splitting into p
subdomains

gpiimal ov

Issue : computation of exact optimal operator impossible (Schur
complement)

Approximation of discrete Dirichlet to Neumann mapping required

For wave equations approximate “transparent” boundary conditions

: | _ N ONERA
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FETI-2LM applied to Maxwell

Q=0,UQ,..UQ, Domain partition
VX (inx E’i )_ k()Z‘er E’i = koz(‘c"r,i _/ur_,l) E’incident in Qi = R3 : ] Tﬁm
M, ’ |
i x(——VxE)+ ki x(xE)=A on T, (Robin)

-

/ /’lr,l
Ill

: Ax(VxE )+ jkAx(AxE )=0 on T, =dQ\T,
Robin ° *

Additional variables on the interface (2 LM method)

Lagrange multipliers with approximate transparent Robin condition
(approximate outer Dirichlet-Neumann) ., tvxE") + jk, i x (i, x EN=R

Electric and Magnetic field Continuity 1 x (V< E)) + jiofi x (i x B)) = A’

ﬁix(ﬁiXE})zﬁjx(ﬁjXEij) (1) E— 1

ﬁix(,ur_}.Vx E})z—ﬁjx(yrflj.Vx Eij) (2)

ONERA
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Antenna arrays

Reuse of search directions with ORTHODIR or ORTHOMIN

Block method

. | _ R ONERA
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Antenna arrays

24
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2D device, attached to the
fuselage of the plane

Complex treatment to orient the
radar beam

Larger arrays for higher
iIntensity

Fine local mesh to take into
account the heterogeneous
structure of each element .

Solution for multiple incident
waves or for various emitting
modes : many RHS

N ONERA



Antenna simulations :

Curve of scalability code Factopo_fem-feti
Computer OCCIGEN @CINES Xeon Haswell

2 ' L I B R RN B B RELEES RELE R
e [=— OCCIGEN@CINES Xeon Haswell | ]
10} .
ol 2.05 Billion

1.45 Billion -

0.5 Billion

Elapse Time (Minutes)
T

0.3 Billion .

)
I
|

I NI NI I (I T T I T T R
l 1
2000 3000 4000 5000 6000 7000 8000 9000 10000 11000 12000 13000 14000
Number of core

Finite periodisation 28x28; 198x198 cm2
Fakir Prototype; Incidence 0 degree

m— PEC plate
25t 3= Finte array simulations (Factopo_fem-feti}
= — Measurements (CAMERA)

——  Infiniie array simulations (CST)

RCS (dB.m2)

Frequency GHz
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ORTHODIR : build a F*F-orthogonal basis of Krylov space

-

g, =FA4,—d
Vo =Y

)
Fv,

do =[Fw|"

Ay =4+ Pp Vo
g p — g p-1 + pp—lFVp—l
(va—l)* g p 0<d p-1Pp1 = _(va—l)* g p-1

ORTHODIR : block formulation

o (va—l)* 9o

9

(

p-1
v, =Fv_, + Z(; ViV,
p-1
Fv,=FFv_ _, + ; VinFV,

7/ip - _(Fvi )* |:FVp—l

\dp - HvaH2

(Fv, , replacedby g, , : ORTHOMIN)

\VAS :[Vovl ..-Vp_1 : (va)*(FVp): Dp’ DpPp :—(va)*go
A, =2, +V PP,
g,=0,+FV°P,

26 Multiple search directions FETI

ONERA



Continued ORTHODIR with multiple RHS

VP and F VP are given , (F VP)* (F VP) =D,

Optimal starting A,°F!

opt __
{/10'0 —/10+Vppp _(va)*ggpt:()@ DpPp :_(va)*go

9" =0, +FVPP,

Start new iterations with new search directions F*F-orthogonal to VP
F*F-projected ORTHODIR
In practice same as if continuing ORTHODIR from iteration p

Accumulation of search directions with successive RHS

_ TN R ONERA
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Dependency upon number of stored directior

17x17 array
289 subdomains, 50 Million unknowns

31 RHS, incident waves with various angles

0T T T T T T T T T T T T T T T T T T T T T T T T T T T 1T
380 —

320

@=—g> 17x17 SAFAS Array (2500 stored directions)
> 1Tx17 SAFAS Array ( 4000 stored directions)

)
=

Ix)m
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FETI Iterations
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Right Hand Side (32 wave directions from 0 to 31 degrees)
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17x17 array, 289 subdomains,
1 core per subdomain,
50M unknowns,

31 RHS,
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Elapsed time

29.7

Successive ORTHODIR
Continued ORTHODIR

3.3

<
[
w
Z
0]

