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Parametrized Partial Differential Equations (PDEs) |




Parametrized Partial Differential Equations (PDEs) ]

@ General Setting



Acoustics Preliminaries

Time domain and frequency domain: Laplace transform
pressure(x, t) = R{u(x, f) exp(2mift)}.

Frequency-domain pressure satisfies Helmholtz equation:

. 2
— (1 +iek) Viu — ( Wf) u=20,
Hﬂ’_/ Csound
; \‘]{.2’—/

for ¢ a dissipation coefficient and c¢q,,.,q speed of sound.

Particle velocity is related to pressure by

velocity(x, f) = ﬁVu( )

for p the (uniform) density.



Examples of Parametrized PDEs

Heat Transfer (Conduction):
—V(oVu )=qinQ,, s =u

Linear Elasticity:

0 ou
- EL 'm
(933(]' 7

root *

—L —FinQ, s =SCF .
axm,

Helmholtz Acoustics:

—(14iek)V?*u —ku =FinQ,, s =z,

INPUT PARAMETER p1 = (k, \) € R”
— FIELD w,(x) and OUTPUT (Qol) s,



Abstraction Linear Elliptic PDEs

Given 1 € P (compact) C R” find
field w, € X(Q,) (say) scalar, real
A, = F,inQ,, or
(A, v) = (F,,v),Yve X, or
a,(uy,v) = Fu(v),YveX,
output(s) s, € R
S = (Ly,up), or s =€, (uy) ,

where (0, C R?, X = H(lo)(Q#), and F,. L, € X".

Note boundary conditions are included in @, and F,.



Model and Family

A Model is a particular problem definition:
parametrization: ;€ P C R”:
spatial domain: = € Q, C R?;
physical discipline: a,,, F},;
engineering outputs (Qol): /,,.

A Model maps parameter 1 € P to

field w,(x) and output(s) s,,.

A Family is a set of Models which share
a physical discipline and engineering context.

Acoustic Ducts, Elastic Shafts, Historic Structures,. . .
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Parametrized Partial Differential Equations (PDEs)

J

@ PDE Apps

11



PDE App: Definition

A PDE App is

software associated to a Model
which maps any ;2 € P to an

u,,(z)

approximate field @ (x)
PP output 5, = £,(t,)

&

subject to performance requirements:
response time and accuracy.

12



PDE App: Performance Requirements

A deployed PDE App should satisfy:
= b-second problem set-up time; "app-ification"
< 5-second problem solution time, field and outputs;
< 5% solution error, specified metrics;
< 5-second field visualization time.

The choice of 5 seconds is informed by

the human attention span: interaction.

13



PDE App: Model Reduction Paradigm  PR-SCRBE-FE
Offline I: Very Slow — Days
Given Family, form associated Online Dataset ).

Offline Il: Slow — Hours
Given Model € Family, script PDE App.

Online: Fast — Seconds

Given PDE App, evaluate 1 € P - 11, (), 5.

The PDE App Offline-Online approach
is computationally competitive in

the many-query context — Offline amortized, and

the interactive context — Offline "irrelevant."

14



Computational Methodology J

@ Perspective

@ Components and System Synthesis

@ Finite Element (FE) Approximation

@ Static Condensation Reformulation of FE

@ Model Order Reduction

@ Remarks

@ Computational Procedure: PDE App Workflow
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Computational Methodology

@ Perspective

16



Genetic Lines (Extensive References at Conclusion)

Mode Synthesis, 1960s PR

Hurty, Craig-Bampton, Bourquin, Hetmaniuk,. ..
Static Condensation 1970s SC
Reduced Basis Methods, 1980s RB

Almroth, Noor, Porsching, Gunzburger,. ..

Post-Modern Reduced Basis Methods, 2000s

MoRePaS I-lll: a priori/posteriori error estimation,
Weak Greedy sampling,
(approximate) affine expansions,
strict Offline-Online decomposition,. . .

Reduced Basis Element Method, 2000s E
Maday-Rgnquist

17



Computational Methodology

@ Components and System Synthesis

18



Parametrized Archetype Component

port 1
Bend
atial_domain, Be ‘E_m k‘
PRRBORERRRR
end.port.type.ref PERGRONNR )
AR
rameter.angle, .1z U ety
Do

ameter_domain.ang

2

Bend.PDE.forms.F = 0
spatial domain FE mesh

19



Library of Parametrized Archetype Components <+ Family

Acoustic Ducts

(selected archetype components)

®©e
>

®
o e

Admissible connections:

ports of common color <+ common port type.

