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Conservation Laws with a nonlocal flow

Conservation Laws:
Oru + div f(t,x,u) = F(t,x, u), u(0) = wo,
f is the flow, F is the source,
for scalar equations: u € R,
time t € [0, T], space x € RV,
Non-local flow
Oru+divf(x,u,uxn) =0, u(0) = wo,

where 7 is a smooth convolution kernel.



Pedestrian traffic

Typical example: Let p(t,x) be the density of pedestrian at time t in position
x € RMY. We consider

dep + Div(pV(x, p,p 1)) =0; po € (L'NL= NBV)(R";R).

Goal: Existence and uniqueness of solutions.



Pedestrian traffic

Typical example: Let p(t,x) be the density of pedestrian at time t in position
x € RMY. We consider

dep + Div(pV(x, p,p 1)) =0; po € (L'NL= NBV)(R";R).

Goal: Existence and uniqueness of solutions.

Idea: Fixed point on the nonlocal term:
Study of
Q:wrp

where p is the solution of

dep + Div(pV(x, p,w 1)) =0; po € (L' NL™ NBV)(RY;R).
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@ Coscia & Canavesio V(p) = f(p, Vp) v(x),

o Maury, Roudneff-Chupin & Santambrogio V = Pc, U where U is the
preferred speed and Pc, is the projection in L2 on admissible states.
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|. Macroscopic models of pedestrian traffic
Op+div(p V) =0

Coscia & Canavesio V(p) = f(p, Vp) v(x),

Maury, Roudneff-Chupin & Santambrogio V = Pc, U where U is the
preferred speed and Pc, is the projection in L2 on admissible states.

N. Bellomo & C. Dogbé ; P. Degond

Op+div(pV) =0

Hughes ; Di Francesco, Markowich, Pietschmann & Wolfram
V =F(p)|Vel,

Piccoli & Tosin first order model, p; is a measure such that

V=w+ [0 =0 v0) nlx = o).



Pedestrian traffic

Let p(t,x) be the density of pedestrians at time t and position x € RV, We

consider

dep + Div (pV(x, p, pxm)) = 0;

with V(x, p) = v(n *x p) U(x).

pedestrians” trajectorics

support of (- — xo)

obstacles

po € (L' NL= NBV)(RY;R),



Pedestrian traffic

Let p(t,x) be the density of pedestrians at time t and position x € RV, We
consider

Op+ Div (pV(x,p,pxm)) =0; po € (L' nL> nBV)(RY;R),

with V(x, p) = v(n *x p) U(x).

pedestrians” trajectorics

Conservation of the
regularity.

No uniform a priori bound in
Lee.

[Colombo, Herty, Mercier,
Esaim-Cocv, 2010]

support of (- — xo) obstacles



Pedestrian traffic
One population, Orderly crowd

Let p(t, x) be the density of pedestrians at time t and position x € RY. We

consider o
V= () (1) - )
1+ HV(p* n)H
Replacing, we get
9ep +Div | pv(p) (v() - Vip«n) )| =o;
1+ [[V(p*n)

with po € (L' NL>® N BV)(RY; R).

Uniform bound in L : po € [0, 1] implies p(t) € [0,1].
How can we tackle the walls and obstacles ?

[Colombo, Garavello, Lécureux-Mercier]
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Multi-population

Several Densities.

p1 and p2 have two different goals,
p1 is repelled by po,

p2 is repelled by p;.

. \Y
Oep1 + div (p1 V1(p1)(l/1(X) - p2 * 12 )) = 0,
L+ (V2 * m2?
. \Y
Otp2 + div (pz Vz(pz)(Vz(X) - prrmm )) = 0.
L4 [|Vpr* m?

Remark: The interaction between the equations is only in the nonlocal term.



Multi-population

Several Densities.

p1 and p2 have two different goals,
p1 is repelled by po,

p2 is repelled by p;.

