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Charge particles submitted to Strong Magnetic Field

In Usual Coordinates : (x, v) = (x1, x2, x3, v1, v2, v3)

X(t; x, v, s),V(t; x, v, s)

∂X
∂t

= V

∂V
∂t

=
q

m
(E(X) + V × B(X))

B : Self Induced Perturbations︸ ︷︷ ︸
Forgotten

+ Strong Applied piece︸ ︷︷ ︸
→ 1

ε
B

E : Self Induced piece︸ ︷︷ ︸
Forgotten

ε ∼ Larmor Radius
Tokamak size
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Helicoidal trajectories - Larmor Radius

Source: S. Jardin’s Lectures at Cemracs’10

In Tokamak:
Electron Larmor Radius ∼ 5 · 10−4m
Ion Larmor Radius ∼ 10−2m
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Dimensionless Dynamical System

ε ∼ Ion Larmor Radius
Tokamak size

∼ 10−2m

10m
∼ 10−3

∂X
∂t

= V

∂V
∂t

= V × B(X)

ε
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Simplifications

B (x) = (0, 0,B(x1, x2))

B > 1, B(x1, x2) = ∇× A(x1, x2) =
∂A2

∂x1
(x1, x2)− ∂A1

∂x2
(x1, x2)

Turn to dimension 2: x = (x1, x2), v = (v1, v2)

∂X
∂t

= V, X(0) = x0,

∂V
∂t

=
1
ε
B(X) ⊥V =

1
ε
B(X)

(
V2
−V1

)
, V(0) = v0

∂

∂t


X1
X2
V1
V2

 =


V1
V2

1
ε
B(X)V2

−1
ε
B(X)V1

 ,


X1
X2
V1
V2

(0) =


x01
x02
v01
v02


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Gyrokinetic model

∂Z
∂t

= − εJ
B (Z)

⊥∇B (Z) , Z(0) = z0

∂

∂t

(
Z1
Z2

)
= − εJ

B (Z)


∂B

∂x2
(Z)

− ∂B
∂x1

(Z)

 , Z(0) = z0

for magnetic moment J
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What is hidden

∂Z
∂t

= − εJ
B (Z)

⊥∇B (Z) , Z(0) = z0

∂Γ

∂t
=

B (Z)

ε
+ ε

J
2B (Z)2

(
B (Z)∇2B (Z)− 3 (∇B ((Z)))2

)
, Γ(0) = γ0

∂J
∂t

= 0, J (0) = j0
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Key result

IF: In coordinate system r = (r1, r2, r3, r4), a Hamiltonian Dynamical
System writes:

∂R
∂t

= P(R)∇rH(R) P(r) =

 M(r) 0
0

0
0

0 0 0 c
0 0 −c 0



∂H
∂r1
∂H
∂r2
0
∂H
∂r4


with

∂H

∂r3
= 0

THEN:
∂M
∂r3

=
∂M
∂r4

= 0 AND:
∂R4

∂t
= 0

(Trajectory R = (R1,R2,R3,R4))
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Panorama

Usual Coordinates
(x, v)

∂X
∂t

= V

∂V
∂t

=
1
ε
B (X)⊥V

Canonical Coordinates
(q,p)

H̆ε = H̆ε(q, p):
∂Q
∂t

= ∇pH̆ε

∂P
∂t

= −∇qH̆ε

21: Hamiltonian?

Polar Coordinates
(x, θ, v)

3

Darboux Almost
Canonical Coordinates

(y, θ, v)

4: Darboux Method

Lie Coordinates
(z, γ, j)

5: Lie Method
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Panorama

Usual Coordinates
(x, v)

Hε(x, v),Pε(x, v) s.t:
∂X
∂t
∂V
∂t

 = Pε∇x,vHε

Canonical Coordinates
(q,p)

H̆ε(q, p), P̆ε(q, p)=S
s.t:

∂Q
∂t
∂P
∂t

 = S∇q,pH̆ε

21: Hamiltonian?

