
Céline Caldini-Queiros, Mihai Bostan, Nicolas Crouseilles, Mohammed Lemou

08.04.2014

M.B., C.C.Q, N.C., M.L. AP scheme 1/34

1/34



Outline

� Gyro-average operator

� Micro-macro schemes for Vlasov equation

M.B., C.C.Q, N.C., M.L. AP scheme 2/34

2/34



Section 1

Gyro-average operator
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Highly penalized transport 1

Linear transport problem, where a part of the transport operator is
highly penalized∂tuε + a(t, y) · ∇yuε +

b(y)

ε
· ∇yuε = 0, (t, y) ∈ R+ × Rm

uε(0, y) = uε0(y), y ∈ Rm.

1. M. Bostan J. Differential Equations, 249(7) :1620–1663, 2010.
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Highly penalized transport 1

Linear transport problem, where a part of the transport operator is
highly penalized∂tuε + a(t, y) · ∇yuε +

b(y)

ε
· ∇yuε = 0, (t, y) ∈ R+ × Rm

uε(0, y) = uε0(y), y ∈ Rm.

By Hilbert method : formal expansion

uε = u+ εu1 + ε2u2 + . . .
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Hilbert expansion

ε−1 : b(y)·∇yu = 0,

ε0 : ∂tu+ a(t, y) · ∇yu+ b(y) · ∇yu1 = 0,

ε1 : ∂tu1 + a(t, y) · ∇yu1 + b(y) · ∇yu2 = 0,

...

Crucial role of T = b(y) · ∇y. We assume divyb = 0. Let P be the
projection onto T kernel. We obtain the model for u :

∂tu+ P (a · ∇yu) = 0, (t, y) ∈ R+ × Rm

We determine u1 up to a function v1 in T kernel, solution of

∂tv1 + P (a · ∇yv1) + P (∂tw1 + a · ∇yw1) = 0, (t, y) ∈ R+ × Rm.

We need to determine P
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Gyro-average along a flow

b : Rm 7→ Rm, field
b ∈W 1,∞

loc (Rm),

divyb = 0

Flow : Y = Y (s; y) :

dY

ds
= b(Y (s; y)), (s, y) ∈ R× Rm,

For a Tc-periodic flow, we define

〈u〉 (y) =
1

Tc

∫ Tc

0
u (Y (s; y)) ds, y ∈ Rm.
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Proposition

The average operator is linear continuous. Moreover it coincides with
the orthogonal projection on the kernel of T , i.e.,

〈u〉 ∈ ker T and

∫
Rm

(u− 〈u〉)ϕdy = 0, ∀ ϕ ∈ ker T .
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Section 2

Micro-macro schemes for Vlasov equation
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Goal : construct a Asymptotic Preserving scheme which

� is free from the constraint ∆t = O(ε2)

� is consistent with all regimes ε = O(1) AND ε� 1

M.B., C.C.Q, N.C., M.L. AP scheme 9/34

9/34



Principle of Asymptotic Preserving Schemes 2

Let Pε be a continuous problem that converges to P0 when ε→ 0.
We seek and approximation Pε,h such that

Pε,h Pε

h→ 0

P0

ε→ 0

P0,h

h→ 0

ε→ 0

2. S. Jin, SIAM J. Sci. Comput. 99
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2D guiding center model

Bε =

(
0, 0,

B(x)

ε

)
, B > 0

x = (x1, x2), v = (v1, v2) and ⊥v = (v2,−v1).

Tc
Tobs

= ε� 1.

Vlasov equation in this regime

ε∂tf
ε +

(
v · ∇x +

q

m
E(x) · ∇v

)
f ε +

ωc
ε
⊥v · ∇vf ε = 0

(t, x, v) ∈ R+ × R2 × R2.
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2D guiding center model

T = ωc
⊥v · ∇v

Flow characteristics are solution of

dX

ds
= 0,

dV

ds
= ωc(X(s;x, v)) ⊥V (s;x, v), (X,V )(0;x, v) = (x, v).

Associated flow characteristics

X(s) = x, V (s) = R(−ωcs)v, (X,V )(0;x, v) = (x, v).