. \Y 9
Oep1 + div (pl v1(p1)<1/1(x) — p2 * 12 )) = 0,
1+ (V2 *na?
. Vp1xm _
Otp2 + div (pz V2(p2)<l/2(X) - )) = 0.

1+ (Vo1 +m|?

Remark: The interaction between the equations is only in the nonlocal term.



Multi-population

Interaction group / isolated agent

Let p € R be the density of the group and p € R¥ the position of an isolated
agent (e.g. a leader or a predator). We describe the interaction by the coupling:

Btp—l—div(pV(t“,x,p7 p(t))) =0 (t,x) € R*xRV
b= (P (40(2) (p(1)))

with initial conditions

p(0,x) = p(x), p(0) =p.

[Colombo, Lécureux-Mercier, to appear on J. Nonlinear Sciences]



Multi-population

Interaction group / isolated agent

Examples:

o Followers / Leader

{ Orp + div (p v(p) (p(t) — X)e—l\p—xH) -0
p=(1+p=n(p(t)) P(t)



Multi-population

Interaction group / isolated agent

Examples:

@ Sheeps / Dogs

Oep + div (p v(p) (V,(x) + >0 (x = p,)e—HPi—XH)> =0

. * Vnt
po PN :
L+ lpxVnl



Multi-population

Interaction group / isolated agent

Examples:

@ Preys / Predator

Oep + div (p v(p) (1 + e lx=rl (x — p(t)))> =0
d?p

CE = e Un(o(t))



Multi-population

Interaction group / isolated agent: Predators and preys.

~ /N /\



Multi-population

Interaction group / isolated agent: Leader and followers.

Initial Data Solution at time 0.1 Solution at time 0.3
i 1 1
0.5 0.5 0.5
*
0 0 0
Solution at time 0.6 Solution at time 0.9 Solution at time 1.2
1 1 1
05 05 0.5

0 0 0
*
-05 05 0.5 Q
1 -1 1
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© Using the Kruzkov theory
o Stability L! with respect to flow and source
@ Scalar conservation law with a non-local flow



Stability L! with respect to flow and source

Let
Oru + Div f(t,x,u) = F(t,x, u) (t,x) € R; xRN
Oev + Div g(t,x,v) = G(t, x, v)

with uo, vo € L' NL*® N BV, f € C?([0, T] x RY x R;R"),
F ec'([0, T] x RN x R; R).
Goal :

o Estimate on the total variation of the solution:

o Stability L' of the solution when (f, F) vary: how can we estimate
(u—v)(t) by uo—w, f —g, F—G.

Method: doubling variables method (Kruzkov).



Theorem (Kruzkov, 1970, Mat. Sb. (N.S.))
Let T,U >0, let Q¥ = [0, T] x RN x [~U, U]. We consider the equation
Oru + div f(t, x, u) = F(t,x, u),

with initial condition uo € L' N L>°(RY). Under the hypothesis

K fec?, Fect, YU >0, d,f € L>(QY),
F —divf e L>(QY%), du(F — divf) € L>=(Q%)

there exists a unique weak entropy solution u € L>=([0, T]; L*(R"; R))
continuous from the right in time.



Theorem (Kruzkov, 1970, Mat. Sb. (N.S.))
Let T,U >0, let Q¥ = [0, T] x RN x [~U, U]. We consider the equation

Oru + div f(t, x, u) = F(t,x, u),
with initial condition uo € L' N L>°(RY). Under the hypothesis

K fec?, Fect, YU >0, d,f € L>(QY),
F —divf e L>(QY%), du(F — divf) € L>=(Q%)

there exists a unique weak entropy solution u € L>=([0, T]; L*(R"; R))
continuous from the right in time.

Theorem (Lucier, 1986, Math. Comp.)

Iff,g : R — RN are globally lipschitz, then 3C > 0 such that
Yuo, vo € LX N L>°(RN; R) initial conditions for

Oru +divf(u) =0, Orv +divg(v) =0.
If furthermore vg € BV(RN; R), we have Vt > 0,

H(u — v)(t)HL1 < |luo — wollyr + Ct TV(w) Lip(f —g).



