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Compressible multiphase flows

"Definition” [A. Murrone, PhD ’04]
Mixture of several compressible phases at equilibrium in which the topology,
composition and transfers are parameters that may constantly vary in time and space.

Comestible examples : soda, champagne, emulsions

Applications :

@ Simulating aerated flows
(Wave breaking)

@ Nuclear industry

Slides by M. Hillairet (Montpellier) multi-fluid models 24/03/2014 2/26



Modeling of compressible multiphase flows
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Compressible multiphase flows
Modeling [M. Ishii '75, D. Drew & S. Passman '98]

Phase variables :
density px, velocity ux, pressure p,

Constitutive equations for phase k (= +, —)

Owpk + div(pklx) =
Or(pruk) + div(pkuk ® Ux) =
P =

strain tensor 7«

0
divre — Vg on Fi(t)
Pr(px) -

Extended constitutive equations : Xx = 17, velocity o

8,(kak) -+ diV(pkUka) = pk(uk — 0’) . VXk
8t(pkUka) + diV(kakUk ® Uk) = diV(Xka) — kapk
+or(Uk — 0) @ UKV Xk + (kL — ) V X
px = Prl(pk)-
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Compressible multiphase flows
Modeling [M. Ishii '75, D. Drew & S. Passman '98]

Mean operator : (-)

B _ (Xep) = (Xpk) - (Xemk) - (XkprUi)
k=X pe= "Rt Pe= st Te= ey Ue= s

Homogenized system for phase k (= +, —)

O(apr) + div(akprl) = Tk
Orlawpli) + divnpel ® ) = div(an(Fc + 7)) = V(i)
+Mi + PV + Fi
P = Pulpe) +pi -

where :
[k = <pk(uk — O’) . VX/(> s Fk = <TkVXk> s
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Baer-Nunziato models

Algebraic closure

Modeling assumptions :

Closure law : p, = p_

System :

0

Or(akpx) + div(oupr i)
Ot(akprUk) + div(ouprlx ® Uk) + k' Vp

1 .
o (W — ) + (P — P)V
Pr(p+) = Pr(p-) -

p

0 0<ax,

0 ar +a_ =1
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R
Baer-Nunziato models

Algebraic closure

Modeling assumptions :

Closurelaw : p, = p_

System :
O(aspy) + div(agpiu)
Op +div(pu) =
O(pu) +div(pu® u) +Vp =
p =
with
e 0<ay,
@ ar +ta_ =1

@ p=aiptr ta-—p-
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Baer-Nunziato models

PDE closure

Modeling assumptions :

1
szo, M;:O, Fk:;(uk/—uk) TkTZO ka:

Closure law : diay + U™ - Va, = 5 (P = p-)

System :

at(akpk) =+ div(akpkuk) 0

. 1 in
Ot(cukprt) + div(akprlx @ Uk) + V(akpPrk) ;(Uk/ — Ux) + Py Vo
P« = Prlpx)-

e 0<ay,

0 ar +a_=1
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Baer-Nunziato models

PDE closure

Modeling assumptions :

Closure law : Oiay +U-Vay = %(m —p-)

System :
O(aypy) +div(iagpru) = 0
Op +div(pu) = 0
O(pu) +div(pu u)+Vp = 0
p = aiPi(ps) +a-P(p-).
with
0 0<axg,
@ oy +a_ = 1

@ p=oyps+a_p-
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Toward a rigorous derivation
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Composite problem

Composite unknowns :
p:p+X++p_(1 7X+) U:U+X++U_(1 7X+) p:p+X++p_(1 7X+)
Composite systems :

Op+div(pu) = 0
(NS) apu) +divipue u) +vp = dive 0N (0 T)xQ

Constitutive equations :

(Clt) T = 2pD(u) + Adivul
(cl2) p="P()

Boundary conditions :

u=0 onof. e o

Composite pressure diagram
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New statement of our problem

Cauchy problem

System (CNS) = (NS) +(CI1)+(CI2) + (BC) is completed with initial condition :
p(0,x) = p°(x)

1€ Lo = iy ore

where u° is given and

P°(x) = X, (X, g) p5(x) + (1 - X (x, g)) p2(x) e<<1.

