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De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives ModelingDe�nition of the non
onservative produ
tEntropy inequality
We want to 
ouplea pointwise parti
le anda �uid (following the Burgers equation)in su
h a way thatOn the point where the parti
le is, the parti
le and the �uid wantto have the same velo
ity.
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De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives ModelingDe�nition of the non
onservative produ
tEntropy inequalitySome notation: m is the parti
le's mass, h(t) the parti
le'sposition, u(t, x) the �uid's velo
ity and λ is a fri
tion parameter.Coupled problem






∂tu(t, x) + ∂x(u2/2)(t, x) = λ (h′(t)− u(t, x)) δh(t)(x)mh′′(t) = −λ(h′(t)− u(t, h(t)))u(0, x) = u0(x), (h(0), h′(0)) = (0, v0)Se
ond line: If h′(t) > u(t, h(t)), the parti
ule is de
elerating.Se
ond line: a
tion/rea
tion. The for
e is pointwise.ProblemThe terms u(t, x)δh(t)(x) in the PDE and u(t, h(t)) in the ODE areto be de�ned sin
e the solution 
an be dis
ontinuous at the pointx = h(t) Nina Aguillon A 
oupling between a pointwise parti
le and a �uid



De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives ModelingDe�nition of the non
onservative produ
tEntropy inequalityAim: De�ne (h′(t)− u(t, x)) δh(t)(x)Idea: Regularize the parti
le.Let Hǫ be a C∞ fun
tion, in
reasing from 0 to 1 on [−ǫ/2, ǫ/2].The parti
le's traje
tory h is �xed. We want to solve the previoussystem where we repla
e the Dira
 δ by its regularization (Hǫ)′We look for a spe
ial solution in the form:uǫ(t, x) = Uǫ(x − h(t)). We denote ξ = x − h(t).Uǫ has bounded variationsThe jumps of Uǫ are negative.Therefore we have to solve
−h′(t)(Uǫ(ξ))′ +

(

(Uǫ(ξ))22 )′

− λ(h′(t)− Uǫ(ξ))(Hǫ(ξ))′ = 0Nina Aguillon A 
oupling between a pointwise parti
le and a �uid



De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives ModelingDe�nition of the non
onservative produ
tEntropy inequalityLemma:If a BV fun
tion U is solution of
−h′(t)(Uǫ(ξ))′ +

(

(Uǫ(ξ))22 )′

− λ(h′(t)− Uǫ(ξ))(Hǫ(ξ))′ = 0then If ξ0 is a dis
ontinuity point, we have the Rankine-Hugoniotrelation U(ξ+0 ) + U(ξ−0 ) = 2h′(t)On intervals where U is 
ontinuous (U − h′)(U + λH)′ = 0CorollaryIf the jumps of U are negative, it exists at most one dis
ontinuity.Nina Aguillon A 
oupling between a pointwise parti
le and a �uid



De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives ModelingDe�nition of the non
onservative produ
tEntropy inequalityKnowing the velo
ity on the left of the parti
le, we look at thepossible velo
ities on the right of the parti
le.Proposition:If Uǫ(−ǫ/2) = uL thenUǫ(ǫ/2) ∈ 





{uL − λ} if uL < h′(t)
[2h′(t)− uL − λ, h′(t)] if uL ∈ [h′(t), h′(t) + λ]
{uL − λ} ∪ [2h′(t)− uL − λ, 2h′(t)− uL + λ] elseDoes not depend neither on H nor on ǫ !We denote by U0,L→R(uL, λ, v) this "set of admissible velo
ities onthe right of the parti
le (moving at velo
ity v) with a given velo
ityuL on the left of the parti
ule"Nina Aguillon A 
oupling between a pointwise parti
le and a �uid



De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives ModelingDe�nition of the non
onservative produ
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ements

u+
u−

(v , v)
λ

Figure: admissible 
ouples of velo
ity around a parti
le moving atvelo
ity v Nina Aguillon A 
oupling between a pointwise parti
le and a �uid



De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives ModelingDe�nition of the non
onservative produ
tEntropy inequalityIdea: Add some vis
osity and dedu
e informations about theproblem without vis
osity.Problem with vis
osityThe problem














