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Charge particles submitted to Strong Magnetic Field

The .
Geometrical In Usual Coordinates : (x,v) = (x1, X2, X3, v1, V2, v3)
Gyro-Kinetic
Approximation
Emmanuel X(t;x,v,5),V(t;x,v,5)
Frénod

Introduction

oX
e =V
oV q

S = LX) +V x B(X)

B : Self Induced Perturbations + Strong Applied piece

Forgotten 1
— -B
E .
Larmor Radius

E : Self Induced piece e Tokamak size

Forgotten
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Helicoidal trajectories - Larmor Radius
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Introduction

Electron

Source: S. Jardin's Lectures at Cemracs’10

In Tokamak:
Electron Larmor Radius ~ 5-10~*m
lon Larmor Radius ~ 1072m
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Dimensionless Dynamical System
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lon Larmor Radius

Tokamak size 10m

OX
=V
N _, . BX)
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Simplifications
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Approximation B (X) = (07 0, B(X17 X2))

Ao A1
B>1, B(X]_,X2) V x A(Xl,Xg) = (Xl, 2) 7(X1,X2)
Ox1 Oxo

Introduction

Turn to dimension 2: x = (x1,x2), v = (v1, v2)

oX

E - V7 X(O) - XO,
ov 1 Ly 1 Vo _
S-teotv=le0(t). O -w
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Gyrokinetic model
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OB 2)
0 (Zy eJ Ix
at<22>:‘8(2) L%(Z) ’ 20 =
(9x1

for magnetic moment J
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What is hidden
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Methode
summarize

Key result

IF: In coordinate system r = (r1, 2, r3, r4), a Hamiltonian Dynamical
System writes:

0 0
OR M ‘ 0 0
E:P(R)VH(R) P(r) = 0 0] O c
0 0| —c O
with oH
87r3 - 0
oM oM . ORs
THEN: o " on =0 AND: T =0

(Trajectory R = (R1, Ra2, R3, R4))
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Methode
summarize

Key result

IF: In coordinate system r = (r1, 2, r3, r4), a Hamiltonian Dynamical
System writes:

OH
0 0 oy
R M) ‘ 0 o0 g’—’i’
5 — PRIVGHR)  P(N=|"7G57510 < 0
0 0|—c 0 o
Org
with OH
a0

oM oM ORy

8!’3 8!’4 0 ot °

(Trajectory R = (R1, Ra2, R3, R4))
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Key result

IF: In coordinate system r = (r1, 2, r3, r4), a Hamiltonian Dynamical
System writes:

0 0
OR M ‘ 0 0
E:P(R)VH(R) P(r) = 0 0] O c
0 0| —c O
with oH
87r3 - 0
oM oM . ORs
THEN: o " on =0 AND: T =0

(Trajectory R = (R1, Ra2, R3, R4))

Emmanuel Frénod The Geometrical Gyro-Kinetic Approximation



The
Geometrical
Gyro-Kinetic

Approximation

Emmanuel
Frénod

Methode
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Panorama

Usual Coordinates

(x,v)

X

ot

ov 1
=-B(X)*V
€

ot

J

1: Hamiltonian? | 2

.
Canonical Coordinates
(a,p)
H. = Ac(a, p):

% — Vp":/a
ot
oP o
= —WH.
ot 9

Emmanuel Frénod

Polar Coordinates

(x,0,v)

4: Darboux Methodl

r

Darboux Almost
Canonical Coordinates

(y,0,v)

o1

: Lie Method l

Lie Coordinates
(z,7,J)
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Methode
summarize

Panorama

Usual Coordinates
(x,v)

He(x,v), Pe(x,v) s.t:

X

ot

oV

ot

= Ps Vx,v Hs

J

1: Hamiltonian? 2

Canonical Coordinates
(a,p)

Ac(a,p), P-(a, p)=S
s.t:
oQ
at -
oP ’
at

Polar Coordinates
(x,6,v)
H.(v), Pe(x,0,v)

4: Darboux Methodl

r

—_—
oo =
_oloo
_

Darboux Almost
Canonical Coordinates
(v,0,k)
ﬁg(y,O, k)aﬁs(Y)

o1

: Lie Method l

Emmanuel Frénod

Lie Coordinates
(z7:))
He(z,)), Pe(2)

= P.(2)