Open question :
Given initial data (o2, u?)._0, of the above form, and (p., u. ). the associated
solutions to (CNS)+(IC), can we :

@ recover (p4,p-), and (U, u-)?
@ compute equations satisfied by these unknowns ?
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On compactness of solutions to (CNS)

References : D. Serre 91, P--L. Lions, '98,
E. Feireisl & H. Petzeltova, '00, E. Feireisl '01’02

Question : Let (pe, U:).—0 be a sequence of solution to (CNS) on (0, T) such that for
arbitrary ¢ :

. 1 T ,
(Diss.) sup {/ [5p8|u6|2 + Q(ps)} } +/ /mvugf + Adivu |2 < M
te(0,T) Q 0 Q

Can we extract a limit (p, u) solution to (CNS) ?

Remarks
@ (Diss.) means that we have a sequence of bounded-energy solutions.
@ Qis defined by (Q(2)/z)' = P(z)/22. In particular,
a
v —1

P(z)=az" = Q(z2) = zv.
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First issue

Is the limit pressure a function ?

Supplementary assumptions :
@ Q is smooth and bounded
@ u>0and \+2u/3>0

Uniform integrability | : from the energy estimate
@ u. uniformly bounded in L°°(0, T; L3(Q)) N L3((0, T); H3 ()
@ p. uniformly bounded in L>°(0, T; L7(2))

Multiply momentum equation with By solution to

Q] Ja

divBy = p‘g—1 pg inQ
Bo-n = 0, on 9Q.

Uniform integrability 11 :
@ p. uniformly bounded in L*7((0, T) x Q) with oo, = v + %7 —-1.
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Second issue

Can we write an equation for the limit pressure ?

Existence/properties of a weak limit
@ u. — uin L3((0, T); H3(Q)) — wand L>=((0, T); L3(Q)) — wx
@ p. = pinL*((0,T) x Q) —wand L=((0, T); L7) — wx
@ p. —~pinL»(0, T)xQ)—w

solution to

Orp + div(pu) 0
O(pu) +div(pu@ u) + Vp = div(2uD(u) + Adivull)

Difficulty : Recover p = P(p)
Alternative method : Obtaining an equation for p

Otpe + divpeu. =0
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R
Second issue

Can we write an equation for the limit pressure ?

Existence/properties of a weak limit
@ u. — uin L3((0, T); H3(Q)) — wand L>=((0, T); L3(Q)) — wx
@ p. = pinL*((0,T) x Q) —wand L=((0, T); L7) — wx
@ p. —~pinL»(0, T)xQ)—w

solution to

Orp + div(pu) 0
O(pu) +div(pu@ u) + Vp = div(2uD(u) + Adivull)

Difficulty : Recover p = P(p)
Alternative method : Obtaining an equation for p

9B(p<) + div(B(pe)ue) + (B (pe)pe — B(pe))divu: = 0
forall 8:[0,00) = R
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Second issue

Can we write an equation for the limit pressure ?

Existence/properties of a weak limit
@ u. — uin L3((0, T); H3(Q)) — wand L>=((0, T); L3(Q)) — wx
@ p. = pinL*((0,T) x Q) —wand L=((0, T); L7) — wx
@ p. —~pinL»(0, T)xQ)—w

solution to

Orp + div(pu) 0
O(pu) +div(pu@ u) + Vp = div(2uD(u) + Adivull)

Difficulty : Recover p = P(p)

Alternative method : Obtaining an equation for p

OB + div(Bu:) + (8 (pe)pe — B(pe))divu: =0
forall 8 :[0,00) - Rwhene — 0.

Convention: = Ilim._0 -
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Second issue

Can we write an equation for the limit pressure ?