∂tu(t, x) + ∂x(u2(t, x)/2) − ǫ∂xxu = λ (h′(t)− u(t, x)) δh(t)(x)mh′′(t) = −λ (h′(t)− u(t, h(t)))u(0, x) = u0(x)
(h(0), h′(0)) = (0, v0)has a unique solution, whi
h is global and smooth.Nina Aguillon A 
oupling between a pointwise parti
le and a �uid



De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives ModelingDe�nition of the non
onservative produ
tEntropy inequalityLet G be a smooth approximation of x 7→ |x − κ| and φ be apositive test fun
tion. Following Krushkov, let us multiply the PDEby Gφ and the ODE by t 7→ φ(t, h(t))G ′(h′(t)), sum, integrate byparts and �nally let ǫ→ 0. It leads toEntropy inequalityIf (uǫ, hǫ) → (u, h) then ∀κ ∈ R, ∀φ ≥ 0:
∫

R+

∫

R

|u − κ| ∂tφ+ sgn(u − κ)
u2 − κ22 ∂xφ dx dt

+

∫

R

φ(0, x) |u0(x) − κ| dx
+

∫

R+

m ∂tφ(h) |h′ − κ| dt + φ(0, h(0)) |v0 − κ| ≥ 0Nina Aguillon A 
oupling between a pointwise parti
le and a �uid



De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives ModelingDe�nition of the non
onservative produ
tEntropy inequalityWith a φ vanishing on the parti
le's traje
tory we re
over the usualentropy inequality for the Burgers equation (without sour
e term)Using a sequen
e (φǫ) more and more 
on
entrated on theparti
le's traje
tory
φ(t, x) = ψ(t, x)ζ (x − h(t)

ǫ

)we obtain a new ODE for the parti
lemh′′(t) =
(u(t, h(t)−)− u(t, h(t)+))(u(t, h(t)−) + u(t, h(t)+)2 − h′(t))Nina Aguillon A 
oupling between a pointwise parti
le and a �uid



De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives ModelingDe�nition of the non
onservative produ
tEntropy inequalitySolutions of the 
oupled problem
(u, h) is a solution of the 
oupled problem ifu ∈ L∞(R+ ×R), h ∈ C 1(R+), h′ Lips
hitz 
ontinuous.Classi
 entropy inequality outside of the parti
le traje
tory

(u(t, h(t)−), u(t, h(t)+)) is a admissible 
ouple of velo
itiesaround the parti
le (moving at velo
ity h′(t)).mh′′(t) =
(u(t, h(t)−)− u(t, h(t)+))(u(t,h(t)−)+u(t,h(t)+)2 − h′(t))A solution 
an be seen as:a Burgers solution stopped at h(t) + an admissible jump a
ross theparti
le + a Burgers solution starting at h(t)Nina Aguillon A 
oupling between a pointwise parti
le and a �uid
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De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives Parti
ule moving with a �xed 
onstant velo
ityBa
k to the 
oupled problemu0(x) = uL(1− H(x)) + uRH(x), H Heaviside and h(t) = v0t. Wewant to solve the new problem
∂tu + ∂x (u22 )

= λ(u(t, x) − v0)δv0t(x)
? ?PSfrag repla
ements x

t x/t = v0
Aim: Finding a Burgers wave on ea
h side of the parti
le, su
h thatthe jump around the line x = v0t is admissible.Nina Aguillon A 
oupling between a pointwise parti
le and a �uid



De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives Parti
ule moving with a �xed 
onstant velo
ityBa
k to the 
oupled problemNotation: W (ξ, uL, uR) is the value on the straight line x = ξt ofthe solution of the Riemann problem (uL, uR) for the Burgersequation (without parti
ule).The �uid's velo
ity on the left of the parti
ule should be the valueon the line x = v0t of a Riemann problem (uL, ū), where ū ∈ R:u(t, h(t)−) ∈ ⋃ū∈RW (v0; uL, ū) =: U−(uL, v0)A

essible velo
ities on the left of the parti
leThe set of a

essible velo
ities on the left of a parti
le moving atvelo
ity v0, starting from uL, is:
U−(uL, v0) = {