Gyro-average operator

〈u〉 (x, v) =
1

Tc(x)

∫ Tc(x)

0
u(X(s;x, v), V (s;x, v)) ds

=
1

2π

∫ 2π

0
u(x,R(α)v) dα
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2D guiding center model

We denote a(x, v) · ∇x,v = v · ∇x + q/mE · ∇v and
T f ε = divv(f

εωc(x) ⊥v). The model writes

∂tf
ε +

1

ε
a(x, v) · ∇x,vf ε +

1

ε2
T f ε = 0.
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Limit model derivation

T f = 0, (1)

a(x, v) · ∇x,vf + T f1 = 0, (2)

∂tf + a(x, v) · ∇x,vf1 + T f2 = 0, (3)

T f = 0 ⇐⇒ ∃ g = g(t, x, r) such as f(t, x, v) = g(t, x, r = |v|)

〈a · ∇x,vf〉 = 〈v〉 · ∇xg(t, x, |v|) +
q

m
E(x) · 〈v〉

|v|
∂rg(t, x, |v|) = 0

a · ∇x,vf + T f1 = 0⇐⇒ T (f1 −
〈
f1
〉
) = −a(x, v) · ∇x,vf

f1 −
〈
f1
〉

= −T −1(a(x, v) · ∇x,vf)
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Limit model derivation

T f = 0, (1)

a(x, v) · ∇x,vf + T f1 = 0, (2)

∂tf + a(x, v) · ∇x,vf1 + T f2 = 0, (3)

T f = 0 ⇐⇒ ∃ g = g(t, x, r) such as f(t, x, v) = g(t, x, r = |v|)

〈a · ∇x,vf〉 = 〈v〉 · ∇xg(t, x, |v|) +
q

m
E(x) · 〈v〉

|v|
∂rg(t, x, |v|) = 0

a · ∇x,vf + T f1 = 0⇐⇒ T (f1 −
〈
f1
〉
) = −a(x, v) · ∇x,vf

f1 −
〈
f1
〉

= −T −1(a(x, v) · ∇x,vf)

Proposition

There is a free divergence a vector field B such as for all f ∈ ker T
we have

T −1(a · ∇x,vf) = B · ∇x,vf
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Limit model derivation

T f = 0, (1)

a(x, v) · ∇x,vf + T f1 = 0, (2)

∂tf + a(x, v) · ∇x,vf1 + T f2 = 0, (3)

T f = 0 ⇐⇒ ∃ g = g(t, x, r) such as f(t, x, v) = g(t, x, r = |v|)

〈a · ∇x,vf〉 = 〈v〉 · ∇xg(t, x, |v|) +
q

m
E(x) · 〈v〉

|v|
∂rg(t, x, |v|) = 0

a · ∇x,vf + T f1 = 0⇐⇒ T (f1 −
〈
f1
〉
) = −a(x, v) · ∇x,vf

f1 −
〈
f1
〉

= −T −1(a(x, v) · ∇x,vf)

B =

(
−
⊥v

ωc
,
⊥E

B
−
(
∇xB
B
· v
ωc

)
⊥v

)
,
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Limit model derivation

We have to eliminate f2 from equation

∂tf + a(x, v) · ∇x,vf1 + T f2 = 0

We apply the gyro-average operator

∂tf +
〈
a(x, v) · ∇x,vf1

〉
= 0

Or 〈
a · ∇x,v

〈
f1
〉〉

= 0

then
∂tf +

〈
a(x, v) · ∇x,v(f1 −

〈
f1
〉
)
〉

= 0
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Limit model derivation

We have to eliminate f2 from equation

∂tf + a(x, v) · ∇x,vf1 + T f2 = 0

We apply the gyro-average operator

∂tf +
〈
a(x, v) · ∇x,vf1

〉
= 0

Or 〈
a · ∇x,v

〈
f1
〉〉

= 0

or else
∂tf − 〈a · ∇x,v(B · ∇x,vf)〉 = 0
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Limit model

Proposition

There is a free divergence vector field C such that ∀ f ∈ ker T

− 〈a · ∇x,v(B · ∇x,vf)〉 = C · ∇x,vf.

This vector field writes

C =

(⊥E
B
− |v|

2

2ωc

⊥∇xB
B

,
1

2

(⊥E
B
· ∇xB
B

)
v

)

Limit model for (f ε)ε

∂tf + C · ∇x,vf = 0, f(0) =
〈
f in
〉
, T f = 0
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Polar coordinates

We take ωc = 1, q = 1, m = 1.
We switch to polar coordinates : (v1, v2)→ (|v|, θ) with |v| ≥ 0 and
θ ∈ [0, 2π] such as

a(x, v) · ∇x,v =r cos θ∂x1f
ε + r sin θ∂x2f

ε

+ (E1 cos θ + E2 sin θ)∂rf
ε

+
1

r
(−E1 cos θ + E2 sin θ)∂θf

ε

and
T f ε = −∂θf ε
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Decomposition

∂tf
ε +

1

ε
a(x, v) · ∇x,v +

1

ε2
T f ε = 0.