The Geometrical Gyro-Kinetic Approximation




The
Geometrical
Gyro-Kinetic

Approximation

Emmanuel
Frénod

Hamiltonian
System

Canonical Coordinates

Usual Coordinates : (x,v) = (x1, X2, v1, V2)
Trajectory : (X(t; x,v,s),V(t;x,v,s)) ((X,V) = (X2, Xz, V4, Vz))

oX _v

ot B(x) =V x A(x)
v 1 N

T B(X) "V

Canonical Coordinates : (q,p) = (g1, g2, p1, P2)
Trajectory : (Q(t; q,p,s),P(t;q,p,s)) ((Q,P)=(Qi Qs Ps,P2))

oQ 2
( 1 piA(q)’
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Check of Canonical nature of Canonical Coordinates
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ot | y v _ 11 Aq)?
op = SVq,pHe, H.(q,p) = 2(p - }
ot

0Q B A(Q)

— =Y,H.(Q,P)=P

Hamiltonian at

System g
P _VfL(Q.P) = (VAia))T (- A(Q))

3

(VA (p—A)=(VA)(p—A)+(V xA) {(p—A)
Q_, AWQ

at -
0P (vA@) (p AQ)_ T XAQ) ., AQ)

ot € € €
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Check of Canonical nature of Canonical Coord. - 2
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0 _,

ot e

Hamiltonian 8872) - (VAE(Q)) <P N A(EQ)) - V XEA(Q) J‘(P N A(EQ))
System 67X _
ot A(Q)
9 Q) 0Qy 9P~ Q Q
-y a0y o] s o s
oX
E =
oV V xA(X
E _ XE ( ) J_V
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Change of Coordinates Formula

The
Geometrical

Seometrica : _ .
o Kinstic In any coordinate system r = (ry, ra, 13, r4), the Dynamical System
writes:

Emmanuel
Frénod

OR
. = PRIVH(R)

Hamiltonian
System

Another coordinate system ¥ = (7, f, 3, f4) with ¥ = p(r),
e = p(i) = p\(F)

A(F) = H(p(¥)) (P®)i = {pi.p;} (B(F)

where: {f, g}(r) = (Vif(r)) - (P(r)(Vg(r)))

(f and g : R* — R)
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Hamiltonian Function and Poisson Matrix in Usual
Coordinates
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Panorama

h ( -
L Usual Coordinates

Gyro-Kinetic (x V)
Approximation ’

Polar Coordinates
Emmanuel HE (X7 V)1 PE (X, V) s.t:

Frénod oX 3

ot
= 5 x,vHs
oV P,
Bt 4 Darboux Method
Hamiltonian - o r ~
S 1 Hamiltonian? PR Darboux Almost
- Hamiltoniant 2 [M 6 2) Canonical Coordinates
00[0 T
oo/~ o
Canonical Coordinates —
\ J
(a,p) .
5 Lie Method
Ac(a,p), P-(a, p)=S ( ) ) )
st Lie Coordinates
oQ
ot 5
5P = SVq,pH-
ot
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Polar Coordinates (in velocity)
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Hamiltonian Function and Poisson Matrix in Polar
Coordinates
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Polar
Coordinates

Panorama

Usual Coordinates
(x,v)

He(x,v), Pe(x,v) s.t:

X

ot

oV

ot

= Ps Vx,v Hs

1: Hamiltonian? 2

Canonical Coordinates
(a,p)

Ac(a,p), P-(a, p)=S
s.t:
oQ
at -
oP ’
at

Polar Coordinates
(x,6,v)
H.(v), Pe(x,0,v)

4 Darboux Method

r

Darboux Almost
Canonical Coordinates

Lie Method

Lie Coordinates

Emmanuel Frénod
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Darboux Method Target

The

it Find a Coordinate System (y, 6, k) s.t. Poisson Matrix (P.) shape:

Approximation

Emmanuel
Frénod

0
0
0

onlH O O

00
1
00|-1

(v,0.k) =7(x,0,v), (x,0,v)=&(y.0,k), (£=T7")
(Pe(y, 0, k)5 = {70, THEQY, 0, k), {15, T} = (V) - (P(V'T)))

Needed: {14, T3} = -1

Darboux

{M,T3} =0
(TP} =0
{T, 13} =0

{T27T4} - 0
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First equation processing - 1: Exact solution
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{TaTsp=—Zor{MT}=21 (o)

€ €

VT =(0,0,1,0)7 |

3,7} = (V73) - (P(VT4)): penultimate comp. of (P(VTy))

Darboux (.) -
@ B(X) 6T4 - 1

ory .
COS(G)TXI — Sln(9) 8X2 + =y W -

Method of Characteristics
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First equation processing - 1: Exact solution - 2