20



System Synthesis: A Model

Model_Exponential_Horn (Flanged)

1= (L/ag, m™™ ayourn/ao, kao)
e P = [2,20] x [0.0334,0.1666] x [4,12] x [0, 1]

21



System Synthesis: Instantiation and Connection

Instantiation Connection
0 cP — local port pairs —
{V € V}instantiated components glObal ports I' € (¢

22



Family: All Component Combinations | Port Constraints

Model _Nguyenophone
p = (Hole_Location, Hole_Open, k)
€ P =Wedge C R® x {0,1}® x [0, 2]

23



Computational Methodology

@ Finite Element (FE) Approximation

24



Geometry Mappings

An archetype component is characterized by

. e
D e
ain 14 VAVAVM¢X§X§‘$

spatial dom
VAVAVAVAV,y AN

o YAV,
RIS

aale

and

such that
Yi = Ti70, 1= 1727
for 7y a fiducial port (type).

We may easily consider more than two local ports.

25



FE Approximation Spaces
Associate to
each archetype component
a reference FE mesh,
X"(D;) = {v|p € P,(T"),¥T" € T"}
of dimension \/1'".

For any v in X"(D,), local port i = 1,2,

fiduical port modes

implicit conforming condition on ports of common type.

o, € {  xjM e h1< < I

26



Finite Element (FE) Approximation of Model

For given 11 € P, define .
! (2 R
£ Py
i AR A e
ST
FRR
‘\“1‘ B,
s
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“ I

e S
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Hegs
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output s/ = 0, (ul!).
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Computational Methodology

@ Static Condensation Reformulation of FE

28



Static Condensation (SC): Component Level . ..

In given instantiated component, v=uv(u)
for local port 7 = 1,2

for port mode j = 1,..., J"

)

W= Li(x o ") s lifting to
reference domain of port mode j on port 7, and
h 2 h A i - L
Pijw = Vi T Mg € X1 p0)(Dr) satisfies
af;(tpézj;w v) =0,Yv € X@/MZO}(D;), subject to

h _ ~h FE FE

where for simplicity all sources reside on ports.

29



Details

Express nf‘j:,/ as

NFE
nz g5 1/ Z Q; kv gk
then ozf’j .., satisfy
NFE

k=1

> ( | (stvgye,vet -

1<ji<JE 1<i<2
) forz € Dj

Gu — J;lJ;T

fk)u]’dx> zyku

—— [ (VY6 Tl — el ) 0] da

for 1 < k' < NFE

30



..SC: Component Level

In given instantiated component, (local) LINEARITY

) ]FE
E E —1
//(/1 LL] YR% 501 g3V 77/ )
i=1 j=1

for appropriate coefficients «/ . . 1 < j < J'F i =1, 2.

i,j;0)
Form 2JF x 2JF stiffness matrix Afﬁj]'[;ﬂy
normal velocity moment on local port i flux
with respect to port mode j

expressed in terms of

pressure coefficient on local port k

associated with port mode /.
31



Details

We may write stiffness matrix as

h _
AL e =

/D (VTG V(L + 1l 1)

_kQ( h*)( th + 771?.[;;/)) |JV‘ dz '

i

for 1<i, k<2 1<j,0<JE

32



SC: System Level

Require on global ports ' € &
continuity of pressure, and
weak continuity of normal velocity

implemented as direct stiffness assembly:

h h . h
{A;/(“)}instantiated components — “AH ) jEH

here A is |G/|.J"5<||.J " block-sparse Schur complement.

Issues: /" F will be large, and
NTE will be large,

such that AZ costly to form and to "invert."

33



Computational Methodology

@ Model Order Reduction

34



PR-SCRBE-FE ...

In given instantiated component, v=uv(p)
for local port 7 = 1,2

for port mode j = 1,..., M:

)

= Lo 1) s lifting to
reference domain of port mode ;7 on port 7, and

h,N __ h h,N h,N arch ) e
i = Vi T M € Zijy g0 (Do) satisfies
D A h o h,N .
a, (9971,]';1/7 U) — O,VU S Zi,j [71?72:0](D17)1 SUbJeCt to
/ _ .
@ZLJI/ Yir T le 5ij/v N x N

where for simplicity all sources reside on ports.

