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Motivation

Unilateral contact problem between two elastics bodies

We consider the unilateral contact
problem between two elastics bodies

without friction, as follows:

Find v = (u1, up) such as:

—divo(y;) = f;
o(u;) = Ae(u;)
Ui = ujp
o(u)ni = I;
C.C.

in
in
on
on
on

where g(v) = %(Vv +VvvT).
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Motivation

Fictitious domain approach
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Example of fictitious domain method for an
unilateral contact problem between two bodies.
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Example of fictitious domain method for an
unilateral contact problem between two bodies.

Nitsche's method: consistency and avoid using of lagrangien multiplier
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Motivation

Unilateral contact problem without friction

\ — slave boundary
X

N

I \QC

2 [~ master boundary

/
-
N

Example of projection, gap and unit normal vector.

Orthogonale projection: Initial gap: unit normal vector:
n. fue — Toc . Me - R ,. e = R
Tx s N8 x s x=NE) T x = m(N(x)
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Motivation

Unilateral contact conditions without friction

The contact conditions in small deformation can be expressed, as follows:

[u-n]<g onlyc (i),
on(u1) <0 onlyc (i),
on(u1)(Ju-n]—g)=0 on ¢ (iir), (2)
[o(u)n] =0 onlyc (iv),
or(u) =0 on ¢ v),
with
[u-n]= (w20l —ug)-n,
and

[o(u)n] = o(u1)m + o(uz 0o M)ny o M |det(Jn)] -
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Motivation

Action-reaction principle

0

Ul(ul)

2 I

IPYe)

Example of action-reaction principle.

Yw C T1.c, / o(u)-nm dl = —/ o(up o) |det(Jn)|- npoNdr.

w
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Introduction

Weak formulation

We define the convex cone K. of admissible displacement
KC = {V = (Vl, Vz) € Hl(Ql)d X Hl(Qg)d | Vi = u; p on FLD

and vo =wponlop|[v-n]—g<0onlyc}

The weak formulation of the contact problem as variational inequality,
reads as:

Find u € K. such as (3)
a(u,v—u) = L(v—u) Vv e Ke.

Stampacchia’s theorem
It exists a unique solution of the weak formulation (3)
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Introduction

Weak formulation

Using Green's formula and equilibrium equation, it holds:

a(uv)— 3 /riDan(u;)n,--v,- dr—/rlcan(ul)[v-n]] dr = L(v).

i=1,2

Reminds: a(u,v) = Z /Q o(u;) : e(vi) dQ,

i=1,2

L(v) = Z/Q fivi dQ + Z/r Jrvi dr.
i i\N

i=1,2 i=1,2

proposition
The classical reformulation of contact conditions of (i) -(iii) for v > 0 is:

oo(u) = —%[[[u g —onu)]y e
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Introduction

Building Nitsche's Method

@ Remark:

[v-n] ={[v-n]—0yon(v)+ O0yos(v) , V0 € R

@ For the contact conditions, we replace —/ on(u1)[v - n] dI' by
l,c

/ fly[[[u 1] — g = 7n(u)]+([v - n] = 6yon(v)) dr

M,c

- Oyon(u)on(v) dl

M,c

@ For the contact conditions, we replace —/ o(uj)n; - v; dI' by
Fi.p

/ 1(u,-—u,-,D—’ya(u,-)n,-)~(v,-—*y00(v,-)n,-) dr—/ Oyo(ui)o(v;)dlr
Fipo Y Fip
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Introduction

Method based on Nitsche's method

We obtain the following formulation based on Nitsche's method

a(u, v) ‘
T Z /r 1(Uf — ui,p=yo(ui)n;) - (vi —y0a(vi)n;) dI
- i:zl,:2 /l'f,D Ofya-(uj) . U(Vi) " (4)

+ / %mu ] — g—ron(u)]+ (Iv - 1] — B700(v)) AT

— Ovyon(u)on(v) Al = L(v).

Fic

The parameter 6 € R determines the choice of the method:

@ 6 = 1 symmetric method, derived of a potentiel.
@ 6 = 0 non symmetric method.

