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Outline

* [n-vitro experiments
e Micromechanical calculations

« Maxwell model for polar rods and granular
analogy

e Asters and vortices

Purpose: on the example of in vitro biological
system to demonstrate how continuum equations can
be derived from simple interaction rules




Microtubules

Very long rigid polar hollow rods (length — 5-20 microns,
diameter -20 nm, Persistent length — few mm)

Length varies in time due to
polymerization/depolymerization of tubulin

Multiple function in the cell machinery: cytoskeleton

formation, cell division, cell functioning

Microtubule
24 nm

Cross \5 nm
section

Subunits as seen in
negative stain preparations

. Longitudinal

section

L h (+) end
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Tubulin dimers beta
{ heteradimers) tubulin



Molecular motors-Associated Proteins

 Linear motors (kinesin, dynein, myosin) cytoskeleton formation, transport

* Rotary motors: (flagellar motor, F-ATPase) flagella rotation
* Nucleic acid motors: (helicase, topoisomerase) — DNA unwinding/translocation

Linear motors clusters:

Have one head and one tail, but may cluster

. One attached to microtubules (MT)

Other attached to vesicles, granules, or another MT
Take energy from hydrolysis of ATP
Speed ~1um/s, step length 8 nm, run length ~1um

«  Exert force about 6 pN
ATP — Adenosine triphosfate
ADP- Adenosine diphosphate

ATP

hydrolization

(a0 + <P



Molecular Motors
on the
llanotechnology Workbench




Self-assembly of micro-ring
biocomposites




Dividing Cells and Mitotic Spindles

» Microtubules form cytoskeleton of dividing cells
* Separate chromosomes

» Asters: ray-like arrays of microtubules located around
centrioles

Mitotic center Aster
(centrosome)

Y Kinetochore —— :
¥y A ¢ microtubule Centriole
D pair

Kinetochore



Bio-Inspired Amplification/Recognition

B Motors bind to functionalized nano-particles (magnetic or fluorescent)
B Motors concentrate particles in the centers of self~assembled asters
B Particles detected/recognized either optically or magnetically

B /ntriguing applications for bio-sensors and bio-amplifiers
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in-vitro Selt-Assembly of MT and MM

=  Simplified system with only few purified components
=  Experiments performed in 2D glass container: diameter 100 um,

height Sum
=  Controlled tubulin/motor concentrations and fixed temperature
=  MT have fixed length Sum due to fixation by taxol CCD camera

e

Cell with microtubules E—
and molecular motors

F. Nedelec, T. Surrey, A. Maggs, S. Leibler,
Self-Organization of Microtubules and Motors, Nature, 389 (1997)
T. Surray, F. Nedelec, S. Leibler & E. Karsenti,

Physical Properties Determining Self-Organization of Motors & Microtubules,
Science, 292 (2001)
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Patterns in MM-MT mixtures

Formation of asters, large kinesin concentration (scale 100 u)

Experiment

Simulation




Vortex — Aster Transitions

b

One motor
b

Kinesin

Ncd

3.0
Motor concentration (uM)

o Ncd — gluththione-S-transferase-nonclaret disjunctional fusion protein
§ A Ncd walks in opposite direction to kinesin 1



Dynamics of Aster/Vortex Formation

Low concentration of motors: vortex

High concentration of motors: asters
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Summary of Experimental Results

Kinesin: vortices for low density of MM and asters for
high density

Ncd: asters are observed for all MM densities
Bundles for very high MM density, asters disappear

Possible difference between kinesin and NCD: kinesin
falls off the end of MT, NCD sticks and dwells

13



Two competing mechanisms

* Passive process: random reorientation and drift due to
thermal fluctuations (compare Brownian motion)

Positions and orientations of microtubules change randomly
in time. Due to thermal fluctuations will be no preferred

orientation



Active processes: alignment by the motors

e Molecular motors align microtubules (requires energy)
* Motors enforce fully aligned state
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Motor binding to 1 MT — no effect

Mechanism of Self-Organization

Motor binding to 2 MT —

mutual orientation after interaction

Zipper effect or inelastic collision

M
N

M
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Collisions of Inelastic Grains

0\1/1 8 v=(v,+Vv,)/2

(v y L=y \(v)
Vi) \I=r v ),

v & vP velocities after/before collision
y=0 — elastic collisions

y=1/2 — fully inelastic collision

y=1 — no interaction

17



Inelastic Collision of Polar Rods
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7 = =%(¢f’ +qb)

