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Section 1

Gyro-average operator
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Highly penalized transport !

Linear transport problem, where a part of the transport operator is
highly penalized

b
atu5 + a(t’ y) . Vyug —+ % . Vyus = 0, (t, y) (S R+ x R™

uf(0,y) = ug(y), y € R™.

1. M. BosTAN J. Differential Equations, 249(7) :1620-1663, 2010.
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Highly penalized transport !

Linear transport problem, where a part of the transport operator is
highly penalized

b

8tu€ + a(t’ y) . Vyus -+ (?y) . Vyus = 0, (t, y) (S RJ,_ X Rm
u(0,y) = ug(y), y € R™.

By Hilbert method : formal expansion

uf = u+eu + 2ug + ...

1. M. BosTAN J. Differential Equations, 249(7) :1620-1663, 2010.
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S
Hilbert expansion

et b(y)-Vyu =0,
€% dpu+ alt,y) - Vyu +b(y) - Vyus =0,
el our +alt,y) - Vyur +b(y) - Vyus =0,

Crucial role of 7 = b(y) - V. We assume div,b = 0. Let P be the
projection onto T kernel. We obtain the model for u :

O+ P(a-Vyu) =0, (t,y) € Ry x R™
We determine uq up to a function vy in T kernel, solution of
Owi + P(a-Vyv1)+ P (w1 +a-Vywr) =0, (t,y) € Ry x R™.

We need to determine P

M.B., C.C.Q, N.C,, M.L.
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————————————————————————————————————————
Gyro-average along a flow

b:R™ — R™, field

b e W (R™),
divyb =0

Flow : Y =Y (s;y) :

dY

T = ¥ (s59)). (s,y) e RXR™,

For a T.-periodic flow, we define

Te
() @) = = /O u(¥(s;9)) ds,y € R™.
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Proposition

The average operator is linear continuous. Moreover it coincides with
the orthogonal projection on the kernel of T, i.e.,

(u) € ker T and / (u—(u))pdy =0, Vo €ckerT.

m
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Section 2

Micro-macro schemes for Vlasov equation
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Goal : construct a Asymptotic Preserving scheme which
® is free from the constraint At = O(£?)

® is consistent with all regimes = = O(1) AND ¢ < 1
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Principle of Asymptotic Preserving Schemes 2

Let P. be a continuous problem that converges to Iy when & — 0.
We seek and approximation F°. ;, such that

Ps,h P€
h—0
e—0 e—0
h—0
pO.h L ( po

2. S. Jin, SIAM J. Sci. Comput. 99
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2D guiding center model

B — (070,32:1:))7 B>0

r = (21,22), v = (v1,v2) and tv = (ve, —v1).

C

Tobs

ek 1.

Vlasov equation in this regime

50tf6+(v-vw+iE(m)-Vv> ety v, =0
m

€

(t,z,v) € Ry x R? x R2,
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2D guiding center model

T =w, v -V,
Flow characteristics are solution of

ax d

-0 & we(X (s;2,0)) lV(s;x,v), (X, V)(0;z,v) = (z,v).

Associated flow characteristics
X(s) ==z, V(s) = R(—wes)v, (X,V)(0;2,v) = (z,v).

Gyro-average operator

Te(x)
(u) (z,v) = /0 u(X(s;z,v), V(s;z,v)) ds
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2D guiding center model

We denote a(z,v) - Vg, =v-Vy +¢/mE -V, and
T ¢ = divy, (fewe(x) *v). The model writes

1 1
8tf8 + ZCL(J), U) : Vm,vfa + 6—2Tf6 =0.
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L
Limit model derivation

Tf=0, (1)
a(z,v) - Veof +Tf =0, (2)
atf + a(:U, U) : vx,vfl + Tf2 =0, (3)

Tf=0 < Jg=g(t,z,r) such as f(t,z,v) = g(t,z,r = |[v|)
(a-Vapf) = (v} Vag(t,z,|v]) + iE(OC) : %&g(tl‘, lv]) =0
avxvf+Tf1_0<:>Tfl <f> z,v)- xvf