]−∞, v0 ] if uL ≤ v0
]−∞, 2v0 − ul [∪{uL} if uL > v0Nina Aguillon A 
oupling between a pointwise parti
le and a �uid



De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives Parti
ule moving with a �xed 
onstant velo
ityBa
k to the 
oupled problemNotation: W (ξ, uL, uR) is the value on the straight line x = ξt ofthe solution of the Riemann problem (uL, uR) for the Burgersequation (without parti
ule).The �uid's velo
ity on the right of the parti
le should be the valueon the line x = v0t of a Riemann problem (ū, uR), where ū ∈ R:u(t, h(t)+) ∈ ⋃ū∈RW (v0; ū, uR) =: U+(uL, v0)A

essible velo
ities on the right of the parti
leThe set of a

essible velo
ities on the right of a parti
le moving atvelo
ity v0, arriving at uR , is:
U+(uR , v0) = {

{uR}∪ ] 2v0 − uR ,+∞[ if uR < v0
] v0,+∞ ] if uR ≥ v0Nina Aguillon A 
oupling between a pointwise parti
le and a �uid



De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives Parti
ule moving with a �xed 
onstant velo
ityBa
k to the 
oupled problemDetermination of u+The following set has only one element:
U0,L→R(U−(uL, v0), λ, v0)) ∩ U+(uR , v0) This is the only velo
itythat 
an be put on the right of the parti
ule whi
h is a

essiblefrom the left, by a Burgers wave + an admissible jumpfrom the right, by a Burgers wave

������������������������������������������������������������������������������������������
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De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives Parti
ule moving with a �xed 
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ityBa
k to the 
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De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives Parti
ule moving with a �xed 
onstant velo
ityBa
k to the 
oupled problemHow do we obtain a solution thanks to the problem with 
onstantspeed?v0 − λ ≤ uR < v0 et uL ≤ v0. We suppose uR < uL. Repla
ing v0tby h(t) in the solution for a �xed velo
ity, we �nd a possiblesolution u(x , t) = 





uL if x ≤ uLtx/t if uLt < x ≤ h(t)uR if h(t) ≤ xThe ODE for the parti
le givesmh′′(t) = (h(t)t − uR)(h(t)2t +
uR2 − h′(t))Prop: h(t)/t → uR . �> The se
ond line is not de�ned for all timeNina Aguillon A 
oupling between a pointwise parti
le and a �uid



De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives Parti
ule moving with a �xed 
onstant velo
ityBa
k to the 
oupled problemThere exists t1 su
h thatu(x , t1) = { uL if x ≤ h(t1)uR if h(t1) ≤ xThe solution after t1 is obtain by repla
ing v0t by h(t) in thesolution for a �xed velo
ity:u(x , t) = { uL if x ≤ h(t)uR if h(t) ≤ xThe ODE givesmh′′(t) = (h(t)t − uR)(h(t)2t +
uR2 − h′(t))Nina Aguillon A 
oupling between a pointwise parti
le and a �uid
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De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives Glimm s
heme
λ velo
ity dragging s
hemeDrafting kissing tumbling phenomenonWe start with a pie
ewise 
onstant approximation U0 of the initialdata u0.

PSfrag repla
ements
U0
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De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives Glimm s
heme
λ velo
ity dragging s
hemeDrafting kissing tumbling phenomenonIf dt ≤ dx2max(|U0|) , the solution of this Cau
hy problem 
onsists ingluing together the small Riemann problems.
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De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives Glimm s
heme
λ velo
ity dragging s
hemeDrafting kissing tumbling phenomenonPi
k uniformly at random h ∈ [0, dx ] and 
onsider the values atpoints xi + h.
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De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives Glimm s
heme
λ velo
ity dragging s
hemeDrafting kissing tumbling phenomenonThe new value on the 
ell is the value of the solution at the 
hosenpoints

PSfrag repla
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De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives Glimm s
heme
λ velo
ity dragging s
hemeDrafting kissing tumbling phenomenonAdding the parti
le is not a problem sin
e we have solved theRiemann problem with a parti
le on the interfa
e.New CFL 
ondition: tn+1 − tn ≤ dx2max(|Un |,|vn|) .How do we repla
e the parti
le ? Consistently with the 
hoi
e ofthe new value.