> > I I @~ orientation angles

Fully Inelastic Collision!!!
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Molecular Dynamics Simulations of
Stiff Inelastic Rods

e Simple rules
-rigid rods of equal length
-no explicit motors
-fully 1nelastic collisions
=2D

-reorient upon collision with some probability P_,

- rods diffuse anisotropically in 2 dim, D

parallel perpendic

-probability of interaction depends on proximity to the end
(dwelling)

&« Jia, Bates, Karpeev, [.A. PRE 2008
‘os%
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Molecular Dynamics Simulations

Vortices Asters
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Random reorientation — diffusion

« Brownian motion: two types of description

dr

» Stochastic equation — "= &(?)

r — position of the particle

¢ — random uncorrelated force

 Diffusion equation for the probability P(r)

dP(r)
ot
D — diffusion coefficient

= DAP(r)

A - Laplace operator 22



Langevin (stochastic) Equations

= x()+E()

C(t) — white Gaussian noise

(E(DE(")) = Dot -1')

(&())=0
D —noise intensity
2
P(C)= 1 eXp _¢ / — Gaussian (normal) distribution
2nD 2D
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Probability distributions for
orientation angles P(g)

P(@) — probability to find a particle with orientation @
Consider small system — no spatial dependence

Collision rate g does not depend on orientation (Maxwell
molecules)

Binary uncorrelated collisions

Random reorientation of particles

27



Angular diffusion equation

0P(@) _ , I"P(@)
ot Y%
D. —rotational diffusion coefficient

@ — orientation angle
 However, @is 27— periodic function!!!

P(p,t) = i C exp(—Dgpnzt + in(p)

Nn=-—00

for + — o the distribution flattens: P(@,t) — C, = const
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Binary collisions

e Collisions will favor aligned state

e If no noise, all rods will assume the same direction

P(p,t) = o(@-@,)
@, some angle

* noise (angular diffusion) will broaden the distribution
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Inelastic Collision of Polar Rods
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> > I I @~ orientation angles

Fully Inelastic Collision!!!
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Probability of binary collisions

For two particles with orientations @ and 1y probability of
binary interaction 1s P(@) P())

after the collision orientation are changed accordingly

Do =@ —(@-v)/2
Yoo =YW+ (@-y)/2

Therefore, P (@, )PW,...) added to the distribution
and P(@)P(y) particles removed

Total number of particles 1s conserved

31



Collision Integral

Now integrate over collision angle

g — rate of collisions

after the collision orientation are changed accordingly
e two regions contribute to P(@) (and, 1n fact, twice)

OP(p) # §
o, =8 [ _[, dy P(p)Py,) — :[r dy P(@)P(y)
@+,
d _
an > @
2P(2(p—2/Jl)P(Z/J1) > P(p)
Y, > ¢ < @, =20y,
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Kinetic (balance) equation

Now add rotational diffusion

oP(p) _
ot
D,° 5;(9”) [ dyp2PQep—y)P(y) - f de<cp>P<w)]
substitute u—2(p—1)
D IPW@) g f QP (@ =) P+~ )~ g f dpP() P(y) =
GJezn
u—(p—-vy)
D, ’ ;;(2@) + gf du [P(fp - %u)P(fp + %u) - P(@)P(p— u)]
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Kinetic equation

source sink

oP(@) _ azp(zq”) +gj'du P((p—%u)P((p+%u)—P(§0)P(¢_“)

ot 17

Main difference with the kinetic theory for non-ideal gases.:
finite limit of integration and periodic b.c.
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Collision Integral

o o o ol "
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Collision Integral: more systematic

derivation

OP(@) _ , 9°P()
ot Y7

+g [dpdp,P(@)P(@) [0 (9~ 1 (@ +@,)) =8 (@~ 9,)]

+g [dpdg,P(@)P(@) [0 (-3 + @) —7) =8 (9 - 9,)]

* D_- thermal rotational diffusion
» g — collision efficiency (~ concentration of motors)

since diffusion of motors >> diffusion of microtubules
assume g=const
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Stationary Orientation Distributions

Onset of a non-trivial distribution with the

increase of the collision rate g
3 S ' | ' | ' | ' '