Total Variation

Definition: For u € L (RV;R) we denote

TV(u) = sup{/ udivw; W e CHRY;RY), ||\Il|||_x§1};
RN

and

BV(RV;R) = {u € Lbe TV(u) < oo} .

If ue ' NWH then TV(u) = || Vul|1.



When f and F are not depending on u, we have
u ELNBV=Vt>0, u(t)elL®nBV
and, with v = HOUFHLQC(QAT,,),
TV(u(t)) < TV(uo)e™®.

Goal: general estimate on the total variation.

Total Variation



Estimate on the total variation

Theorem (TV — Mercier, 2010)

We assume that (f, F) satisfies (K) + (TV). Soit U = [|ul| ) and

[0, T] xRN
Ko = (2N + 1)[|Vx0uf | oo (qu) + 10uF [l 0 qu)-

If up € (L° NBV)(RY;R), then Vt € [0, T], u(t) € (L™ N BV)(R";R) and

TV (u(t)) <TV(uo)e™"

t
o+ NWN/ e“°(**f)/ [Vx(F = div £)(7, %, )| oo g, gy X 97 -
0 RN ’



Let Q¥ = [0, T] x RY x [~ U, U] and

forall U, T >0, Vouf € L=(QY; RV*N) OuF € L®(Q%;R),

(TV) T .
/.5 ./RN HV(F — div f)(t,x,.)||Loc([7U7U];RN)dxdt < 0.

[Colombo, Mercier, Rosini, Comm. in Math. Sc., 2009]

[Lécureux-Mercier, to appear on JHDE]



Theorem (Flow/Source — Mercier, 2010)

Assume that (f, F), (g, G) satisfy (K), (f, F) satisfies (TV) and (f — g, F — G)
satisfies (FS). Let ug, vo € (L* N L N BV)(RY;R). Let u and v be the
associated solutions to (f, F) and (g, G) with initial conditions ug and vg.

Let V = max(||u]| oo, ||Vl ) and k = H&,FHLM(Q¥). Then Vt € [0, T]:

Kot _ Kt
€ 7% TV(w)

Ko — R

| (v — V)(t)HLl < e ||luo — vollx + [|u(f _g)HLoo(Q¥) [

t eno(tf‘r) _ en(tf‘r)
+ NWN/0 e o T /M 1V (F = div £)(, ) gy, vy

Ko — R

t
+/0 e =) /RN [((F = G) = div (f = &))(7,%, )| oe vy X7 -



forall U, T >0,

(FS) T ‘
/0 /RNH(F = div F)(£ %, )| e gy DX AE < H00.

Particular cases:
o f(u),g(u),F=G=0: ko=x=0and

o= )@ < llso — vollos + ETV()]|u(F ~ &) ey,
o f(t,x),F(t,x): ko =k =0and
[(u=v)(®)||x <llto = volla

+/0 /RN ((F = G) — div ( — g))(r, x)|dxdr .

Proof: Doubling variables method + estimate on the total variation.



Scalar conservation law with a non-local flow

Continuity equation with a non-local flow:
Oep + div (pV(x,p(t))) =0, p(0,-) =po e L'NL¥NBV,
where V(x) : R x LY(R";R) — C*(R";R) is a nonlocal regularising

functional.

If v:R — R is smooth: V(x,p) = v(p*n)v(x) for a model of pedestrian
traffic in panic.



Scalar conservation law with a non-local flow

Continuity equation with a non-local flow:
Oep + div (pV(x,p(t))) =0, p(0,-) =po e L'NL¥NBV,
where V(x) : R x LY(R";R) — C*(R";R) is a nonlocal regularising

functional.

If v:R — R is smooth: V(x,p) = v(p*n)v(x) for a model of pedestrian
traffic in panic.

Goals:
o Existence and uniqueness of a weak entropy solution ?

o Gateaux-Differentiability with respect to initial conditions ?