FETI

1ons

Multiple search direct

(©))
(Q\|




Block ORTHODIR algorithm

Block ORTHODIR initialization

K _ 2% _g¥
{go ’ , k=1, Np1ock

k k
Vo =0

Block ORTHODIR iteration
AP = AP 4V p‘le_l
{GP =GP+ FV p_le_l
\FV IO‘1)*G P00 Dp_le_1 =—(FV IO‘1)*G P

Rank revealing Cholesky factorization
Use all directions for all RHS

{0] Multiple search directions FETI

G" = [g507 - 95

V 0 — :VéVg . .nglock ]

D, = (FV°)'(FV) = L L;

-

p-1
-1 [
VP =FVP +Z_():v I,

.

p-1
-1 [
FVP=FFV°® +Z_O:Fv T,

D. T, =—(FV') FFV ™"
D, =(FV")(FV")=L,L,

ONERA



Block ORTHODIR implementation

Optimal solution for each RHS using all search directions computed
for all RHS

Rank revealing LL* factorization of D, automatic detection of
dependencies between search directions, reduction of number of
search directions

Same property as continued ORTHODIR in term of decrease of
global number of directions to be computed

Ny 0ek SiMultaneous forward-backward substitutions at each iteration,
good parallel efficiency on multi-core nodes .

Simultaneous computation of dot products, BLAS3, good parallel
efficiency on multi-core nodes, global reduction for a block of
scalars at once, reduced MPI overhead

Continued block ORTHODIR straightforward

_ } \ .:_-\{\\\\_.;':v : N ONERA
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Application of multi-RHS techniques

17x17 array, 289 subdomains,
1 core per subdomain,

50M unknowns,

31 RHS,

16 RHS per block

| CElapsedtime

Successive ORTHODIR 29.7 )
. Time/9
Continued ORTHODIR 3.3
Block ORTHODIR 0.8 _ .
Time/ 37
ONERA
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N

Improved local performance with multi-threa

R
)

32x1 array, 32 subdomains,
12 cores per subdomain,
57M unknowns,

32 RHS,

16 RHS per block

| CElapsedtime
Successive ORTHODIR 21.8 ]
. Time /1.8
Continued ORTHODIR 12.1
Block ORTHODIR 0.63 ] .
Time/34.6

Limited improvement with continued ORTHODIR in this
case, due to right-hand-sides

ONERA
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Neumann interface conditions

FETI method

Coarse grid projection

RS ONERA
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Neumann local problems

Local systems of equations

Ky Kg X1 ] b, Ky Ky X2 ) b,
= 2 2) || w2
Kas Kg(,]?;) X(g,l) b(31) + 4, Ks, chs) X(s) b(:a )+ A,

Interface continuity condition

(1) _ () _
X5 —X53 =0

Interface equilibrium condition o T3 Q

A, +4,=0

ONERA
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Interface unknown: A = ,‘Ll — —12

Local problems :

Ku Kig X1 ] b, Ky Ky Xy ) b,
= 2 ) || k2
Ky KG)X§) (b3'+2 Ky, K@) XP) (b5 -2
1 2
Interface residual : X(3) — X(s)

Use CG to converge to the solution of the implicit condensed interface
problem

_ CORN SN ONERA
36 Multiple search directions FETI AR e




Condensed interface problem for FETI

Local systems of equations

Ky Kig) (X _ b, Ko Kyu ) X,) b,
o k) (0042 o K)o o2~

Condensation on interface
1 -1 1 1 -1
(K() K31K11K13)X() ()_K31K11 bl+ﬂ“

S(l)x(l) C(l) + 2
( K(Z) K32 K2_21K23 ) XgZ) - ng) B K32 Kz_zl bz -4

SX@ =@

Condensed interface problem

-1 -1 -1 -1
X9 —x? =0 (s<1> +5® )/1 =SB 7cP 1 5@

_ CORN SN ONERA
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Optimal local preconditioner

38

FETI condensed interface operator
sty

Optimal local preconditioner (convergence independent of mesh size)

—~

1 (1e@m1 1 (2)1)
F —(75 2+2973

Computation of preconditioned gradient

K, K.\(V 0
K V _ _K l g ( 11 13) ( 1):£ j
11 "1 13 2 %g (K?%) - K31K1_11K13)% 9

K K Vv 0
Ky Vy ==Ky 5 ( ” 23)( 2}—[ j
2 = _
K32 K?Eé) ;g (K?Eg) B K32 K221K23); g

Solution of Dirichlet problem in each subdomain

: AN\ ONERA
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Local singular modes

lll posed local Neumann problem

Local null modes

1 DY~ 1 1
x® =g® (c§)+/l)+N()a” x® :S(Z)+(ng)_/1)+N<z)a(z)
@ t
N®' (¢ +1)=0 N@'(c? - 1)=0

Mixed condensed interface problem

+ +
S(l)Jr +S(2)+ NO  _ N(Z)\ y) \ ) Cgl) +S@ ng)
t t
N©® 0 0 |a®|= N@'c®
t t
N® 0 0 |a® ~N®@'c®

DR ONERA
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FETI null modes projection

. | F G\ A d
Mixed condensed interface problem —
G' 0\« C

Solution via projection

g=FA-d

Pg=9g+Ga
G'Pg=0=G'Ga=-G'g
P=1-G(G'G)'G!