2.5+ \ -




Stability of 1sotropic state

* [sotropic state: all orientations are equi-

probable P(¢p)=1/2n

2
* remember the norm condition f dpP(g,t) =1
0

* Small perturbations of the 1sotropic state

P(g&,t) —
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Linearized system

=D _p aaigg”) * o (5@ 1)+ 8@ 110 -E@) - E(@-w)]

substituting for n=0 &=& exp[A {+ing]

n

A =-Dn’+ % [ dulexp(i2u) +exp(-2u)]- g =

-D n’ + 4—gsin(7m /2)-g
ni

for n=0 A =0 due to conservation of the # of particles
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Linearized system

Eigenvalues A = 4g —=sin(ntn/2)-g-D, n’
TN

Most Unstable Mode (n==1)

A, =0

A =g(4/m-1)-D, >0

A =-g-4D <0

For g>D /(4/n-1)=3.662 D, - 1sotropic state loses stability

Orientation phase transition above critical value of the
collision rate g ~motor density !!!
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Macroscopic Variables:
Derivation of the Landau (Stuart) equation

 (Concentration P = f P(p)dg

* Average orientation 7=(T,T,)

T, = f cos @P(@)d T, =5 f sin pP(@)d g

T

» “Complex orientation” @ =7, +iT, = 5~ f e’P(p)dg
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Fourier Expansion

- in 1 y —in
Pp)= ) be™s b= [Plpedy

n=-—00

Relation to observables

*

p=2xF; yY=P; Y =Hh

42



Asymptotic expans

P +(D K +g)P, =27gy > PP,

Scaling of variables t — D t;

Introduce concentration
. o 1%
(or effective collision rate)

ion for P,

sin[x(n—m)/ 2]5

m(n-m)/2 "
P=
D
-
D

r

P +(k>+p)P, = 2JtEEI’an

sin[r(n—-m)/ 2]5

x(n—-m)/2

n+m.k

43



Asymptotic expansion for P,

sin[(n-m)/ 2]
x(n-m)/2 "

P +(k>+p)P, = 2:122PP

« Diffusion —&° forces rapid decay higher harmonics
* Linear growth rates A,

A.«O:O p:g/Dr

O<A = (4/%— 1),0— | = ¢ < 1-near the threshold

44

A A, <0 for |n|>=2 Neglect higher harmonics
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Asymptotic expansion in the powers of €

P(p,t) =P (’t)+eP(e°t)e” +&”P,(e°t)e™” + compex conjugated

t — £°t,e —small parameter, P(¢)= E 8'”'Pn (szt)ei”q”,ﬂ = R*n

n=—0oo

: 8
€3Pl = f(2P0(4Y_ T) — 12191 — §€3P2P_1 remember 2:12 2 PP

)Ll~82

sin[zr(n—-m)/ 2]5
a(n-m)/2 "

=-&’(2nP, +4) P, +2ne°P* + O(P,)

)Lz~OV(1)<0
2%’2 :
P, ___emh =P =(2po(4_ﬂ)_1)pl_§2—”p1pl2
2nF +4 32nP +4

\ONAL
\\P“ (46
&
$ %
8 %
: MNOW : 45
. .
(4
A &
(> v
By o
Ty oF <



Asymptotic Landau Equation

* Truncation of series for |n|>2 and recall =P,

% _o

ot

8_1':((%_1),0_1)1_ Lo EdE 1'z(0.273,0—1)1'—2.18|‘L'|2 T
ot 3(4 + p)

» Second order phase transition for p>p,. =1/0.273=3.662
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Second order phase transition for p>p,

%“(ﬂ/pc—l)f—z-lg‘“z’

P<p.— no preferred orientation p>p,. — onset of preferred orientation
|T]— 0, stable point T=0 7] — const, direction is determined by
initial distribution, stable limit circle

stable circle

W stable point
~

N T, unstable point

: A Compare with the Hopf Bifurcation Scenario 47



Stationary Angular Distributions
Comparison with Numerical Solution
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Brownian motion of spherical particles

 FEinstein-Stokes relation
D = uk,T
u — mobility
kB — Boltzmann constant

D — diffusion coeffifient

7 — temperature (in Kelvins)
0P (r)

ot
Equivalent Langevin equation

i =5(0),(E(NDEE)) = 2D(t —1')

= DAP(r)

49



Translational Diffusion for Spherical Particle

* In the limit of small Reynolds number mobility is the inverse drag coefficient

D=uk,T =k, T/C

pu=1/&
For translational motion
£ =6mxna

a — radius of the particle
717 — dynamic viscosity of the liquid
_ k,T

6t a

tr



Rotational Diffusion for Spherical Particle

* In the limit of small Reynolds number mobility is inverse the drag coefficient
D =uk,T=kKk,T/C