Further compactness properties
@ The divergence of the momentum equation reads :

A((X+ 2p)divu. — P(pe)) = div(pe(0ru: + U: - VU:))

@ Lemma [E. Feireisl, P.L. Lions] Given 3 : [0,c0) — R* then, for arbitrary
» € Cg°((0, T) x Q) there holds :

T T
jim /0 / (A + 2)divis. — P(p-))B(p-)p = /0 / (A + 2)dive — P(0))B(0)

e—0

Conclusion : There holds :

(B'p—B)p—(B'p—B)p
A+2u

OB + div(Bu) + (B p — B)divu =

forall 8:[0,00) = R
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Conclusion

Construction of composite unknowns :
We define v°(t, x,£) € M4((0,T) x Q2 x [0,00)) s.t. :

(5, B(&) ® (t, X)) / //3p51‘X)<p(l‘X)dth a.e..

Then ve — v s.t.

| Az -
Full system :
Op+div(pu) = 0
O(pu) +div(pu® u) + Vp = diV(Z/.LD(U) + Adivul)
Ow+divvt) = g (GKlIG - PO
with :

G=M\+2u)diviu—p p= /000 P(2)dv(z) p= /000 zdv(2).
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Back to the homogenization problem
Composite system (HCNS)

Remark : With initial data p° = X, (x, x/€)p+(x) + (1 — X (x, x/¢))p—(x) we have :

1

= Xi(x,y)d
|Ce”‘ cell +( y)y

Vo,x = a+(X)5p+(X) —+ (1 — Cz+(X))5P7(X) s Oé+(X)
Assumption : v = a4 6,, + a—0,_ with p, (£, x) # p—(t, X).

oo +u-Va, = 2(Pl)=p)

A+2u
: - P
at(Oip+ +div(p1u)) = ay Mi_yizl(f”)
Oip+divopu = 0

Oi(pu) + div(pu ® u) + Vp

div(2puD(u) + Adivul)
where :

@e0<aranda;+a_=1

@ p=oaips +a_p_,and p= aP(ps) + a-P(p-).
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Back to the homogenization problem
Composite system (HCNS)

Remark : With initial data p° = X, (x, x/&)p+(x) + (1 — X, (x, x/e)) —(x) we have :

o = 0 (08,0 + (1 =0 ()0 000 = o [ Xieypay
Assumption : v = a4 6,, + a—0,_ with p, (£, x) # p—(t, X).
O(asp+) + div(agpiu)
Op +divpu =
O(pu) +div(puu)+Vp = 0
p = Pilp+)=P-(p-)

where :
e0<a+randay+a_ =1
@ p=oaipr +a-—p-,
Remark : When P(z) = az”, we can justify that 1° = 37 a%p? = v =31 i,

Ingredient : M e[v] := [ det[(pl+)®)1<(ijy<ml;
Q
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Rigorous statements
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Cauchy theory for (CNS) + (IC)

Weak solutions : P.-L. Lions '98, E. Feireisl, A. Novotny & H. Petzeltova '01
Theorem. Assume 2 is smooth and bounded and

@ P(z) = az? withy >3/2anda >0

@ u>0and A +2u/3 >0

Then, given a positive p° € L7(Q) and g°(= p°u®) compatible with p° there exists a finite-energy
weal solution (p, u) to (CNS)+(IC) on arbitrary large times.

Semi-strong solutions : D. Hoff '95, B. Desjardins '97,

Theorem. Assume Q = T3. Given a positive p° € L>°(Q2) and u® € H'(T?) there exists Ty > 0
and a finite-energy weak solution (p, u) to (CNS)+(IC) such that :

@ pe L>((0,To) x T Vu e L>((0, T); L2(T3))
o powu e [2((0, To) x T%))  Pu € L2((0, To); H2(T3))
@ G := (\+2u)divu — p € L?(0, To; H'(T3))
Remark : To depends on ||po; L°°(T%)|| and ||u : H'(T3)]| only
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Main result

Theorem [D. Bresch & M.H. and D. Bresch & X. Huang '13]
Let initial data (p3, u2) € L°(T®) x H'(T®) satisfy
® [lph; L=(T%)|| + [lub; HY(T®)|| < C.
© 0<1/C<pp(x)
@ the Young measures v associated with p% converge weakly to

PO = oﬁ(x)ap0+ o+ (1=al(x)s,0, onQ.