Existence and uniqueness

Theorem (Colombo, Herty, Mercier, Esaim-Cocv, 2010)

If V satisfies (V1), po € L "BV(RM,[0,0a]), B > a, then there exists
T (o, B) > 0 and a unique weak entropy solution

p € C°([0, T(a, B)1: L' (RY, [0, 1))
We denote Sipo = p(t,-).



Hypotheses

(V1) There exists C € Lio(R;R.) such that Vp € LY(RY; R)
V(p) L™, [Vx V()| < Cllolle)
IV V@)l < Cllelle) ViV, < cliell).
and Vp1, p2 € L'(RV; R)

[V(p1) = V(p2) || < Clllpall)llor = p2lla
[Vx(V(p1) = V(p2) |2 < Clllpallise)llpr = p2lia -



Idea of the proof:

Let 3>a>0and T< T, = I"(C%‘)l). Let us introduce the space

X = L'(RY;[0,0]).
Let w € X5 = C°([0, T[, X3) and p € L' NL> N BV be the solution of
Otp + Div(pV(x,w)) =0, p(0,)=po € Xa .
We introduce the application

Q:wedAg—peXAs.



For wi, wa, we get by Theorem (Flow/Source)
”Q(Wl) - Q(W2)H|_oo([07-,—[$Ll) S f(T)||W1 - W2||L0°([07T[,|_1) 9

where f is increasing, f(0) =0 and f —7_,o 0.
Then, we apply the fixed point theorem.



For wi, wa, we get by Theorem (Flow/Source)
”Q(Wl) - Q(W2)H|_oo([07-,—[$Ll) S f(T)||W1 - W2||L0°([07T[,|_1) 9

where f is increasing, f(0) =0 and f —7_,o 0.
Then, we apply the fixed point theorem.

Iterating, we obtain existence until T, and then until

In(@nt1/cn . . .
Tex = sup{z % i (aun)n strictly increasing, ao = |[uo|| = } -
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Introduction

Aepi + div(piVi(x, pr* Mia, - pk ¥ mik)) =0, (t,x) €ERy x R?
pf(o):pia IE{177k}

[G. Crippa and M. Lécureux-Mercier, in preparation]



Introduction

atpi + diV(pi\/{(X,pl *MNily ey Pk ¥ ni,k)) = O, (t,X) €R+ X Rd
pf(o):pia IE{177k}

[G. Crippa and M. Lécureux-Mercier, in preparation]

Remark: There is a coupling only through the nonlocal term.



Introduction

Aepi + div(piVi(x, pr* Mia, - pk ¥ mik)) =0, (t,x) €ERy x R?
pf(o):pia IE{177k}

[G. Crippa and M. Lécureux-Mercier, in preparation]

Remark: There is a coupling only through the nonlocal term.

Goal: Existence and uniqueness of measure solutions for the Cauchy problem.



Main idea

Fixing the nonlocal term, we obtain a system of decoupled continuity equations:
Oep1 + div(pr ba(t,x)) =0,
Oepic + div(pr bi(t,x)) =0,

where by, ..., by are regular with respect to x.



Examples

Pedestrian traffic with multi-population.

1 2
V1(><7p1*77,,02*§)=V<§m*n+§pz*c)el, ;

2 1
Va(x,p1*m, p2 % () = —v <§p1*17+§p2*<) e,

with e; a fixed vector of R?.



Examples

Interaction continuum / individuals. Let us assume that
p1 € L= (R4, LY(RY,Ry)) and p2 = 8p(¢) is a Dirac measure.



Examples

Interaction continuum / individuals. Let us assume that
p1 € L= (R4, LY(RY,Ry)) and p2 = 8p(¢) is a Dirac measure.

We have

Oep1 + div (Pl Vi (x, p1*mu(x), ma(x — P(t)))) =0,
p(6) = Va (p(t), p1 73 (p(2)) ,7a(0)) -



Existence and uniqueness

Theorem

Let p € M*(RY,R¥). Let us assume that V € L N Lip(RY x R¥ RY*k) and
that n € L N Lip(Rd, Rka). Then there exists a unique measure solution to
our system with initial condition p.