For rotational motion
& =8nna’
a — radius of the particle
717 — dynamic viscosity of the liquid
D - k., T
" 8mana’

51



Translation and Rotation of Rods

Anisotropic friction coefficients
x=-—17; x =-I
{ H]T ’ 1 Lf 1
Diffusion matrix depends on the angle

D (p)=Dé + AD

Y Y

cos2p  sin 2y
sin2p —cos2y

D=(D,+D,)/2
AD=(D,~D,)/2




Diffusion Matrix: different form

D.=Dnn.+D (0, —nn,)—diffusion matrix
i "2 L ij i'Ty

n—(cos(g), sin(@))- unit orientaional vector

log(l/d)

D, =k,I
2nanl

— parallel diffusion

D =D, / 2 — perpendicular diffusion

12log(l/ d)

- — rotational diffusion
!l

D =k,T

[ — length of the rod, d- diameter,
A N — dynamic viscosity of the fluid



Fokker-Plank eq for diffusing rods

OP(@.r) _ , 9" P(@.r)

+0,D,(9)9, P(¢.1) =

ot 9’
’'P(p,r) D+D, D -D,
D, Py — AP(@,r)+ > 9,0, (@)o P(p.r)

Cos2@  SIn2@
O (@)= |
siIn2¢ —CosS2@

54



Spatial Localization of Interaction

 Interaction between rods decay with the distance
« Translational and rotational diffusion of rods

OP(@.x) _ , O P(g,1)
ot T 9’
I(W : P)— collision integral

+9,D,90 , P(p,v)+gl(W :P)

W - interaction kernel

D, = Dnn, + D, (S5, —nn,)— translational diffusion matrix

(I
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Collision Integral

I[(W:P) =ffdr1dr2ffd¢ld¢2P(¢l,l‘l)P(¢2,r2)W(¢1,rl,¢2,l’2)><

><[5(r-(r1 +1,)/2)0(p— () +¢,)/2) - 5(1"1'2)5((15—%)]

56



Interaction Kernel

* Decays with distance between rods

* Depends on relative angle between rods

« Symmetric with respect permutation of rods
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2
nzz exp “rl ;21'2\ (1+ﬁ(r1 -, )(m, _nz))

W(rl’rvqpl’@z):

b =0(l) interaction scale
f characterizes anisotropy of interaction between polar rods

p ~dwelling tyme of motor at the epd of MT

B small for kinesin
B large for NCD

/3 = I/O — pendlgMbound

(r1 —rz)(n1 —n2)<0 57

(r1 —1'2)(n1 —n2)>0 1 ﬁ "



Generalized expansion 1n the powers of ¢

P(r,p,t) = P (er,e’t) +eP (er,e’t)e'” + €° P, (er,e°1)e’*? +...+ compex conjugated

t — &°t,r — er, ¢ —small parameter, P(r,q,t) = E e"P (er,e’t)e"” ,P. =P

Nn=—00



What does happen with the diffusion

2 D +D D -D
aP(qa,r) - D 0 P(qiar) + I - AP(QO,I')'F I — GZQZ((p)G P(CO,I')
ot BNCY” 2 2 ] ]

COsS2@®  sIn2@
O,(p)=| |
sin2¢ —Ccos2@

_ 2 2\ ip 2 2\ 29 :
P(r,@,t)= P (er,e’t)+eP (er,e't)e” + e P (er,e't)e™ +...+ compex conjugated

dF(r) D+D

~ AP (r) +...
at 2 (1)
oP D + D D —-D
10 S0 AR+ 9,000, P (1) = D) .

o
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Some simplification

P D +D D —-D
I éir) = > ~AP(r)+ 1 —= 8Z.Q§8jP_1(r)+...

o | 1 =i
Q”'_( g )

Average orientation T=(T,T,)

JU

Complex orientation ~ Y =T +IT = Lfei(pP(QO)a’gﬁ =P

27
-

oy B D||+Dl . D“—DL R . , )

=AY (029 =2i9,0 W —>y)— D,y
D +3D D - D

T _ 7 AT+ —2V(V-1)-D7

ot 4 4 :
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Dealing with the Kernel 1n the
Collision Integral