. 0Ty

. 0T4 1
i cos(ﬁ)a—x1 - sm(ﬁ)a—x2

B(x) 0Ta _
ev v ¢

Geometrical
Gyro-Kinetic
Approximation

e oy v cos(0) 0Ty vsin(0) 0Ty v

Frénod

ov TETBx) ox  © B(x) ox  B(x)
Tajy=0 =0

oX1 . v cos(6)
dv B(X1, X>)’
0X> vsin(6)

Darboux X 0 . t. [
20 vix, u) st o "B, A

X1(0; u;x, u)=x

Xo(0; u; x, u)=xz

v s
Ta(x,0,v) = T4(X(0;0;x,v),0,0) +/0 st

-/ eI TR

Gives explicit expression of k in terms of (x, 6, v)
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First equation processing - 2: Asymptotic expansion

The
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COCA e X(0;s;x,u) =x+ esXl +22x%+ ... ..

Emmanuel

Frénod

T4(X, 9, V) = /(; mds =

s P VR
/OB(x)d+s/0 T (gg) - e

Darboux v
2 3 (2 1y 41 1 Ly s
+e /0 s (T(B(x)) X +T B(x)) X)ds-i—...
e
C2B(x)

(77 linked with the Taylor expansion coefficients)

Gives new variable k as an expansion in ¢
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On other equations - Poisson Matrix in Darboux

Coordinates

The {T4, 13} = _1

Geometrical £

Gyro-Kinetic Processed. Gave k

Approximation

Emmanuel {T17T3} =0, {T17T4} =0
Frénod {T2,T3} — O, {TQ,TA} — 0
To be Processed.

Check T and & = T~ !: one to one, regular and invertible.
Will give y and k in terms of (x, 6, v) and expansions in &:

T=7+er! 42724 ...
Darboux

Hence: (y, 6, k) gotten -
Last term of new Poisson matrix P.(y, 6, k):

(Po)12 = —(Pe)ar = {T1, 12},

Emmanuel Frénod The Geometrical Gyro-Kinetic Approximation



The
Geometrical
Gyro-Kinetic

Approximation

Emmanuel
Frénod

Darboux

Hamiltonian Function in Darboux Coordinates

We know:
2

m H.(x,0,v) = 0

m H.(y,0,k) = H.(£&(y, 0, k)) with € = T}

BT =704l 4272 4

We do :
m =60 rett 42824

B HA(E0 + €t + 2262+ .. ) = Ho(€%) + eTH(H.)(€%) - €' + . ..

H.(y,0,k) = B(y)k +cH' (y,0, k) + 2 H (y, 0, k) + ...

Emmanuel Frénod

First term : Independent of 6
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Darboux

Let us take stock

Usual Coordinates
(x,v)

He(x,v), Pe(x,v) s.t:

X

ot

oV

ot

= Ps Vx,v Hs

\.

1: Hamiltonian? 2

Canonical Coordinates
(a,p)

Ae(a,p), P-(a, p)=S
s.t:

oQ
g;, = SV«LPFIE

at

Polar Coordinates
(x,6,v)
H.(v), Pe(x,0,v)

4: Darboux Methodl

r

Darboux Almost

SE—
[M 6 2) Canonical Coordinates
0o0|-1 § (y797 k)
L ﬁg(y,O, k)aﬁs(Y) )
5 Lie Method

Emmanuel Frénod

Lie Coordinates
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Lie Transform based Method Target - 1

The We have P_(y, 0, k): sought shape. But:

Geometrical
Gyro-Kinetic

Approximation Pa(y7 97 k) — ﬁo(y’ ﬂ’ k) + aﬁl(y’ 9’ k) + €2ﬁ2(y, 93 k) + . o

Emmanuel

T depends on 6.
Key result +— f#—independent Hamiltonian Function.
Target: Change of coordinates

(y,0, k) = (z,7,) = <(y,0,k)
leaving P. unchanged,
(Pe(2,7,4) = Pe(2,7,)))
e—parametrized, close to identity, i.e.:
C(y. 0, k) = (y, 0, k) + £ Something
He(2,7.4) = He(\(z,7,4)) = H°(z.j) + eH"(z,)) + 2H?(z,)) + ...