Furthermore, this measure solution is also a Lagrangian solution.



Existence and uniqueness

Theorem

Let p € M*(RY,R¥). Let us assume that V € L N Lip(RY x R¥ RY*k) and
thatp € L N Lip(Rd, ]ka"). Then there exists a unique measure solution to
our system with initial condition p.

Furthermore, this measure solution is also a Lagrangian solution.

Corollary
If p € LY(RY, (RT)K) then p € L=(RT, LY (R?, (RT)¥)) and we have

[o(®)]| 2 = 171l

If moreover p € L* N L>=(RY, (R*)X), then p(t) € L™ for all t > 0 and we have
the estimate

”p(t)HLoo S ||ﬁ|||_00eCt ’

where C depends on ||pl| ., V and n.



Definitions

Def: p is a measure solution if, Yo € C(] — oo, T] x RY, R)

/oT /Rd [aﬁp+ Vilx,pxmi) - Ve dpi(X)dt‘f’/ ©(0,x)dpi(x) = 0.

rd



Definitions

Def: p is a measure solution if, Yo € C(] — oo, T] x RY, R)

/oT /Rd [aﬁp+ Vilx,pxmi) - Ve dpi(X)dt‘f’/ ©(0,x)dpi(x) = 0.

rd

Def: p € L=([0, T], M (R¥)¥) is a Lagrangian solution with initial condition
p € M*(R)X if there exists an ODE flow X' : [0, T] x RY — R, solution of

(e = VX (tx),per (X (1)),

X'(0,x) = x;

and such that pi = Xt"u[)" where X/ : RY — RY is the map defined as
Xi{(x) = X(t,x) for any (t,x) € R, x RY.



Definitions

Def: p is a measure solution if, Yo € C(] — oo, T] x RY, R)

/oT /Rd [aﬂp+ Vilx,pxmi) - Ve dpi(X)dt‘f’/ ©(0,x)dpi(x) = 0.

rd

Def: p € L=([0, T], M (R¥)¥) is a Lagrangian solution with initial condition
p € M*(R)X if there exists an ODE flow X' : [0, T] x RY — R, solution of

(6 = VX (820, s (X (1),

X'(0,x) = x;

and such that pi = Xt"u[)" where X/ : RY — RY is the map defined as
Xi{(x) = X(t,x) for any (t,x) € R, x RY.

Proposition

A Lagrangian solution is always a weak measure solution.



Definitions

Wasserstein distance.
Let u, v € P,

E(u, l/) = {’y [S P(Rd X Rd) Py = and Pyu’y = 1/} .

The Wasserstein distance of order one between p and v is

W)= inf [ x=yldator)
YE=(1ov) Jrd xR

Let p = (p,...,p%), 0 = (c%,...,0%) € P(RY)¥. The Wasserstein distance of
order one between p and o, denoted Wi (p, 0), as

k

Wl(pv U) = Z Wl(piagi) .

i=1



Proof of the theorem
Stability result

Proposition

Let 5,5 € P(RY). Let r,s € C°([0, T], P(RY)).
Let V € L NLip(RY x RX,R9), n,v € L N Lip(R?,R). If p and o are
Lagrangian solutions of

8tp+div(pV(x,r>k77)) :07 p(oz) :ﬁz
0o +div(oV(x,sxn)) =0, a(0,)=5.

We have the estimate:

Wl(pTvo-T) < eCTW:l(/_)7 6) + TeCT C, sup Wl(rfvsf)7
t€[0,T]

C' = Lip,(V)Lip(n) ||| r4-



Proof of the theorem

Existence of Lagrangian solutions

Let r € L([0, T], P(R?)¥).
Define bi(t,x) = Vi(x, re ¥ n;) € L°([0, T], WH>°(R¥)*). We consider

Oepi + div (pibi(t,x)) =0
Let pi = Xiyp be the Lagrangian solution and define

T :re ([0, T], P(RY)) = p € L=([0, T], P(RY)¥)



Proof of the theorem

Existence of Lagrangian solutions

Let r € L([0, T], P(R?)¥).
Define bi(t,x) = Vi(x, re ¥ n;) € L°([0, T], WH>°(R¥)*). We consider

Oepi + div (pibi(t,x)) =0
Let pi = Xiyp be the Lagrangian solution and define

T :re ([0, T], P(RY)) = p € L=([0, T], P(RY)¥)

The stability estimate allows us to apply Banach fixed point Theorem for T
small enough.