_< >:_T ((7) x,'uf)
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L
Limit model derivation

a(ﬂj, U) : vx,vf + Tfl = 07 (2)
8tf + a(x7 U) : v:c,vfl + Tf2 =0, (3)

Tf=0 <= Jg=g(t,z,r) such as f(t,z,v) = g(t,x,r = |v|)
(a-Vauf) = (v) - Vag(t,z,[v]) + E( ) H g(t,z,[v]) =0
a-Vouf + T =0 T(f' = (') = —a(z,v) - Vo f

fl - <f1> = —T_l(a(x,v) ' Vz,vf)

Proposition

There is a free divergence a vector field B such as for all f € ker T
we have

T_l(a : v:v,vf) =B- vx,vf
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L
Limit model derivation

Tf=0, (1)
a(ﬂj, U) : vx,vf + Tfl = 07 (2)
of + a’(ma U) : vx,vfl + Tf2 =0, (3)

Tf=0 < Jg=g(t,z,r) such as f(t,z,v) = g(t,z,r = |[v|)
(@ Vaul) = ) - Vaglt,z, o) + L B(). %argos,x, ol) =

a- vxvf+Tf1_0<:>Tfl <f> Z,v)- xvf
_<f>=_T (7) z,'uf)

2B 1) LU) ,
We
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L
Limit model derivation

We have to eliminate f? from equation
hf+a(@,v) Voo f ' +Tf=0
We apply the gyro-average operator

of + (alz,v) - Va:,vf1> =0

(@ Voo (f1)) =0
then

of+ <a(x,v) . ng)(f1 — <f1>)> =0
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L
Limit model derivation

We have to eliminate f? from equation
Ohf +a(z,v) Voo f +Tf2=0
We apply the gyro-average operator
of + (a(z,v) - Vx’vf1> =0

Or
(a-Vau (f1))=0

or else

atf - (CL . vm,v(B . vx,vf)) =0
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Limit model

There is a free divergence vector field C such that V f € ker T

—{aVeuo(B-Vaof)) =C-Vaof

This vector field writes

(lE lv|? 1V.B 1 (iE sz> )
= _— Y — - = o v

B B

Limit model for (f<).

Wf+C-Vaouf=0, f(O)={(f"), Tf=0
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Polar coordinates

We take w. =1, ¢g=1, m = 1.
We switch to polar coordinates : (v1,v2) — (|v|,0) with |v| > 0 and
0 € [0, 27] such as

a(x,v) - Vg =1 cos 00y, f© + rsin 00y, f°
+ (E1cos@ + Eqsin )0, f©

1
+ —(—FEjcosf + Eysin )0y f€
r

and

Tfe=—0f°
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S
Decomposition

1 1
O f® + —a(r,v) - Vyu + 5T f°=0.
£ 5

When ¢ — 0 f€ converge to a function in the kernel of 7. We then
decompose our function as

fe(t, x1, 22,7, 0) = r(z1,22,7,0) + g° (21, 22,7)

where
g€ — <f€> 77,5 — fE o <f€>

We obtain the following micro-macro scheme

Org°® +% (@-Vgore) =0,
Oyre —i—%a *Vewg® + %CL Vg or® — % (a : Vz,vrs> - %2807"6 =0.
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Discretisation

m time : g°(t") <> g™ et 7E(t") <> 1"
= space : P(F") = a- Vg, [ Lax-Richtmyer, centered scheme, order
2

® Fourier decomposition in 6 for 7 (inversible on zero mean
functions)

e,n+1_.en

R (I - (DS o)) — Boeromt =,

en+l_ en
g +At g +_ <a . Vm’vrg’n+1> = 0

3

™

(4)

M =
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————————————————————————————————————
Preliminary computations

We have

(S éjT) (= 2= e Tt 4 )

13
At \ '/ At

= —eB. Vzwg" + 2F (™).
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S,
Preliminary computations