35



Details

Expressnzl’]-];\;as 1<7<M,1<1<2
N

h,N /— h.N .
M (T) = nzy,gkycw k(T) forz € Dy
k=1

then ngl;]\,i.y satisfy
N
2 % h,N
S / VG ) G G — K G ) Tl )
k=1

—— [ (R(VG30" @, VUl = Gl W

for 1 <k < N.
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.PR-SCRBE-FE . ..

In given instantiated component

2
_h,M,N 2 : E : h, MN h,N -1
ull Dy LL[ IV g‘oi,jgz/ © 77/ )

1=1 j=1

for appropriate coefficients ulAMAN <j<M,i=1,2.

0,73V

Form 2M x 2M stiffness matrix A? Af[?{(fjj'“’ Galerkdn,

normal velocity moment on local port 7 flux
with respect to port mode
expressed in terms of

pressure coefficient on local port &

associated with port mode /.
37



Details

We may write stiffness matrix as

WMN
AL e =

/D(m(vwfj;‘)TGN( 7h]+77%\fy)

—RA WL+t ) ) |3 dz

2¥)

for 1<, k<2, 1<j <M.
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...PR-SCRBE-FE

Require on global ports I' € ¢
continuity of pressure, and
weak continuity of normal velocity
implemented as direct stiffness assembly:

{ h,M,N
v(p)

where AZ’M'N is |G| M x |G| M block-sparse.

h,M,N
}instantiated components — 'AH' '

Issues "resolved": M < J'F and

N < NFE,

h,M.N
7

such that A/’j’]”f'N is inexpensive to form and to "invert."

39



Port Reduction, M < J"F: Rationale. . .

Consider a waveguide D x (0, 00),

and find p(zy, 9, 23) such that
~V%p —k*p=0in D x (0,00)
and
p=gon (r1,x9) € D,x3 =0,
% =0 on (x1,22) € 0D,0 < x5 < 00,
p (say) outgoing bounded wave as x3 — 0.
40



... Port Reduction, M < J¥E: Rationale. ..

Restrict attention to the transverse domain D,

and find (V;(x,22). \;);—1_. solution of eigenproblem
—V?FMQT =AY, inD ,
% = 0 on OD;

order (real) eigenvalues \; = 0 < Xy < A3 < ...

41



.. Port Reduction, M < J¥F: Rationale — Evanescence

Consider k € [\/A_n, VAui1): then R{ - eim}

j=1

(or JFE)
k2
+ E oz:?Tj(qu,xQ)e Aj—k* 3
j=n+1

for coefficients o chosen to realize p(-, -, 73 = 0) = g.

For any global port 1" € (&, higher modes introduced
in neighboring components, and
at neighboring global ports,

will be filtered prior to "arrival” at 1.
42



Port Reduction, M < J*®: A Library Training Procedure

For all compatible archetype component pairs in Library,
r

| S
form test subsystem FL\‘ L 5 R \],KFR

and find ~ € X"(L,R) such that
agﬁi(z,v) =0, Yo € X"(L,R),

for a rich set of Dirichlet conditions on I';, I';, and

admissible parameters 11 and 1.
Collect z|p o T, o 7. from all test subsystems in a set S.

Apply POD to S: fiducial port modes {x;},—1 .

43



Bubble Reduction, N < NTF: Rationale

For any archetype component in Library,
for local port 2 = 1,2,
for port mode j = 1,..., M,

nff‘j;,, c {77”,/ on D,,\VEV} C X[mgo](D) :

Iow—d|men5|ona| smooth manifold high- d|men5|ona| space

note that
Vel EV CRY, cPCRP

for (typically) V' < P — components divide and conquer.

44



Bubble Reduction, N < N¥F: A Library Training Procedure
For each archetype component in Library,
for local port i = 1, 2,
for port mode j = 1,..., M,

form 7

i i 0 @s RB Lagrangian snapshot space | -ized

h

b = sPan{nlj, 1< n < N}

for quasi-optimal parameter values
{vi,eV,....v) eV}

selected by the RB Weak-Greedy procedure.