Then, given P(z) = az” withy > 1
@ there exists T > 0 and a semi-strong solution (pn, us) to (CNS)+(IC) on (0, T)
@ Up to the extraction of a subsequence

Un—=v=abp, +(1—ay)d,_, Ur—U pr—p

@ (a4, p+, U, p)is a solution to (HCNS).

Slides by M. Hillairet (Montpellier) multi-fluid models 24/03/2014 19/26



- |
Main steps of the proof

Step 1 : Show that in the limit process
@ divu € L'(0, T; L°°(T?%))
@ control the support of v

Step 2 : Given (u, p), construct bounded solutions to :

ax(P(px) — P)

Oak +U-Vag = o
i -P
Opk + div(pku)) = pk(F;\Jrizipk))

Step 3 : Given u and p prove weak-strong uniqueness for the Young measure system :
. 1
O + divx(vu) = +on (Oc[€v]G — 0[€P(€)v]) = 0,

where G and u are given as above.
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Details for Step 1

Proof by D.B and X. Huang

Note. By construction we have a uniform bound on

pn € L=((0, T) x ’]I‘S)
;

sup (Ve ()| + [ [ polinf
(0,7) o Jt3

where U, = dtUn + Un - VUp.

1. Apply the Hodge-decomposition : pii = VG — uV x w

sup [|G(t,-); LA(T%)|| + [lw; LA(T?)| < C

te(0,7)
IVG(t,); L5(T®) | + [lw(t,); LT < Cllv/pu; LB(T®)|| + |V & L(T°)])

2. Multiply momentum equation with o(9; + div(u-)) where ¢ = min(1,t) :

sup opluf? +/ /a|Vu| <C
te(0,T) J T3

divu = (A +2u)(G + p)
+ interpolation + above estimates ...

Slides by M. Hillairet (Montpellier) multi-fluid models 24/03/2014 21/26

3. Conclusion : write



N ———
Details for Step 2+3

1. Construct a; and p; solution for u and g given.
2. Define v = 3", «;d,, and set v another solution to the young-measure equation

3. Prove by induction that

/ 2" Fd(z) = / 2 4p(z), vkeNU{0} ae.
0 0

4. Conclusion :
The above steps entail that

/ b(z)dv(z / b(z)du(z) for all b of the form b(z) = k + zB(z77) .

As v and 7 have compact support in (0, co) we complete the proof by applying
@ a density argument
@ s+ s” realizes homeomorphism of (0, +00).
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D.B., M. Hillairet '2015 (in progress - redaction) :
Starting with compressible Navier-Stokes equations with density dependent viscosity ?

Op+div(pu) = 0
{ O(pu) + div(pu ® u) + Vp — 2div(u(p)D(u)) — V(A(p)divu) = 0
p = p(p)

In the one-dimensionall in space case, write

Op + 8X(PU) =0
{ 8t(pu) + 8x(pu ® U) + 3)(,0 - 8X(M(p)ax(u)) = O
p = p(p)
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We then search for two-scale solutions under the following form :
t X
t,x) = ilt, =, x, =) pi(t, x),
p(t, X) i_%ow( z 5)pl( )

t t
u(t, x) Wt x) e (65 5) 2 (1%, %X) + 0
e g € 13

assuming that
pi(t,x) = pl(t, x) + O(e)
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After some calculations in the general setting, we consider in a first calculation the
viscosity u constant and in a second calculation we focus on the case u = u(p). The
general system that we obtained on (azx, Uy, p%, P) reads in the general setting

ar+a- =1,

aya—
a—pd +arpl
(@ p2) + Ox(arplue) =0,
(Ol + UpOxlUo) — Ox(puOxUp) + Oxp =0,
pl=ppl), P2 =pp), p=aipl+apl, P=ap]+
p=arpl +apd,  pd=p(pd)

Oror + UpOxay =

where ax denotes the average with respect to the fast variables of a..
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Mathematical justification :

@ Global strong solution for density far from vacuum : BD entropy (x-entropy)
@ Young measure theory similarly to the constant viscosity case.
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