@ 0 = —1 skew symmetric method.
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Introduction

Method based on Nitsche's method

Using standard Galerkin method, we obtain the following discrete formulation based on
Nitsche's method

a(u”, v
+ Z/r i(“f’f Po—yo(ul)m) - (v =500 (v)n) AT
- Izlz/ Oyo(ul) - o(vi) dr (5)

| /rw SUu" -l = g=yon(u")] (1" - nl = fyou(v")) T

- Oyon(uM)oa(v?) dIr = L(vh).

F1,c
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Introduction

Stabilization of normal constraints on the border

%

e

Q, IPYe O,

\@Fz,c
K

9}

| ife
AV

a) If Q3 N K is sufficiently large b) I

f Hf( € Sk such that

9 N K is sufficiently large

ERA Haslinger and Y. Renard, 20009.

[§ E. Burman and P. Hansbo
[§] E. Burman and P. Hansbo
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Introduction

Method based on Nitsche's method

Contact Dirichlet
ph . Vi x VB — 13(T1c) P ZE Lz(ri,g)d
v v = [v-n] —yRs(v) ’ v e vi—yRs(vi)
Using finite element methods, it holds:
a(u”,v")
+ Z / -7 U,h) - Urh.,D) : ﬁﬁw(%‘h) dr
i=1,2 li,p
- OvR,(ul) - Rp(v") dr
122 ‘/rl D ' ' (6)

1
+/ LP2(u") = gls Py (v?) dr
ric

- OyR;(u"R; (V") Al = L(v") Vv e V.

lic
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o Existence, Uniqueness and Optimality
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Existence, Uniqueness and Optimality

Theorems

Theorem : Existence, Uniqueness

We take v = y9hk and 79 > 0. If 8 #£ —1, then we suppose 7 sufficiently
small. it exits a unique solution v € V" of discrete problem (6).

Theorem : Consistence

We define u a sufficiently regular solution of the continuous problem (1)
and the contact conditions (2), then u is solution of our discrete problem

(6). )

@ M. Fabre, J. Pousin, Y. Renard, 2014.
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Existence, Uniqueness and Optimality

Theorems

Theorem : Optimal a priori error estimate

We define u a solution of the contact problem in H2 () x H2 ()
with1/2>v>0ifk=1and1>v>0if k=2. If § # —1, we suppose
70 > 0 sufficiently small. The solution u” of the problem (6) satisfy the
following estimation of a priori error:

2 a 1 . 2
5 o= st} + 3ot + 2R - g1
i=1,2 o 7 0,l'1,c (7)
1, — 2
3 @Rty — o))< ch Yl g
i=1,2 P i=1,2

with C > 0 a constant independent of h and w.

@ M. Fabre, J. Pousin, Y. Renard, 2014.
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Numerical experiments: getfem++

Referential solution 6 = —1, v = ﬁ and Lagrange's elements P>

0.3 0.25
0.12
0.2
01 0.1 0.2
0 0.08 Lloas
0.1 ~
0.06
0.2 T0.1
03 0.04
04 0.02 Ho.05
05
' — Ho 0
05
- -1
2D and h= 400 3D and h = 55
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Numerical experiments: getfem++

Table: rate of convergence with vg = ﬁ, Lagrange's elements Py in 2D

méthode =1 =0 | #=—1 | optimal rate
Jlu—u"yq, | 225 | 210 | 2.00 27
Ju—u'lloq, | 272 [ 1.73 | 173 27

Ju=ufl, o | 111 | 112 | 112
Ju="u[ . | 097 [ 097 | 007

Table: rate of convergence with vg = ﬁ, Lagrange's elements P, in 2D

méthode 0=1]6=0|6=—1| optimal rate
Ju—u"yq, | 187 | 223 | 2.90 257
Jlu—u"loq, | 203 [ 214 | 221 257
Jlu—u'"lo | 158 | 1.80 | 170 15
Jlu—u", o, | 130 | 131 [ 131 15
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@ A posteriori error estimators
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A posteriori error estimators

Properties of a posteriori error estimators

O u-u|SCnt¢ and 9 Glu- w4

@ A local error estimator allow to locale the error and adopt a method of
adaptive refinement.