45



Computational Methodology

@ Remarks
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Optimality

Under certain hypotheses, the best fits associated with

the port reduced spaces, span{y;.1 < j < M},

and
}l,i\““v
ij

converge at rates similar to the corresponding

the bubble reduced spaces, 7

Kolmogorov M (respectively, /V) width.

The (Petrov-)Galerkin projections are optimal to within

a (Model,;c and M, N')-dependent stability constant.

47



Verification (and Validation)

A posteriori error indicators play a role in
optimal choice of snapshots — Zf’]\
and

optimal choice of M and /V.

Each Model is verified over = e ification C P:
refinement in i |, M 1, and N T;
reference to appropriate closed-form approximations;

comparison to 3rd—party computations and experiments.

Verification of each Model improves

archetype components: convergence of Library.
48



Computational Methodology

@ Computational Procedure: PDE App Workflow

49



Offline I: Library — Online Dataset D Expensive

Prepare Online Dataset [D for Library:
archetype component reference FE meshes;
archetype affine component mappings 7,;
port modes X;‘, 1 < j < M (for each port type);
RB spaces Z?h]\ for each archetype component,
local port 7, and port mode J;

(Petrov-)Galerkin parameter-independent inner products.

Role of components:
no Models formed or evaluated in Offline | stage;

all Models in Online stage amortize Offline | effort.
50



Details

A typical term in

h,M,N
AL raw

ﬁgav”ﬂGwmu”+ﬁ%w«u

leads to inner product

N

dﬂwﬁg<VWﬂ<@mmﬂvwg+@mm

n=1 EIM expansion

51



Online: D; Model; p € P — Uh M. fj M.N Fast

Web-User-Interface (WUI) Cloud Implementation
Query the PDE App:

input 11 € P, User
synthesize Model from (say) script, Model Server
invoke Online Dataset D Compute Server
form and solve Schur complement, Compute Server
calculate field and output, Compute Server
download and display solution. User, Servers

(Offline Il — prepare Model Server for each Model:

parametrization, instantiation, connections, and outputs.)
52



Acoustics Ducts: PDE App Examples J

@ A Flanged Exponential Horn

@ An Expansion Chamber

@ A Circular Duct with Toroidal Bend

@ An Extended-Tube Expansion Chamber (ETEC)

53



Acoustics Ducts: PDE App Examples

@ A Flanged Exponential Horn

54



Model: Parametrization and Spatial Domain

1= (L/ag, m"™, ayoutn/ao, kag)
e P = [2,20] x [0.0334,0.1666] x [4,12] x [0, 1]

55



Throat Impedance

Parameters: m"™ = 0.1076, a,ouin /a0 = 10.67.

12

0.8

0.6

0.4

Normalized Specific Impedance

0.2

0.0
0

Real Part

= PDE App
-=- PHBE

Imaginary Part

PH: Post & Hixson, PhD Thesis, 1974,

ka,

mouth

10
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Visualization: Radiation Directivity kapoun = 10

Exponent m>" = 0.1076:

PHBE

PH Experiment

PDE APP-SUB

Exponent '™ = 0.166:
PDE APP-SUB

Pressure, magnitude

+6.80000-2

+6.50408-2
+6.20808-2
5012002
56816102
532012
5024102
4728102
4432102
4126182
3840202
3544202
3248202
2852202
2656202
2360202

D(6) (dB)

2084302
1768302
1472302
1176302

A a0 60 Aaln ~2:1 0 20 0 80 80
off-axis angle 0 (degrees)

Min: 11476302
Max: 1.082040

Nearfield Farfield
Modulus of Pressure
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Acoustics Ducts: PDE App Examples

@ An Expansion Chamber

58



Model: Parametrization and Spatial Domain

n = (Lpre/a07 Lpost/CLOa Lec/CLO; aec/a07 ]{ZCL())
€ P =[4,12)2 x [1.5,25] x [1.5,6.5] x [0, 1.5]
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Transmission Loss

Parameters: L../ag = 22.26, ae./ag = 3.152;
ap = 0.0243 cm.

— PDE App
- SRBE
35/4 4 SR Experiment

Transmission Loss (dB)

0 500 1000 1500 2000 2500 3000 3500

f(Hz)

SR: Selamet and Radavich, J Sound Vibration, 1997.