We have
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Then, we obtain for the macro equation :

n+1 At

gt =g" — — (a- Veu,r")

At
0" = 2 V(BT ) = 2 (00,2 F )

:gn — At(CAS 0 Vm,vg) + 52 <B>\E . v:ﬂ,v (BAE . Vm,vgn)>
—Ate(a -V, F(r"))
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Then, we obtain for the macro equation :

gn+1 —g — % <CL Vz vr"+1>
At At
:g”—?<a e B “Vaug" )>—?<a Vz’“(s Fr ))>

=g" - At(CAE : Vm,vg) + &2 <B>\E : V:c,v(BAe : vx,vgn)>
—Ate(a- Vg, F(r"))
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Algorithms

First step : prediction.

)
+1/2 -1 - A
7?],1/1 = + [TZj,k,z— &L (((I)(r”))i,j,k,l—<‘I’(7"n)>i,j,k,l) ]
—e(B - Vaug™)ijkis
12
Gigk / ~ ik T 5HC - Voug™)ign

\ 2<B>\5 : Vz,v(B)\a : Vz,vgn»i,j,k l+% <CL ’ Vra”f(rn)>i7j k,l =0.

Second step : correction.

r | A 1 A
rigks =0+ 52 {Tgfj,k,l = 240k
= (@™ ), )] — (B« Vaug™ )i ki,
9Te — 9Pk AUCH - Vi og™ ),k
—&? <B>\E : vx,v(BAE ’ vx,ugn+1/2)>

,7,k,l
+Ate <a . VLU}"(T"H/Q»

=0.

i7j7k7l
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L
Numerical results

We first consider £ = 0 and the initial condition
2 . .
f(z1, 22, v1,v2) = 5=e7PF/2(1 + v;) such that the solution writes

1
ft, 1, 20, v1,09) = 2—e*|”|2/2(1 + cos(t/€2)vl — sin(t/€2)vg)
T

N, = Ny = N|v| =Ny =16, 1 € [0,277'], To € [0,271’], re [0,5],
6 € [0,2n].

(a) Error of f as a function of At

(b) Error of g as a function of At
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e
Validation on Vlasov-Poisson tests

Vlasov equation in guiding-center limit

B
eoif +v-Vof + (E—FZLU) -Vof =0,
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e
Validation on Vlasov-Poisson tests

" Adaptation”

B
edif +v-Vaf + (E+£iv) V,f =0,
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Validation on Vlasov-Poisson tests

We consider ¢; = 1, thus we have

Ohf+v-Vuf+ (E+£iv) -V, f =0,
Then, if we consider eg > 1, we should obtain Vlasov-Poisson 4D
results.
We consider E solving Poisson and the initial condition
folz1, x2,v1,v2) = ie*‘ﬂzm(l + 0.001 cos(kx1))
Ny = Ny = Ny, = Np = 64,
x1 € 10,27 /k], xz2 € [0,27],r € [0,5],0 € [0,27], k = 0.4,
At = 0.005.
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Validation on Vlasov-Poisson tests

-4
_6}
_gl
_10}
w
12}
— =10
-14} B
— &, =100
— ¢£5p=1000
—~16} B 3 i
- - Vlasov-Poisson
-- -0.065t-4.4
~18 5 10 15 20 25 30 35 40 45

R . . .
Ficure: L2 norm of electric field in logarithmic scale

M.B., C.C.Q, N.C., M.L. AP scheme



Validation on Vlasov-Poisson tests

We considere E solving Poisson and the initial condition

fo(x1, o, v1,v2) = %(6_(1)_”0)2/2 + e~ Wt0)*/2)(1 4 0.001 cos(kx1 )
Ny = Ny = Np,| = Ny =64, 21 € [0,27], 22 € [0,27], 7 € [0, 7],

0 € [0,27], k, = 0.2, At = 0.005.