When ε→ 0 f ε converge to a function in the kernel of T . We then
decompose our function as

f ε(t, x1, x2, r, θ) = rε(x1, x2, r, θ) + gε(x1, x2, r)

where
gε = 〈f ε〉 , rε = f ε − 〈f ε〉

We obtain the following micro-macro scheme{
∂tg

ε +1
ε 〈a · ∇x,vr

ε〉 = 0,

∂tr
ε +1

εa · ∇x,vg
ε + 1

εa · ∇x,vr
ε − 1

ε 〈a · ∇x,vr
ε〉 − 1

ε2
∂θr

ε = 0.
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Discretisation

� time : gε(tn)↔ gn et rε(tn)↔ rn.

� space : Φ(Fn) ≈ a · ∇x,vf ε Lax-Richtmyer, centered scheme, order
2

� Fourier decomposition in θ for T (inversible on zero mean
functions){
rε,n+1−rε,n

∆t +1
ε

(
(I − 〈·〉)(rε,n + gε,n)

)
− 1

ε2
∂θr

ε,n+1 = 0,

gε,n+1−gε,n
∆t +1

ε

〈
a · ∇x,vrε,n+1

〉
= 0.

(4)
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Preliminary computations

We have

rn+1 =

(
I +

∆t

ε2
T
)−1(

rn − ∆t

ε
(I − 〈·〉)a · ∇x,v(gn + rn)

)
=

(
I +

∆t

ε2
T
)−1(

−∆t

ε
a · ∇x,vgn

)
+ ε2F(rn)

= −εBλε · ∇x,vgn + ε2F(rn).
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Preliminary computations

We have

rn+1 =

(
I +

∆t

ε2
T
)−1(

rn − ∆t

ε
(I − 〈·〉)a · ∇x,v(gn + rn)

)
=

(
I +

∆t

ε2
T
)−1(

−∆t

ε
a · ∇x,vgn

)
+ ε2F(rn)

= −εBλε · ∇x,vgn + ε2F(rn).

Bλ·∇x,v=
Oλv√
λ2 + ω2

c

·∇x+
q

m
√
λ2 + ω2

c

tOλE·∇v+
(⊥v ⊗ v
λ2+ω2

c

tOλ
2∇xωc

)
·∇v

with

Oλ =

 λ√
λ2+ω2

c

− ωc√
λ2+ω2

c
ωc√
λ2+ω2

c

λ√
λ2+ω2

c

 .
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Then, we obtain for the macro equation :

gn+1 =gn − ∆t

ε

〈
a · ∇x,vrn+1

〉
=gn − ∆t

ε

〈
a · ∇x,v(−εBλε∇x,vgn)

〉
− ∆t

ε

〈
a · ∇x,v(ε2F(rn))

〉
=gn −∆t(Cλε · ∇x,vg) + ε2

〈
Bλε · ∇x,v(Bλε · ∇x,vgn)

〉
−∆tε 〈a · ∇x,vF(rn)〉
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Then, we obtain for the macro equation :

gn+1 =gn − ∆t

ε

〈
a · ∇x,vrn+1

〉
=gn − ∆t

ε

〈
a · ∇x,v(−εBλε∇x,vgn)

〉
− ∆t

ε

〈
a · ∇x,v(ε2F(rn))

〉
=gn −∆t(Cλε · ∇x,vg) + ε2

〈
Bλε · ∇x,v(Bλε · ∇x,vgn)

〉
−∆tε 〈a · ∇x,vF(rn)〉

Cλ · ∇x,v =

[
ω2
c

λ2 + ω2
c

⊥E

B
+
|v|2

2
⊥∇x

(
ωc

λ2 + ω2
c

)]
· ∇x

− 1

2

⊥E

B
· ∇x

(
ωc

λ2 + ω2
c

)
ωcv · ∇v.
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Algorithms
First step : prediction.

r
n+1/2
i,j,k,l =

(
I + ∆t

2ε2
T
)−1

[
r̄ni,j,k,l−

∆t
2ε

(
(Φ(rn))i,j,k,l−〈Φ(rn)〉i,j,k,l

)]
−ε(Bλε · ∇x,vgn)i,j,k,l,

g
n+1/2
i,j,k − ḡni,j,k + ∆t

2 (Cλε · ∇x,vgn)i,j,k,l

−ε2
〈
Bλε · ∇x,v(Bλε · ∇x,vgn)

〉
i,j,k,l

+ ∆tε
2 〈a · ∇x,vF(rn)〉i,j,k,l=0.