60



Visualization: Excitation of (Axisymmetric) Higher Modes

Parameters: L../ay = 22.26, ae./ag = 3.1525;
f=2.8kHz, ay = 0.0243 cm.

R =)

e !

Modulus of Pressure
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Acoustics Ducts: PDE App Examples

@ A Circular Duct with Toroidal Bend
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Model: Parametrization and Spatial Domain

H = (Lpre/a07 Lpost/a()a abend/a0> ebenda kaO)
€ P = (15,15 x [1.2,3] x [30°, 180°] x [0, 1.8412]

63



WUI: Model Selection

PDE Apps for Education
The PDE App Project Team

Quick Start The PDE App Project Team
® List of Models Principal Investigators
© Acoustic Ducts

DBP Huynh (Akselos S.A.) and AT Patera* (MIT)
+ Circular Duct with Bend
+ Expansion Chamber Academic Contributors
+ ETEC Muffler P Dahl (U Washington)
© Acoustic Ducts SUS SC Joyee (SUTD)
D Vignon (MIT)

M Yano (U Toronto)

None of the academic contributors has any financial interest in Akselos, S.A.

Akselos Contributors
D Knezevic, B Sabbey (Akselos, Bostan)
T Hoang, L Nguyen, T Nguyen (Akselos, Ho Ghi Minh City)

T Leurent, S Vallaghé (Akselos, Lausanne)

Sponsors

The PDE App methodology, software, server, and website is, or has been, funded by the
AFOSRIOSD, the ONR, the Deshpande Center at MIT, SUTD and the SUTD-MIT
International Design Center, a Ford Professorship of Engineering at MIT, the MIT
Department of Mechanical Engineering, and Akselos, S.A.

“Akselos S.A. licenses technology deveioped in the MIT research group of AT Patera. AT
Patera has no financial interest in Akselos S.A
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WUI: Parameter Specification

ACOUSTIC DUCTS - CIRCULAR DUCT WITH TOROIDAL BEND

MODEL INFO HOW TO USE

Current

value New value Range

Lprela 0  2.8571 | 2.8571 | [1.5000, 15.0000]
L_postia 0  1.7143 [ 1.7143 | [1.5000, 15.0000]
a_bend/a 0  1.2857 | 1.2857 | [1.2000, 3.0000]
Bend angle 180.0000 | 180 | [30.0000, 180.0000]

ka_0 1.8200 11.82 | [0.0000, 1.8412]
InletBC [ Velocity ¢
OutletBC [Velocity |
Number of sweep points 200.0000 (200 |



<130

log10{inlet Impedance)

Il jreal(Z)
imag(z)|

Response Time (all-inclusive) 8.4 seconds:
4-core GCE instance and commodity Internet.
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Inlet Impedance (Reactive)

Parameters: L,,./ay = 2.8571, Lo /ag = 1.7143,
a/b(\,nd/@() — 12857 chnd = 180°.

Boundary Conditions: velocity-velocity.

— PDF App
- - FDN Theory
— FDN Experiment
- Equivalent Straight Duct

Input Impedance
5

FDN: Félix, Dalmont, and Nederveen, JASA, 2012.
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WUI: Visualization — Azimuthal Excitation kag = 1.82

Pressure, magnitude "

+
+2.0822e+0
+1.9537e+0
+1.8451e+0
+1.7366e+0
+1.6281e+0
+1.5195e+0
+1.4110e+0
+1.3025e+0
+1.193%e+0
+1.0854e+0
+3.7687e-1
+8.6834e-1
+7.5980e8-1
+6.5127e-1
+5.42T48-1
+4.34208-1
+3.2567e-1
+2.1714e-1
+1.0860e-1
+7.1918e-5

\ EDN

Response Time (all-inclusive) 8.4 seconds:

4-core GCE instance and commodity Internet.
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Acoustics Ducts: PDE App Examples

@ An Extended-Tube Expansion Chamber (ETEC)
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Model: Parametrization and Spatial Domain

t = (Lpre/ a0, Lpost /a0, L1/ao, La/ao, Ls/ag, aec/ao, kao)
€ P =[2,6] x [2,16] x [1.5,4.0] x [0, 1.5]
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Transmission Loss

Parameters: Ly /ay = 5.391, Ly /ay = 3.716,

60

' —— PDE App
H } -- SJBE
" « SJ Experiment

s
8

Transmission Loss (dB)
w
8

N
S

\e
10 N

i
0 500 1000 1500 2000 2500 3000

f(Hz2)

SJ: Selamet and Ji, J Sound Vibration, 1999.