M. Ainsworth and J.T. Oden, 1997.
M. Ainsworth and J. T. Oden, 2000.
A. Ern and J.-L. Guermond, 2004. ...

) @) @) [

P. Hild and S. Nicaise, 2007.
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A posteriori error estimators

Without fictitious domain and without stabilization

We define the unilateral contact problem Without fictitious domain
approach between an elastic body and a rigid body:
Find u" € V" such as :

a(u, V") — _ on(u)on(v") dr 8)

1
+/ = [PI(uM]4+ P, (VD) dl = L(v"), VvPe Vh,
re 7
with a(u,v) = [ o(u) 1 e(v) dQ, L(v) = [ofv dQ+ [ fv dT.

We take
fx :/ f(x) dx/|K]|.
K
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A posteriori error estimators

Without fictitious domain and without stabilization

We introduce the local error estimator 1, and the global 1 defined by

definition of a posteriori error estimators

1/2 1/2
k= <Zj}=1 77,'2K> and 7 = (ZKeTh 77%) ’
mKk = hKHdiVU(uh) + fkllok, /
1/2 v
ThK = hK/ (ZEGE;?*LJE;’(" ”JE’"(uh)H%vb_) ’
1/2
9
mK = h]k/z Z ||O-t(uh)||%,E ) ( )
E€ES
y 1 , 0\ 12
mk = hy Z ~[P2(u") — g4 + on(u")
E€ES "

v
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A posteriori error estimators

Without fictitious domain and without stabilization

JE7,,(uh) means the constraint jump of u” in the normal direction, i.e.

[e(uMve], VE € EJ™,

h —
JE’,,(U ) o { U(U;')I/E — 6,’75, VE € EAV (10)

The local and global approximation terms are given by

1/2
Ck=| Mk D Ifi—filgu +he D Ii—tielde] .
K’'Cwk EcE}
1/2
(=1 > &k
KETh
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A posteriori error estimators

Without fictitious domain and without stabilization

saturation assumption:

The solution u of the weak problem and the solution u” of discrete problem
(8) are such as:

[3 R. Becker, P. Hansbo and R. Stenberg, 2003.
[& B.I. Wohlmuth, 1999.

on(u— uh)‘

S h 2w = ol 0. (11)
0,l ¢
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A posteriori error estimators

Without fictitious domain and without stabilization

Theorem : Upper error bound (Reliability) :

We take u the solution of variational problem with u € (H%+”(Q))d (v>0
and d = 2,3) and u” the solution of the discrete problem (8). We suppose
that if # # —1 then 7 > 0 is sufficiently small. Assume that the saturation
assumption holds as well. Then we obtain:

lu = uPllg + h'/2

Lip (uh
a,,(u)+7[P7( N+

+h'2|lon(u) = on(uMlore S (L+0)m + .

0rc (12)
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A posteriori error estimators

Without fictitious domain and without stabilization

Theorem : Lower error bound (Efficacy) :

For all elements K € T}, the following local lower error bounds hold:

mk S lu— o1k + ¢k, (13)
Mok S llu— u"l1u + Ck (14)

For all elements K such as K N ES # 0, the following local lower error
bounds hold:

mr S llu—u"llik + ¢k, (15)
1
K S }:h%(an(uw—[a(uh)u + |lontu = u| )16)
Ec€ES v 0,E 0.E

v
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A posteriori error estimators

Numerical experiments: a square with slip and separation

Von Mises stress 05
1 Y
1w
0. 08 Y )
0.6 0.6 15
0.4
04
02 1
0.2
o @ 0.5
0 -0.2
0 0.2 04 0.6 0.8 1 0
0 0.5 1

Figure: Left panel: mesh with adaptive refinement and contact boundary. Right
panel: plot of Von Mises stress. Parameters v = 1/E, § = —1 and elements P;.
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A posteriori error estimators