Orthogonal projection in Ker(G!)

t t
N(l) N(l) . N(l) N(Z)
__NmWUD NaﬂNm

ONERA

Coupling of local null modes GG =

7
Sy
L7
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N\

Coarse grid preconditioner effect of FETI pri

Projection for rigid body motion (linear elasticity context)
= computation of local rigid body motions which minimize interface jump
= solution of a global problem whose unknowns are rigid body motions

A

gbcv

SOMNNN ANSNNNANNNAN

-

Global coarse grid preconditioner
= convergence independent upon number of subdomains

. AT ONERA
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Heterogeneous problems, weighted Dirichlet preconditioner

S-FETI method

. . . B ONERA
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Real life

Heterogeneous materials, heterogeneous
finite element models

Geometrical heterogeneity created by
automatic mesh splitting

Weighted preconditioner

F*=(ds%,+d,5?d,) , d,+d, =1

R ONERA
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Mechanical interpretation of weighting

The interface gradient is the jump of displacements

Find the interaction force which will make the gap to vanish

Impose each subdomain interface to move a fraction of the gap, compute
the local force to impose

(Dirichlet to Neumann)

Take an average of the responses
from both subdomain on each interface

Stiff subdomain moves less than smooth one...

: ALY TR ONERA
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N\

Heterogeneity across and/or along the interf

N
\
o
")

7

Hard to derive correct weighting factor when heterogeneity is not only
across the interface but also along the interface

Model problem

Polymer matrix smooth,
nearly incompressible
Heterogeneous fibers with
varying E from 10 to 106

Badly shaped subdomain creates anisotropy

_ VRN TR ONERA
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S-FETI method, Nicole Spillane, Daniel

i

o

y /:{f :
y I/."./ PP

FETI, one preconditioned
gradient on all interfaces

obtained by adding two R o
contributions on each ;

Interface

S_FETL keep both S = ——

contributions as two
Independent candidate
directions, split interface per
Interface

Total number of candidate directions = 2 x total number of interfaces

“Coarse space” : dimension depends only on number of subdomains,
only a few “modes” of the coarse space are non zero in one subdomain

: ANNN AR ONERA
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Block CG algorithm with full reconjugation

Block CG iteration
Ay =2y +WPTP
9,=0,,+FWP'P

J\

WPHg, =0 WPHFWPHP,, =-W g,

Computation of multiple search directions
g P — Fﬂzp — d ( p-1
WP =PC?+> W,

Pg p 0

- i\t p
Local Dirichlet solve — coarse space C* L =—(FW)'PC

p-1 _
FWP =FPCP+> FW'T,
0

Rank revealing Cholesky WP FWP = L L,

_ LANN TR ONERA
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Computing cost for the coarse space

Computation of projected coarse space and product by FETI operator

PCP =C" +GA,
G'PC’ =0= (G'G)A, =-G'C’
FPC® = FCP + FGA,

Number of coarse modes with non

zero trace in a subdomain;

2 X number of interfaces = number

of local Neumann solution

G'CP" sparse : small number of non zero coarse
and rigid body modes in each subdomain

FG coarse, computed at initialization

. ’ \ SRR ONERA
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Test case

t\ l‘\\ \
N *\ '
ONERA
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Number of subdomains = 100
Poisson ratio of polymer matrix = 0.45 or 0.4999
180 000 degrees of freedom per subdomain

4 cores per subdomain, 50 8-core compute nodes




Performance tests

Splitting | Poisson | Solver | #iterations | #search | Max #local | Elapsed

Checker 0.4999

Slices X 0.4999
Slices Y 0.4999
Slices X

Slices Y

FETI
S-FETI

FETI
S-FETI

FETI
S-FETI

FETI
S-FETI

FETI
S-FETI

Multiple search directions FETI

directions

233 233
46 4600
> 800 > 800
152 15200
> 800 > 800
144 14400
> 800 > 800
48 4800
409 409
36 3600

solutions

466
414

> 1600
760

> 1600
720

> 1600
240

818
180

time

991
320

> 7300
4653

> 7300
4455

> 7300
493

1979
363

ONERA



Conclusion

Multiple search directions approach good for both
numerical and parallel performances

S-FETI more robust than FETI for very ill-conditioned
problems

For 3D, large number of degrees of freedom on interface,
memory requirement and reconjugation time may become
prohibitive, need for selective and/or sparse approach

) LN R ONERA
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