3500

Ls/ag = 2.510, aec/ag = 3.152; ap = 0.0243 cm.
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Achtung!

Pressure, real part Pressure, real part

O

05

=

Issues: physical stability, numerical stability,. . .
...components, training, projection.
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Elastic Shafts: PDE App Examples — briefly

J

73



A Family F of Models

P

F: Elasticity, Shafts; Stress Concentration Factors (SCFs)

»
~
@

50



A Family of Models, F

-,
.
i

_

il
s

JF: Elasticity, Shafts; SCFs
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A Library L of Archetype Components for F

Port Key

o
s

®
"

°
1
9
o

*
o
®
"
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A Parametrized Archetype Component in L

‘wa /‘
SR g
=
Q
g
X
ATAYAYA O ATAvRE Ew
S DR
NN
RIATTALY, |
== = s ——
t_ < LA T
S ¢ g m
m g4 o o = I
5B 98 &g a
= % g 5§ © ;
o = o) ..nlw m
e S
e t d_ _nl_d h O
o 4
18 8
CT o
AW
o5 :
-\ e /// h
S5 S
hegie - 5
o ; © S
=

=

Notch.PDE.forms.f = (0
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Synthesis: Model_Shoulder_Fillet in F

Model_Shoulder_Fillet
= (L, D1/ Da,rs1et/ D2, E)

54



Synthesis: Model_Shoulder_Fillet in F

O
IS
RRRE

sl

oS
RNNPER
ANy,
A

R

vv

SOOI
YO AY)
,Z«Wv.v

N

R
AV
RS

OANAY

iy

NYNOR
N ﬁﬂfaﬂﬁw

(Relevant) Parametrized Archetype Components:

_Torsion_Load,
ircular_Shaft

Tension
Shoulder_Fillet

C
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Synthesis: Model_Shoulder_Fillet in F

p = (L, D1/ Dy, rg1et/ D2, )
— (v) Parameter-Instantiated (Archetype) Components

56



Synthesis: Model_Shoulder_Fillet in F

Geometry Mesh

Connection of Local Ports (/1) —
Global Ports and Assembled System
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Synthesis: Model_Shaft in F/,; — Formulation

- B SO

1
R b5

% X ,373 keyway

Shigley et al. Problem 18-81

Model: e P —Q,

i

Assembled System <« L
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Synthesis: Model_Shaft in F; — Solution (accuracy?)

H

Principal Stress 1
Principal Stress: o
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Axial Stress: 01,
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Lintels and Arches: PDE App Examples — briefly

J
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A Family F: Models. ..

J: Elasticity, Lintels and Colonnades; Max |u|, Max o
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A Family F: Models. ..

[TT1 T 1

J: Elasticity, Lintels and Colonnades; Max |u|, Max o
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A Family F: ...and Representative Solutions

F Elasticity, Lintels and Colonnades; Max |u|, Max oy
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A Family F: ...and Representative Solutions

n_— LN
§

F Elasticity, Lintels and Colonnades; Max |u|, Max oy
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A Parametrized Archetype Component
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A Library L of Parametrized Archetype Components for F
Admissible connections:

ports of common color - common port key.

Ve =
L A KGN
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A Library L of Parametrized Archetype Components for F

</
y
d
g

Admissible connections:

ports of common color <~ common port key.
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Synthesis: Model_Roman_Arch in F

Model_Roman_Arch
o= (HCOI/D7 WCO]/D7 rarch/D; Narches E) € P
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Synthesis: Model_Roman_Arch in F

Arch_Middle

(Relevant) Parametrized Archetype Components:
Column, Arch_End,
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Synthesis: Model_Roman_Arch in F

H = (HCOI/D7 WCOI/D7 Tarch/Da Narches, E) S P
— v Parameter-Instantiated (Archetype) Components
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Synthesis: Model_Roman_Arch in F

Mesh

Geometry

Connection of Local Ports (1) —

Global Ports and Assembled System
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