Numerical experiments: a square with slip and separation

O~ eta/E (slope=0.7693)
-+ H'-norm (slope=0.84116
-X- L2-norm (slope=1.4589)

|-©- eta/E (slope=0.75159)
+-H'-norm (slope=0.82507
-X-L2-norm (slope=1.4757)

107 10

- eta/E (slope=0.75561)
-+ H'-norm (slope=0.82827
-X-L2-norm (slope=1.4952)

Figure: Convergence curves of the error estimator 7, the L2 and H'-norms of the
error u — u”, for v = 1/E (0 = 1,0 or —1).
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A posteriori error estimators

Numerical experiments: a square with slip and separation

Table: § = —1 and vy = 1/E.

size of mesh h 1/8 1/16 1/32 1/64 1/80 slope
degrees of freedom 128 512 2048 8192 12800
lu—uPl, o (x107%) [ 48.9718 | 17.3613 | 59619 | 2.0360 | 1.4255 || 1.4952

lu—uP][, o (x1073) | 28.1269 | 16.0087 | 9.0385 | 4.9714 | 4.1467 || 0.8283

71 8359.9 4179.95 | 2089.97 | 1044.99 835.99 1
72 37649.9 | 22607.7 | 13213.2 | 7723.58 | 6506.99 0.7428
73 1464.81 | 558.637 | 192.194 | 70.7559 | 53.7733 1.3544
N 2854.93 | 832.228 | 229.683 62.842 44.0949 1.8004

n 38700.1 | 23012.7 | 13380.8 | 7794.52 | 6560.84 0,7779
Effe 1.3759 1.4375 1.4804 1.5677 1.5820
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A posteriori error estimators

With fictitious domain

We introduce the local error estimator nx and the global 1 defined by

definition of a posteriori error estimators

1/2

1/2
K = (Zj}:l 77,'2K> 1= (ZKGT;, 77K) )
1/2
ke = hicldivo(uf) + ok, ms = hil? (Secee loe@IZe) -
1/2
marc = 0% (Seeepoey IHeneMIZe)
5 \1/2
0,E> ’

o = 12 (Seceg [HPR(") ~ gl + o)

1/2
h 2
e = 12 (Secep | 2PLIN — wio + o]} )
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A posteriori error estimators
With fictitious domain

saturations assumptions:

The solution u of the weak problem and the solution u” of discrete problem
(8) are such as:
2 _
2 _
lon(e) — Ra(uP)|2p, . S 5 Simrallui — w2
YK = h
D12 o (ui — uf )Ho,r,-,o Sh Q=12 Ui = y; H%,Q,- (18)
— 2 _
Zi:l,Z ||U(”i) - Rﬁ(“;’)Ho,r,-,D Sht Zi:l,Z (| ui — “;7”%,9,»
2 _
Zi:1,2 HU(”i)”i - U(”;’)”"Ho,r;,,\, Sh ! Zi:1,2 i — uth%,Q;’ (19)
2 _
2i-1,2 HU(Ui) - O-(ulb)HO’Q’. Sh? Di—1 Ui = U?H%,Q;' (20)

v
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A posteriori error estimators
With fictitious domain

Upper error bound :

We suppose u the solution of variational problem with

ue (H(Q1))? x (H21(2))? (v > 0 and d = 2,3) and u” the
solution of the discrete problem. We suppose that if § £ —1 then 79 > 0 is
sufficiently small. Assume that the saturation assumptions (17)-(20) hold
as well. Then we obtain:

onlt) + %[Pcvﬁ(u”) el

> u;

i=12 0.l1.c
h1/2”0- (U) ( )”0 M, C h1/2 Z U, aF = P (Ulh) — Uip (
i= 12 ovri,D
+h2 37 Jlo(u) = Rp(uP) oo S (1 +70)n+ 4.
i=1,2

v
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A posteriori error estimators
With fictitious domain

Lower error bound :

For all elements K € T, the following local lower error bounds hold:

kS lluj = ufll1we + k- (22)

mk S llui

For all elements K such as K N E}g # ) then K N ER # 0, the following
local lower error bounds hold:

mk S llui— ufllk + Sk, (23)

mi S 3 WP(lon) + (PI ~ |+ [lontu— )], 30
EcES 0.E ’

w5 X WP —wo o)+ ot - o), @9)
EcED E ®

v
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A posteriori error estimators