Polar Coordinates
(x, θ, v)

H̃ε(v), P̃ε(x, θ, v)
3

Darboux Almost
Canonical Coordinates

(y, θ, k)
Hε(y, θ, k),Pε(y)

4: Darboux Method

Lie Coordinates
(z, γ, j)

Ĥε(z, j), P̂ε(z)

= Pε(z)

5: Lie Method
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Canonical Coordinates

Usual Coordinates : (x, v) = (x1, x2, v1, v2)
Trajectory : (X(t; x, v, s),V(t; x, v, s)) ((X,V) = (X1,X2,V1,V2))

∂X
∂t

= V

∂V
∂t

=
1
ε
B(X) ⊥V

B(x) = ∇× A(x)

Canonical Coordinates : (q,p) = (q1, q2, p1, p2)
Trajectory : (Q(t; q,p, s),P(t; q,p, s)) ((Q,P) = (Q1,Q2,P1,P2))

q = x, p = v +
A(x)

ε
∂Q
∂t

∂P
∂t

 = S∇q,pH̆ε

H̆ε(q,p) =
1
2

∣∣∣p− A(q)

ε

∣∣∣2
S =

(
0 I2
−I2 0

)
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Check of Canonical nature of Canonical Coordinates


∂Q
∂t

∂P
∂t

 = S∇q,pH̆ε, H̆ε(q,p) =
1
2

∣∣∣p− A(q)

ε

∣∣∣2
∂Q
∂t

= ∇pH̆ε(Q,P) = P− A(Q)

ε
∂P
∂t

= −∇qH̆ε(Q,P) =
(∇A(Q))T

ε

(
P− A(Q)

ε

)
(∇A)T (p− A) = (∇A)(p− A) + (∇× A) ⊥(p− A)

∂Q
∂t

= P− A(Q)

ε
∂P
∂t
− (∇A(Q))

ε

(
P− A(Q)

ε

)
=
∇× A(Q)

ε
⊥
(
P− A(Q)

ε

)
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Check of Canonical nature of Canonical Coord. - 2

X = Q

V = P− A(Q)

ε
∂Q
∂t

= P− A(Q)

ε
∂P
∂t
− (∇A(Q))

ε

(
P− A(Q)

ε

)
=
∇× A(Q)

ε
⊥
(
P− A(Q)

ε

)
∂X
∂t

= V

∂P
∂t
− (∇A(Q))

ε

(∂Q
∂t

)
=
∂
[
P− A(Q)

ε

]
∂t

=
∇× A(Q)

ε
⊥
(
P− A(Q)

ε

)
∂X
∂t

= V

∂V
∂t

=
∇× A(X)

ε
⊥V
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Change of Coordinates Formula

In any coordinate system r = (r1, r2, r3, r4), the Dynamical System
writes:

∂R
∂t

= P(R)∇rH(R)

Another coordinate system r̃ = (r̃1, r̃2, r̃3, r̃4) with r̃ = ρ(r),
r = ρ̃(r̃) = ρ−1(r̃)

∂R̃
∂t

= P̃(R̃)∇̃rH̃(R̃)

H̃(r̃) = H(ρ̃(r̃)) (P̃(r̃))ij =
{
ρi ,ρj

}
(ρ̃(r̃))

where: {f , g}(r) = (∇rf (r)) · (P(r)(∇rg(r))) (f and g : R4 → R)

Emmanuel Frénod The Geometrical Gyro-Kinetic Approximation
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Hamiltonian Function and Poisson Matrix in Usual
Coordinates

Hε(x, v) =
1
2

∣∣v∣∣2
Pε(x, v) =

(
0 I2

−I2 (∇A(x))T−(∇A(x))
ε

)

Emmanuel Frénod The Geometrical Gyro-Kinetic Approximation
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Panorama

Usual Coordinates
(x, v)

Hε(x, v),Pε(x, v) s.t:
∂X
∂t
∂V
∂t

 = Pε∇x,vHε

Canonical Coordinates
(q,p)

H̆ε(q, p), P̆ε(q, p)=S
s.t:

∂Q
∂t
∂P
∂t

 = S∇q,pH̆ε

21: Hamiltonian?