[(W:P) =ffdl‘1dl‘2ffd¢ld¢2P(¢l,rl)P(¢2,r2)W(¢1,l’1,¢2,l‘2)x

x[O(r-(r, +1,)/2)0(¢— (8, + $,)/2) - 6 (r-1,)3(p - $,) |

I exp|- lbzz (1+/3(r1—r2)(n1—n2))

W(rvrz’qpl’wz) = b’

Approximation of narrow kernel (small b): ¥, =xr +§&

1 : P)= [[ d&dr, [[ dg,de,P(¢,.x, +E)P(¢,.r, W (¢, - $,.5) X

<[8(r-(£+21,)/ )8~ (9, +,) | 2) = 6(x -1,)5(p - $,)]
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Continuum Equations

0p_2[p _Bp | 1B pVp
ot 32 16 256

Friction anisotropy

J

2 ) B2 2
0T (0273p-1)T-2.18 [P T4t T EPVT,
ot 192 96 4

2
+H VP —(ﬂ—%)T(V‘T)—%(TV)T
16 “—
Kernel anisotropy
r b .
r— 7 B =— <1/2 normalized cuttoff length

2
H = ph normalized kernel anisotropy (~ dwelling time at the end)
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Asters and Vortices

« For HB? << equations split and become independent

at
ot

5Vt N B’ pV't A

=(0273p-1)t- |7 T+
( P ) | 192 4 96

H[0.3217(V-7)-1.81(1V)7]

« Without blue and red terms Eq possesses a “Vortex Solution”
(compare with Abrikosov vortices in type-II superconductors)

PSsanaNN ]

: 0 L SN |

Y =1, +itr, = F(r)explif +ig] oZoIIN

et

1771, ,l LAY

//T/‘Tf LI SN ,:::::55
. \ NN -

r,0-polar coordinates f j 1 \\IITTos
\\\\

: : VUN AN N e

@ = const arbitrary phase (tilt angle) SN\

N
‘\,3\0 AL (40
&
N %
$ %
: NON : 63
. .
(4 o
%
%, Qv(’
o
ofF ©



Vortices

e For H=0 (no red terms) the only stable solutions ¢= +m/2

T 5Vt B*pV’t VV-'1
(0273,0 )1'—|17|217+ Ml ASILIN
ot 192 4 96
S e
-Vortex: MT circle around the center P - NN
Kf ‘kf . * \\ \\
AN b
NN N - // ;/
* Liquid crystals analogy: Frank Free Energy D

F=-A|1| +l\1'|4 +K, |V-1[ +K3er\2
2 /

splay bend

ATerm VV -1t penalizes splay deformations — vortices
Aranson & Tsimring, PRE 2003



Analogy with the magnetic field

. . . NN\
Magnetic field 1s divergence-free A NN
AU

Kf ﬁf ' Ced

V:B=0 N

Ny

Magnetic field lines are always closed loops!

Similarly, the friction anisotropy V(V-1) favors
closed loops of orientation field, 1.e. vortices

65
Aranson & Tsimring, PRE 2003



it
ot

Asters

e For H#0 (no blue terms) the only stable solution ¢=0

2 Bz 2
(02730 -1)t—| P 1+ 20t ZAVT - H[03217(V-1)-1.81(2V)1]

192 4

N N U O O Y A

_ , NNN N Ef LA

No phase degeneracy: @ =7, +it, = F(r)exp[if] ~~~ ., -~

Aster: MT directed towards the center NN,

L4 L E B Y NN N

S E NN\

‘2—‘;’ = (0273p-1)y- 9P y+ 51';1/’ +3 zgzzw ; H[(n -8/ )yReVy’ + %Re(w*V)w]

V=0 +id, =explif](0,+i/rd,)
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Phase Diagram
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% ¢ For very high MM density asters disappear and bundles formed

Implications of the Analysis

» Asters stable for large MM density

* Vortices stable only for low MM density

* No stable vortices for H>H_ for all MM density
(in experiments no vortices in Ncd for all densities)

Experiment
e 2D mixture of MM & MT exhibits pattern formation

* In kinesin vortices are formed for low density of MM and asters are
formed for higher density

* In Ncd only asters are observed for all MM densities
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Numerical Solution

» Quasispectral Method ; 256x256 FFT harmonics
Periodic boundary conditions

e Spontaneous creation of vortices and asters
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Evolution of Vortices and Asters

Large anisotropy H

Small anisotropy H
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