With fictitious domain

We define a new stabilized operator R on all domains.

a new stabilized problem

We can define a new stabilized problem :

( Find v € V" such as

hY . ~(,h _ (UMRA(V"
3 /Q R(uP) : e(vP) a0 /rl’ceva( YRy (v dr

i=1,27%%

_ _ 1, . R
30 [ oRoely Rty ar | (PR — gl PR ar
i=1,27Ti0 r,c
- Z / 7’Y ui:D) /79( h) dr = L( ) Vvh S 7
i=1,2 Fip 7
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A posteriori error estimators

With fictitious domain

We introduce the local error estimator 7, and the global 1 defined by

definition of a posteriori error estimators

1/2

i 1/2
K = (Z”?K) = > nk Mk = hl|div R(uf) + i kllo.kb

KeTy

™

1/2 1/2
mk = il (Secepuey [en(oMNe)  msw = b (ZEeEgnRt(u")n%

1/2
NaK = hl /2 (EEeEC [Php( ) gl+ + Ry( h)H
1/2
1—np =
sk =m0 SP) — uip + Rﬁ(u,-h)
0,E

ECER

v

Mathieu FABRE (Insa Lyon) Cemracs, 21/08/2015 38 / 44



A posteriori error estimators
With fictitious domain

saturations assumptions

The solution u of the weak problem and the solution u” of discrete problem
(26) are such as:

7nlu) = R

0» 1,C

Sht Z lui — uf|1f (28)

i=1,2

Y ot R, SH Y - o (a0)

i=1,2 i=1,2
2
> |lotwm — Rl S A lui-ulBa. (30)
i=1,2 N i=1,2
2
2 [lotwd = RN, 072 3 i = ullar o
i=1,2 i=1,2

v
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A posteriori error estimators
With fictitious domain

Upper error bound:

We suppose u the solution of variational problem with

ue (H2 () x (H2(Q))¢ (v >0 and d = 2,3) and uh the
solution of the discrete problem. We suppose that if § # —1 then 79 > 0 is
sufficiently small. Assume that the saturation assumptions (28)-(29) hold
as well. Then we obtain:

> Mo = ufllg +

U(U)Jrhl/2 [P2(u") — gl+

i=1,2 0F1c
+h2)|op(u) — Ry(u Mo,ryc + + ht/? Z o(uj) + = P (u) Ui D
i= 12 ovri,D
+h2 3" Yo (i) = Rp(uP)lor, p < (1 +70)77+C

i=1,2

v

Mathieu FABRE (Insa Lyon) Cemracs, 21/08/2015 40 / 44



A posteriori error estimators
With fictitious domain

Lower error bound:

For all elements K € T, the following local lower error bounds hold:

kS lluj = ufllwe + k- (32)

mk S llui

For all elements K such as K N E}g # ) then K N ER # 0, the following
local lower error bounds hold:

MK S \\Uf—uh\|1K+CK, (33)
mi S 2 WE(lon)+ (PA ~ |+ [lonte) = Ratut) | @9
EcES 02 ’
1 h —
< h1/2 Blubhy — u; : H VR, hH 35
T E%;D alu) —tip+o(w)|  +|o(u) = Ra(ur)|| (39)
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@ Conclusion and Perspectives
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Conclusion and Perspectives

Conclusion:
@ Existence, Uniqueness and Consistence.
@ Optimal a priori error estimate and theoretical and numerical results.
@ A posteriori error estimators.

Perspectives:

@ Numerical validation of the a posteriori error estimators in the
Fictitious domain approach.

e Extension of the model (dynamic, non linear elasticity, great
deformation).

@ To delate the saturations assumptions.

5] A. Hansbo, P. Hansbo and M.G. Larson, 2003.

Mathieu FABRE (Insa Lyon) Cemracs, 21/08/2015 43 / 44



Thank you for your attention.
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