Second step : correction.

rn+1
i,j,k,l =

(
I + ∆t

ε2
T
)−1
[
rni,j,k,l −

∆t
ε

(
Φ(rn+1/2)i,j,k,l

−
〈
Φ(rn+1/2)

〉
i,j,k,l

)]
− ε(Bλε · ∇x,vgn+1/2)i,j,k,l,

gn+1
i,j,k − g

n
i,j,k + ∆t(Cλε · ∇x,vgn+1/2)i,j,k,l

−ε2
〈
Bλε · ∇x,v(Bλε · ∇x,vgn+1/2)

〉
i,j,k,l

+∆tε
〈
a · ∇x,vF(rn+1/2)

〉
i,j,k,l

=0.
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Numerical results
We first consider E = 0 and the initial condition
f(x1, x2, v1, v2) = 1

2π e−|v|
2/2(1 + v1) such that the solution writes

f(t, x1, x2, v1, v2) =
1

2π
e−|v|

2/2(1 + cos(t/ε2)v1 − sin(t/ε2)v2)

Nx = Ny = N|v| = Nθ = 16, x1 ∈ [0, 2π], x2 ∈ [0, 2π], r ∈ [0, 5],
θ ∈ [0, 2π].

(a) Error of f as a function of ∆t (b) Error of g as a function of ∆t
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Validation on Vlasov-Poisson tests

Vlasov equation in guiding-center limit

ε∂tf + v · ∇xf +

(
E +

B

ε
⊥v

)
· ∇vf = 0,
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Validation on Vlasov-Poisson tests

”Adaptation”

εt∂tf + v · ∇xf +

(
E +

B

εB

⊥v

)
· ∇vf = 0,
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Validation on Vlasov-Poisson tests

We consider εt = 1, thus we have

∂tf + v · ∇xf +

(
E +

B

εB

⊥v

)
· ∇vf = 0,

Then, if we consider εB � 1, we should obtain Vlasov-Poisson 4D
results.
We consider E solving Poisson and the initial condition
f0(x1, x2, v1, v2) = 1

2πe
−|v|2/2(1 + 0.001 cos(kx1))

Nx = Ny = N|v| = Nθ = 64,
x1 ∈ [0, 2π/k], x2 ∈ [0, 2π], r ∈ [0, 5], θ ∈ [0, 2π], k = 0.4,
∆t = 0.005.
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Validation on Vlasov-Poisson tests

Figure: L2 norm of electric field in logarithmic scale
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Validation on Vlasov-Poisson tests

We considere E solving Poisson and the initial condition
f0(x1, x2, v1, v2) = 1

2π (e−(v−v0)2/2 + e−(v+v0)2/2)(1 + 0.001 cos(kx1))
Nx = Ny = N|v| = Nθ = 64, x1 ∈ [0, 2π], x2 ∈ [0, 2π], r ∈ [0, 7],
θ ∈ [0, 2π], kx = 0.2, ∆t = 0.005.

(a) Case v0 = 1.3 (b) Case v0 = 2.4 (c) Case v0 = 3

Figure: L2 norm of electric field in logarithmic case for two-stream
instability
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Validation on Vlasov-Poisson tests

Figure: Case v0 = 1.3
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Validation on Vlasov-Poisson tests

Figure: Case v0 = 2.4
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Validation on Vlasov-Poisson tests

Figure: Case v0 = 3
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Validation on guiding-center limit

We considere E solving Poisson and the initial condition

f0(x, y, |v|, θ) = 1
4π

(
e−

(v−v0)
2

2 + e−
(v+v0)

2

2

)
(1 + α cos(kxx)) .

Nx = Ny = N|v| = Nθ = 16, x1 ∈ [0, 2π], x2 ∈ [0, 2π], r ∈ [0, 7],
θ ∈ [0, 2π], kx = 0.2, α = 0.001 ∆t = 0.01.

Figure: Initial function in phase space
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Validation on guiding-center limit

(a) ε = 1, t = 0.04 (b) ε = 1, t = 0.07

(c) ε = 0.5, t = 0.04 (d) ε = 0.5, t = 0.07
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Validation on guiding-center limit

(e) ε = 0.1, t = 0.04 (f) ε = 0.1, t = 0.07

(g) ε = 10−5, t = 0.04 (h) ε = 10−5, t = 0.07
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Validation on guiding-center model 3

We consider E solving Poisson and the initial condition
f0(x1, x2, v1, v2) =
1

2π (e−(v−v0)2/2 + e−|v|
2/2)(1 + sin(x2) + 0.05 cos(kx1)) with

x1 ∈ [0, 2π/k], x2 ∈ [0, 2π], r ∈ [0, 5], θ ∈ [0, 2π],
Nx = Ny = N|v| = Nθ = 64, ε = 0.01, ∆t = 0.005.

(i) Shape of f in in space(x1, x2)

3. Shoucri
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(j) micro-macro scheme, t = 5 (k) guiding-center scheme, t = 5

(l) micro-macro scheme, t = 12.5 (m) guiding-center scheme, t = 12.5
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We consider the time evolution of Fourier mode (1,1) of electric
potential φ(x1, x2)
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� AP scheme in strong magnetic field limit

� First academic validation

Possible improvement

� numerical scheme in space phase

� non homogenic magnetic field

Perspectives

� other gyrokinetic limit ?
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Thank you for your attention !
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