Polar Coordinates
(x, θ, v)

H̃ε(v), P̃ε(x, θ, v)
3

Darboux Almost
Canonical Coordinates

(y, θ, k)
Hε(y, θ, k),Pε(y)

4: Darboux Method

Lie Coordinates
(z, γ, j)

Ĥε(z, j), P̂ε(z)

= Pε(z)

5: Lie Method
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Polar Coordinates (in velocity)

x1

x2

θ
ρε

v

(x, θ, v): v =
∣∣v∣∣, θ s.t. v = v

(
− cos θ
− sin θ

)

Emmanuel Frénod The Geometrical Gyro-Kinetic Approximation
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Hamiltonian Function and Poisson Matrix in Polar
Coordinates

H̃ε(x, θ, v) =
v2

2

P̃ε (x, θ, v) =



0 0 −cos (θ)

v
− sin (θ)

0 0
sin (θ)

v
− cos (θ)

cos (θ)

v
− sin (θ)

v
0

B (x)

εv

sin (θ) cos (θ) −B (x)

εv
0


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s.t:

∂Q
∂t
∂P
∂t

 = S∇q,pH̆ε

21: Hamiltonian?

Polar Coordinates
(x, θ, v)

H̃ε(v), P̃ε(x, θ, v)
3

Darboux Almost
Canonical Coordinates

(y, θ, k)
Hε(y, θ, k),Pε(y)

4: Darboux Method

Lie Coordinates
(z, γ, j)

Ĥε(z, j), P̂ε(z)

= Pε(z)

5: Lie Method
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Darboux Method Target

Find a Coordinate System (y, θ, k) s.t. Poisson Matrix (Pε) shape: M 0
0

0
0

0 0 0 1
ε

0 0 − 1
ε 0


(y, θ, k) = Υ(x, θ, v), (x, θ, v) = ξ(y, θ, k), (ξ = Υ−1)

(Pε(y, θ, k))ij = {Υi ,Υj}(ξ(y, θ, k)), {Υi ,Υj} = (∇Υi ) · (P̃ε(∇Υj))

Needed: {Υ4,Υ3} = − 1
ε

{Υ1,Υ3} = 0
{Υ1,Υ4} = 0
{Υ2,Υ3} = 0
{Υ2,Υ4} = 0

Emmanuel Frénod The Geometrical Gyro-Kinetic Approximation
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First equation processing - 1: Exact solution

{Υ4,Υ3} = − 1
ε or {Υ3,Υ4} = 1

ε (•)

∇Υ3 = (0, 0, 1, 0)T

{Υ3,Υ4} = (∇Υ3) · (P̃ε(∇Υ4)): penultimate comp. of (P̃ε(∇Υ4))
(•)→

cos(θ)
∂Υ4

∂x1
− sin(θ)

∂Υ4

∂x2
+

B(x)

εv

∂Υ4

∂v
=

1
ε

Method of Characteristics

Emmanuel Frénod The Geometrical Gyro-Kinetic Approximation
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First equation processing - 1: Exact solution - 2

cos(θ)
∂Υ4

∂x1
− sin(θ)

∂Υ4

∂x2
+

B(x)

εv

∂Υ4

∂v
=

1
ε

∂Υ4

∂v
+ ε

v cos(θ)

B(x)

∂Υ4

∂x1
− εv sin(θ)

B(x)

∂Υ4

∂x2
=

v

B(x)

Υ4|v=0 = 0

X1(θ; v ; x, u) s.t.
∂X1

∂v
= ε

v cos(θ)