(A=¢)
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Lie Transform based Method Target - 2

The We have P.(y, 0, k): sought shape. But:

Geometrical
Gyro-Kinetic

Approximation Pa(y7 97 k) — ﬁo(y’ ﬂ’ k) + aﬁl(y’ 9’ k) + €2ﬁ2(y, 93 k) + . o

Emmanuel

T depends on 6.
Key result +— f#—independent Hamiltonian Function.
Target: Change of coordinates

(y,0,k) = (z,7,J) = C(y, 0, k)
leaving P, almost unchanged (up to order N — 1 in ¢)
(P-(2.7,4) = Pe(2,7,j) + "~ Something)
e—parametrized, close to identity, i.e.:
¢(y, 0, k) = (y,0, k) + & Something
He(z,7.) = He(Mz.7.0)) = HO(2.J) + e (2.)) + €2 HP(2.))
4 5NHN(Z’J-) n sNHI:I\Nﬂ(z,’y,j)

(A=¢)
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A remark
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i

ij ein Ge \N r
79(;?(Yv 07 k): (Z F (ng) ) : Fz (ya 03 k)

n=0

r: (ya67 k) =y, (y797 k) = y2,T3 ! (ya67 k) = 07F4 : (y793 k)
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Consequence of the remark
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For g1,....8n, @ = min{k € Nsit. ki > N} (=E(%) +1)

C 190‘1’ 190‘2 ﬁaN, ()\ — Cfl)

€,—81 € —gz €,—8n’

Since for i, jst. jj > N ((Zn 0 % (X6 )") g, h}) -
{(Z;:o % ()_(zf) ) "8 (Zn 0 nl (XE )n) 'h} + eSomething

(P(2,0. )k = {Ch: $1} (M(2,6,5)) = (Pe(2,0,)))ks + "~ Something
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The game to play

The Build g1,...,8wn s.t.

Geometrical
Gyro-Kinetic

Approximation ﬁo(z7j)+5ﬁ1(Z7j)—|—€2I‘:I\2(Z,_j)+6NI:I\N(Zaj)+€N+1I:I\N+1(Z7’Y?.j) =

Emmanuel

Frénod ﬁs(z7,}/7j) —
— . o1 e - n o2 €2n S n
A.(A(z,7.J)) = (Z — (Xa) ) : (Z — (Xg) ) :
n=0 " n=0

N _Nn .
(Zs (ng‘N)n>' H.(z,7,j) + e"*'Something

n=0 n!
- (Z <>‘<zg—1)"> ~ (Z <>‘<zgz>")
n=0 n=0
X ENn S n —0
(Z - (XZa) ) <H( AN +ER (2,7, )+2H (2,7,0)+. )

+ eN*1Something,

Emmanuel Frénod The Geometrical Gyro-Kinetic Approximation



If you play the game ...
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... you have
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-~ . —0 .
S H(z,j)=H (277/721),
i

1, n_ L
H(z,)) = —5- ; H d~,
_ 0 1 1 [
(ToVa)-VA =H —— | Hady
27T 0
o 1 [ 12
HY(z,j) = —5- Vo(H ', H™,g1)dy
™ Jo
- _ -0 -1 -2 _ 1 [ 1
(%VgZ) -VH = Vz(H 7H 7g1) - E V2(H aH 7g1)d’y

0

etc.
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At the end of the day

( .
The Usual Coordinates
Geometrical
Gyro-Kinetic X7 Vv
Approximation H
i | Ho (o v), Po(x,v) st Polar Coordinates
ox — (x,0,v)
= 3 _ -
g\j = P.VHe HE(V)aps(xa 0, V)
En 4: Darboux Methodl
\ v
' N
Darboux Almost
- iltonian? ) . :
1: Hamiltonian? 2 [M o 2) Canonical Coordinates
00[0 T
- - ) G (v,0,k)
Canomcezl Co)ordmates | H(y, 0, k), P-(y) )
q,p .
5: Lie Methodl
He(a,p), P:(a,p)=8 ( . ) )
st : Lie Coordinates
oQ :
5 .  (zvd)
op | = SYast Ho(z,j) + -+ + e"HY(z,j)
E +€N+1HN+1(Z7’Y7j)
L J L 735(2) = P.(z) + """ *Something )
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The In Lie Coordinates: Trajectories (Z,T,.7)

Geometrical
Gyro-Kinetic a
Approximation

VA
= Something independent of I' + eV *!Remainder(Z,T, 7)

ot
Frénod a
5 = = Something complicated
aa—j eN=1Something(Z,T, J)
(z7, 17, J7):

oz" . -
W = Something independent of T
or’
e Something complicated

NS

ot =0

(Z,T,7)(t)] < CeN 1t

|(ZT7 rTv jT)(t) -
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Implementing with N=3
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oz" &g | -
ot B(Z") vE(z'),

arT_B(zT) JT T\ o2 Ty V)2
5= T2 EEy (B(z")v?B(z") -3(VB(Z)))
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Thank for your

attention

Emmanuel Frénod
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