Proof of the theorem

Measure solutions are Lagrangian solutions

Let p be a measure solution. Let b= V(x, p*n).
Denote o the Lagrangian solution associated to d:0 + div(cb) = 0 with

a(0) = p.



Proof of the theorem

Measure solutions are Lagrangian solutions

Let p be a measure solution. Let b= V(x, p*n).
Denote o the Lagrangian solution associated to d:0 + div(cb) = 0 with

a(0) = p.

Let § = p — 0. Then § is the measure solution of
0:6 + div(db) =0, 0(0)=0.

Hence 0 = 0 so that p = 0.
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Kruzkov: Existence and uniqueness of weak entropy solution for
Oep + div(pV(x,p,pxn)) =0.

Uniform bound in L. Strong hypotheses: V € C2 N W21 nW?°°_ Entropy
solutions.

Optimal Transport:
Oep +div(pV(x,pxn))=0.

Exponential bound in time in L>°. Weaker hypotheses V € Lip N L*°. Measure
solutions = Lagrangian solutions.

Other issues: Taking into account the geometry of the room: boundary
problem. Finding the best geometry ?
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Proof of the stability estimate

Let X, Y be the ODE flows associated to p,o. Let 70 € =(p, 7). Define
Xe ) Ye: (xy) = (X(x), Y(y)) .
Then v = (Xe X Yi)yv0 € =(pt, 0¢). We estimate
00 = [ -yl = [ X060 = Vil sty
RX R Rd xR
Then

Q'(t) < /Rd o [V(Xe(x), re x n(Xe(x))) = V(Ye(y), se % 1(Ye(x)))| dro(x, )



Proof of the stability estimate

By triangular inequality,

Q'(t) < /Rdwl [V(Xe(x), re % n(Xe(x))) = V(Ye(y), re * n(Xe(x)))] dyo(x, y)
+/R" 2d |V(Yt( ) re *U(Xt(X))) — V(Yt(y) re n(Yt |d’yo(x y)

+ /Rd y [V(Ye(y), re xn(Ye(y))) = V(Ye(y), st * n(Ye(¥)))| dyo(x, y)
<(Lip, (V) + Lip,(V)Lip(r: * n)) Q(t)

+ Lip,(V) i |(re — s¢) * n(Ye(y)) [ dvo(x, y) -

Note besides that

(fﬁ—#)*n(Z):/Rd n(z = Q)(dr(¢) — ds{(¢)) < Lip(n)WA(ri, st).



Proof of the stability estimate

Integrating, we get

Q(t) < Q(O)eCt +tC' et sup Wi(re, se) .

where € = Lip, (V) + Lip, (V)| relL o Lin(n), €' = Lip,(V)Lip(m)l|7]] -
We conclude taking v in an optimal way and using the inequality

Wi(pe,0¢) < Q(t)-



Preuve de I'estimation BV

Proposition
Soit pu € CZ(R+;Ry) tel que ||ul| 1 =1 et p' < 0 sur R%. On définit
pux(x) = ﬁ,u (@) Si il existe Co > 0 tel que VA > 0,
1
IO =5 [, [l +9) = uGlua)axdy < Go,
A RN JRN

alors u € BV et
C]_ TV(U) = A”mOI(/\) S Co.

avec C1 = [pw yale(llyl))dy.