B(X1,X2)
, X1(θ; u; x, u)=x1

X2(θ; v ; x, u) s.t.
∂X2

∂v
= −ε v sin(θ)

B(X1,X2)
, X2(θ; u; x, u)=x2

Υ4(x, θ, v) = Υ4(X (θ; 0; x, v), θ, 0) +

∫ v

0

s

B(X (θ; s; x, v))
ds

=

∫ v

0

s

B(X (θ; s; x, v))
ds

Gives explicit expression of k in terms of (x, θ, v)
Emmanuel Frénod The Geometrical Gyro-Kinetic Approximation
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First equation processing - 2: Asymptotic expansion

X (θ; s; x, u) = x + εsX 1 + ε2s2X 2 + . . . . . .

Υ4(x, θ, v) =

∫ v

0

s

B(X (θ; s; x, u))
ds =∫ v

0

s

B(x)
ds + ε

∫ v

0
s2 T 1(

1
B(x)

) ·X 1ds+

+ ε2
∫ v

0
s3
(
T 2(

1
B(x)

) ·X 1 + T 1(
1

B(x)
) ·X 2

)
ds + . . .

=
v2

2B(x)
+ . . .

(T i linked with the Taylor expansion coefficients)

Gives new variable k as an expansion in ε
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On other equations - Poisson Matrix in Darboux
Coordinates

{Υ4,Υ3} = − 1
ε

Processed. Gave k

{Υ1,Υ3} = 0 , {Υ1,Υ4} = 0
{Υ2,Υ3} = 0 , {Υ2,Υ4} = 0

To be Processed.
Check Υ and ξ = Υ−1: one to one, regular and invertible.
Will give y and k in terms of (x, θ, v) and expansions in ε:

Υ = Υ0 + εΥ1 + ε2Υ2 + . . .

Hence: (y, θ, k) gotten
Last term of new Poisson matrix Pε(y, θ, k):
(Pε)12 = −(Pε)21 = {Υ1,Υ2},

Pε (y, θ, k) =


0 − ε

B(y) 0 0
ε

B(y) 0 0 0
0 0 0 1

ε
0 0 − 1

ε 0


Emmanuel Frénod The Geometrical Gyro-Kinetic Approximation
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Hamiltonian Function in Darboux Coordinates

We know:

H̃ε(x, θ, v) =
v2

2
Hε(y, θ, k) = H̃ε(ξ(y, θ, k)) with ξ = Υ−1

Υ = Υ0 + εΥ1 + ε2Υ2 + . . .

We do :
ξ = ξ0 + εξ1 + ε2ξ2 + . . .

H̃ε(ξ
0 + εξ1 + ε2ξ2 + . . . ) = H̃ε(ξ

0) + εT 1(H̃ε)(ξ0) · ξ1 + . . .

Hε(y, θ, k) = B(y)k + εH
1
(y, θ, k) + ε2H

2
(y, θ, k) + . . .

First term : Independent of θ
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Let us take stock

Usual Coordinates
(x, v)

Hε(x, v),Pε(x, v) s.t:
∂X
∂t
∂V
∂t

 = Pε∇x,vHε

Canonical Coordinates
(q,p)

H̆ε(q, p), P̆ε(q, p)=S
s.t:

∂Q
∂t
∂P
∂t

 = S∇q,pH̆ε

21: Hamiltonian?