et

I

(a) Case vg =1.3 (b) Case v =24 (c) Case vo =3

=100

-~ 02258t5.65 - 0.2845t:5.65

FicUure: L? norm of electric field in logarithmic case for two-stream
instability
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Validation on Vlasov-Poisson tests

—6|

=10 1 |

—12}

—— £, =1000
- - Vlasov-Poisson

n L n L L T
0 5 10 15 20 25 30 35 40 45
1

F1GURE: Case vy = 1.3
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Validation on Vlasov-Poisson tests

-10f |
! ~—— ¢, =1000
! - - Vlasov-Poisson
- - 0.2258t-5.65
159 5 10 15 20 25 30 35 40 45

Ficure: Case vg = 2.4
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Validation on Vlasov-Poisson tests
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10

-5

ep =10

— £,=100
-iop — ¢, =1000
- - Vlasov-Poisson
- - 0.2845t-5.65
159 10 15 20 25 30 35 a0

Ficurg: Case vg = 3
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Validation on guiding-center limit

We considere E solving Poisson and the initial condition
1 _ (w—vp)? _ (vtvg)?

fo(z,y,|v],0) = - <e 2 4e 2 ) (14 acos(kzx)).

Ny = Ny = Nj,| = Ny = 16, 21 € [0,27], 22 € [0, 27], 7 € [0, 7],
0 € [0,2], ky = 0.2, a = 0.001 At = 0.01.

FicUure: Initial function in phase space
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————————————————————————————————————
Validation on guiding-center limit

2 5RBRRRSE
R

2 23285328

70 70

(c) e =0.5, t =0.04 (d) £ = 0.5, t = 0.07
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————————————————————————————————————
Validation on guiding-center limit

002 002t
002 002

. 0025 ¢
001¢ 50s 001
001 0015 001

¢ 001 ¢
[LL 0.00¢
0 0 0

0

002t 002t
002 002
001¢ 001%
001 001
000¢ 0.00%
0 0

(g) e=107%,¢t=10.04
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. ——————————————————————————
Validation on guiding-center model 3

We consider E solving Poisson and the initial condition
folar, w2, v1,v2) =

(e —00)*/2 4 = 1v1*/2)(1 4 sin(z5) + 0.05 cos(kz1)) with
x1 € [0,27/k], z2 € [0,27],7 € [0,5],0 € [0, 27],

Ny = Ny = Ny = Ng = 64, ¢ = 0.01, At = 0.005.

7 25

5 2
15

5 1

4 05

5 0
05

2

1

0

0 2 4 6 8 10 12 14

(i) Shape of f™ in space(z1,z2)

3. Shoucri
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7 2.5 7 2.5
6 2 5 2
15 15
5 1 5 1
4 0.5 4 0.5
3 0 3 0
-0.5 -0.5
2 2
1 1
0 0
o] 2 4 6 8 10 12 14 o] 2 4 6 8 10 12 14
(j) micro-macro scheme, t =5 (k) guiding-center scheme, t =5
7 2.5
5 2
15
5 1
4 0.5
3 o]
-0.5
2
1
o]

o

2 4 6 8 0 12 14 0 2 4 6 8 0 12 14

(1) micro-macro scheme, t =12.5  (m) guiding-center scheme, t = 12.5

M.B., C.C.Q, N.C., M.L. AP scheme



We consider the time evolution of Fourier mode (1,1) of electric
potential ¢(x1,x2)

o 05
00
05,
05
-10
-10
o °
€. 2.
£ £
20
20
/ 25
—2sf
k. =03 -30 k =05
— 016t-2.6 — o0245t:3.2
-3 2 0 © 8 o 12 14 - 2 0 g B 0 12 1 1
¢ t
-o.
05
-10
13
04
g "
] 3
E L 03
) /
3.0 y
g 02
350 K =08
— o2t3.65
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® AP scheme in strong magnetic field limit
= First academic validation

Possible improvement

® numerical scheme in space phase

® non homogenic magnetic field

Perspectives
® other gyrokinetic limit?

AP scheme
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Thank you for your attention !
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