Preuve de I'estimation BV

Proposition
Soit pu € CZ(R+;Ry) tel que ||ul| 1 =1 et p' < 0 sur R%. On définit
pux(x) = ﬁ,u (@) Si il existe Co > 0 tel que VA > 0,
1
IO =5 [, [l +9) = uGlua)axdy < Go,
A RN JRN

alors u € BV et
C]_ TV(U) = A”mOI(/\) S Co.

avec C1 = [pw yale(llyl))dy.

On cherche a estimer

T
F(T.A) = / / / |u(x + y) — 0(x)|ux (y)dxdydt.
0 RN JB(x0,R+M(To—t))



Par la méthode de doublement des variables , on obtient |'estimation :

OTF(T, ) <o1F(0,X) + CX (8,\]-'(T, A) + g]—'(T, )\))

.
+ C'F(T,\) + )\/ A(t)dt,
0



Par la méthode de doublement des variables , on obtient |'estimation :

OTF(T, ) <o1F(0,X) + CX (8,\]-‘(T, )+ g]—'(T, )\))

T
+C’]—'(T,)\)+)\/ A(t)dt,
0
ou
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Par la méthode de doublement des variables , on obtient |'estimation :
N
OTF(T,\) <O1F(0,A) + CX (BA]-(T, A) + X}-(T’ )\))
T
+ C'F(T,\) + )\/ A(t)dt,
0

A =My [ [V —div ey M= [ IveClyDay.

C' = N[[VOufll oo + 0uF |l oo - C=[VOuf|l e -

On utilise %37—]—'(0,)\) < M1 TV(up), puis on intégre en temps et on divise par CT\ :

M T 1 /7
0 < Z2TV(uo) + OrF(T, ) + M}'(T,)\)+ —/ A(t)dt,
C A CJo
ou
C/

On choisit alors T de sorte que oo < —1 et on intégre sur [\, +ool.



On obtient

F(T,\) < A 1%TV(UO)+ 1)/ (t)dt.



On obtient

F(T,\) < A 1%TV(UO)+ 1)/ (t)dt.

D’autre part, on remarque que
N K
IWF(T, N+ —F < —F(T,2X).
VF(T,N) + TF < S F(T,2))

En reportant, on a finalement,

1 1 CK+ ' T
- T,\) <—- A —— | LT A(t)d
LOrF(T, ) <5077, )+(a1)c( V() + [ A) r)

T
+/0 A(t)dt.

Donc u € BV. On peut alors passer a la limite dans la premiére inégalité et on obtient
I'inégalité annoncée.



Doublement des variables

On note u = u(t, x) et v = u(s,y) pour (t,x),(s,y) € R% x RY. Pour tous
k,1 € R et toute fonction-test p = ©(t, x,s,y) € C2 ((Ri x RV)?; R+), on a

/*/IRN[(U — k) Oep + (f(t,x, u) — f(t,x, k)) Ve + (F(t,x, u) — divf(t, x, k)) cp]
: xsign(u — k)dxdt >0
(1)
et
/R /RN[(V ) asp+ (Fls,y,v) — F(5,5,1)) Voo + (Fs,y,v) — divf(s, v, )]
xsign(v —/)dyds >0

(2)

¢
4



On choisit k = v(s,y) dans (1) et on intégre en (s,y). De méme, on prend
I = u(t, x) dans (2) et on intégre en (t, x).
De plus, on choisit ¢(t,x,s,y) = W(t —s,x — y)P(t, x) et on somme

/*/RN/*/lgn u—v)[ u—v)V b+ (f(t,x,u) — f(t,x,v)) - (VO)W

(f(s y,v) —f(s,y,u) — f(t,x,v) + f(t,x, u)) (Vv)o
+ (F(t,x,u) — F(s,y,v) + divf(s,y, u) — divf(t, x, v)) <p:| dxdtdyds >0.
(3)

On prend ensuite

1 X — 1 t—s
e o (52) 3 (5.

tandis que ® — 1o 71xB(x0,R+M(T—t)) lorsque 6, e — 0.
On fait des estimations et on fait tendre 1,0, — 0.
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