Polar Coordinates
(x, θ, v)

H̃ε(v), P̃ε(x, θ, v)
3

Darboux Almost
Canonical Coordinates

(y, θ, k)
Hε(y, θ, k),Pε(y)

4: Darboux Method

Lie Coordinates
(z, γ, j)

Ĥε(z, j), P̂ε(z)

= Pε(z)

5: Lie Method
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Lie Transform based Method Target - 1

We have Pε(y, θ, k): sought shape. But:

Hε(y, θ, k) = H
0
(y, 6 θ, k) + εH

1
(y, θ, k) + ε2H

2
(y, θ, k) + . . .

depends on θ.
Key result ←− θ−independent Hamiltonian Function.
Target: Change of coordinates

(y, θ, k) 7→ (z, γ, j) = ζ(y, θ, k)

leaving Pε unchanged,
(P̂ε(z, γ, j) = Pε(z, γ, j))

ε−parametrized, close to identity, i.e.:

ζ(y, θ, k) = (y, θ, k) + ε Something

Ĥε(z, γ, j) = Hε(λ(z, γ, j)) = Ĥ0(z, j) + εĤ1(z, j) + ε2Ĥ2(z, j) + . . .

+ εNĤN(z, j) + εN+1ĤN+1(z, γ, j)

(λ = ζ−1)
Emmanuel Frénod The Geometrical Gyro-Kinetic Approximation
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Lie Transform based Method Target - 2

We have Pε(y, θ, k): sought shape. But:

Hε(y, θ, k) = H
0
(y, 6 θ, k) + εH

1
(y, θ, k) + ε2H

2
(y, θ, k) + . . .

depends on θ.
Key result ←− θ−independent Hamiltonian Function.
Target: Change of coordinates

(y, θ, k) 7→ (z, γ, j) = ζ(y, θ, k)

leaving Pε almost unchanged (up to order N − 1 in ε)
(P̂ε(z, γ, j) = Pε(z, γ, j) + ε

N−1Something)

ε−parametrized, close to identity, i.e.:

ζ(y, θ, k) = (y, θ, k) + ε Something

Ĥε(z, γ, j) = Hε(λ(z, γ, j)) = Ĥ0(z, j) + εĤ1(z, j) + ε2Ĥ2(z, j)

+ εNĤN(z, j) + εN+1ĤN+1(z, γ, j)

(λ = ζ−1)
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A remark

X̄ε
εf̄ = εP̄ε∇f̄ ;

ij ≥ N ⇒

((
i∑

n=0

εjn

n!

(
X̄ε
εf̄

)n) · {g , h}) ={(
i∑

n=0

εjn

n!

(
X̄ε
εf̄

)n) · g ,( i∑
n=0

εjn

n!

(
X̄ε
εf̄

)n) · h}+ εNSomething

ϑi,j

ε,f̄
(y, θ, k)=


(

i∑
n=0

εjn

n!

(
X̄ε
εf̄

)n) ·


r̄1
r̄2
r̄3
r̄4


 (y, θ, k)

r̄1 : (y, θ, k) 7→ y1, r̄2 : (y, θ, k) 7→ y2, r̄3 : (y, θ, k) 7→ θ, r̄4 : (y, θ, k) 7→ k
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Consequence of the remark

For ḡ1, . . . , ḡN , αi = min {k ∈ N s.t. ki ≥ N} (= E(N
i ) + 1)

ζ = ϑα1,1
ε,−ḡ1

◦ ϑα2,2
ε,−ḡ2

◦ . . . ◦ ϑαN ,N
ε,−ḡN , (λ = ζ−1)

Since for i , j s.t. ij ≥ N
((∑i

n=0
εjn

n!

(
X̄ε
εf̄

)n) · {g , h}) ={(∑i
n=0

εjn

n!

(
X̄ε
εf̄

)n) · g ,(∑i
n=0

εjn

n!

(
X̄ε
εf̄

)n) · h}+ εNSomething

(P̂ε(z, θ, j))k,l = {ζk , ζ l} (λ(z, θ, j)) = (P̄ε(z, θ, j))k,l + εN−1Something
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The game to play

Build ḡ1, . . . , ḡN s.t.

Ĥ0(z, j)+εĤ1(z, j)+ε2Ĥ2(z, j)+εNĤN(z, j)+εN+1ĤN+1(z, γ, j) =

Ĥε(z, γ, j) =

Hε(λ(z, γ, j)) =

(
α1∑
n=0

εn

n!

(
X̄εεḡ1

)n) ·( α2∑
n=0

ε2n

n!

(
X̄εεḡ2

)n) · . . . ·(
αN∑
n=0

εNn

n!

(
X̄εεḡN

)n) · Hε(z, γ, j) + εN+1Something

=

(
α1∑
n=0

εn

n!

(
X̄εεḡ1

)n) ·( α2∑
n=0

ε2n

n!

(
X̄εεḡ2

)n) · . . . ·(
αN∑
n=0

εNn

n!

(
X̄εεḡN

)n)· (H0
(z, 6γ, j)+εH

1
(z, γ, j)+ε2H

2
(z, γ, j)+. . .

)
+ εN+1Something,
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If you play the game ...

... with:

Pε (y, θ, k) =


0 − ε

B(y) 0 0
ε

B(y) 0 0 0
0 0 0 1

ε
0 0 − 1

ε 0

 =
1
ε
T̄0 + εT̄2(y)

T̄0 =


0 0 0 0
0 0 0 0
0 0 0 1
0 0 −1 0

 ; T̄2(y) =


0 −1

B(y) 0 0
1

B(y) 0 0 0
0 0 0 0
0 0 0 0


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... you have

Ĥ0(z, j) = H
0
(z, 6γ, j),

Ĥ1(z, j) = − 1
2π

∫ 2π

0
H

1
dγ,(

T̄0∇ḡ1
)
· ∇H0

= H
1 − 1

2π

∫ 2π

0
H

1
dγ

Ĥ2(z, j) = − 1
2π

∫ 2π

0
V2(H

1
,H

2
, ḡ1)dγ(

T̄0∇ḡ2
)
· ∇H0

= V2(H
1
,H

2
, ḡ1)− 1

2π

∫ 2π

0
V2(H

1
,H

2
, ḡ1)dγ

etc.
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At the end of the day

Usual Coordinates
(x, v)

Hε(x, v),Pε(x, v) s.t:
∂X
∂t
∂V
∂t

 = Pε∇x,vHε

Canonical Coordinates
(q,p)

H̆ε(q, p), P̆ε(q, p)=S
s.t:

∂Q
∂t
∂P
∂t

 = S∇q,pH̆ε

21: Hamiltonian?

Polar Coordinates
(x, θ, v)

H̃ε(v), P̃ε(x, θ, v)
3

Darboux Almost
Canonical Coordinates

(y, θ, k)
Hε(y, θ, k),Pε(y)

4: Darboux Method

Lie Coordinates
(z, γ, j)

Ĥ0(z, j) + · · · + εN ĤN (z, j)
+εN+1ĤN+1(z, γ, j)

P̂ε(z) = Pε(z) + εN−1Something

5: Lie Method

Emmanuel Frénod The Geometrical Gyro-Kinetic Approximation
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Hence

In Lie Coordinates: Trajectories (Z, Γ,J )

∂Z
∂t

= Something independent of Γ + εN+1Remainder(Z, Γ,J )

∂Γ

∂t
= Something complicated

∂J
∂t

= εN−1Something(Z, Γ,J )

(ZT , ΓT ,J T ):

∂ZT

∂t
= Something independent of ΓT

∂ΓT

∂t
= Something complicated

∂J T

∂t
= 0

|(ZT , ΓT ,J T )(t)− (Z, Γ,J )(t)| ≤ CεN−1

Emmanuel Frénod The Geometrical Gyro-Kinetic Approximation
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Implementing with N=3

∂ZT

∂t
= − εJ

B (ZT )
⊥∇B

(
ZT
)
,

∂ΓT

∂t
=

B
(
ZT
)

ε
+ ε

J T

2 (B (ZT ))
2

(
B
(
ZT
)
∇2B

(
ZT
)
− 3

(
∇B

(
ZT
))2)

∂J T

∂t
= 0,
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Thank for your
attention
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