U^1

U^0
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De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives Glimm s
heme
λ velo
ity dragging s
hemeDrafting kissing tumbling phenomenonWe de�ned the non
onservative sour
e term thanks to a thi
keningof the parti
le. Looking 
loser at the proof, we better understandwhat happens inside the parti
le.There 
an be one (and only one) dis
ontinuity verifying theRankine Hugoniot relationu(ξ−) + u(ξ+) = 2h′(t).This is a
tually a sho
k in the Burgers equation.Outside of this dis
ontinuity, the solution 
ontinuouslyde
reases of at most λ. This is the e�e
t of the parti
le.When the parti
le 
rosses a part of the �uid, it tries to 
hange the�uid velo
ity to its own, but 
annot 
hange the �uid velo
ity ofmore than λ Nina Aguillon A 
oupling between a pointwise parti
le and a �uid



De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives Glimm s
heme
λ velo
ity dragging s
hemeDrafting kissing tumbling phenomenonIdea of the s
hemeThree steps1 Handling the parti
leWhen the parti
le 
rosses a part of the �uid, it tries to 
hangethe �uid velo
ity to its own, but 
annot 
hange the �uidvelo
ity of more than λ �> Compute the velo
ity u− and u+around the parti
le.2 Handling the �uidSolve the two Diri
hlet problems (now that we know thetra
es) on the left and right of the parti
le (using a Godunovs
heme for example).3 Updating the parti
le velo
ityNina Aguillon A 
oupling between a pointwise parti
le and a �uid



De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives Glimm s
heme
λ velo
ity dragging s
hemeDrafting kissing tumbling phenomenonStep 1: Handling the parti
leIn this example, the parti
le is moving faster than the sho
k.
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�
�
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De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives Glimm s
heme
λ velo
ity dragging s
hemeDrafting kissing tumbling phenomenonStep 1: Handling the parti
leWhat happens if the parti
le and the sho
k do not see ea
h other.
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De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives Glimm s
heme
λ velo
ity dragging s
hemeDrafting kissing tumbling phenomenonStep 1: Handling the parti
leDragging the �uid that the parti
le meets at velo
ity at most λ.
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PSfrag repla
ements λ
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De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives Glimm s
heme
λ velo
ity dragging s
hemeDrafting kissing tumbling phenomenonStep 1: Handling the parti
leFor the sake of simpli
ity, assume that the sho
k didn't move at alland only keep the dragging velo
ity on the right.
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PSfrag repla
ements λ
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De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives Glimm s
heme
λ velo
ity dragging s
hemeDrafting kissing tumbling phenomenonStep 1: Handling the parti
lePi
k randomly a point in the 
ell and repla
e the parti
le a

ordingto this 
hoi
e.
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De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives Glimm s
heme
λ velo
ity dragging s
hemeDrafting kissing tumbling phenomenonStep 1: Handling the parti
leChange the value of the �uid velo
ity.
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De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives Glimm s
heme
λ velo
ity dragging s
hemeDrafting kissing tumbling phenomenonGodunov s
heme for the Burgers equation:

∂tu(t, x) + ∂x f (u(t, x))2 = 0Uk(t) = 1xk+1 − xk ∫ xk+1xk u(t, x)dtIntegrate over a 
ell
∂tUk(t) + 1xk+1 − xk (f (u(t, xk+1))− f (u(t, xk+1))) = 0Godunov s
heme:u(t, xk ) = W (0;Uk−1(t),Uk(t))Expli
ite Euler s
heme in time:Un+1k = Unk −

tn+1 − tnxk+1 − xk (f (W (0;Unk ,Unk+1))− f (W (0;Unk−1,Unk )))Nina Aguillon A 
oupling between a pointwise parti
le and a �uid



De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives Glimm s
heme
λ velo
ity dragging s
hemeDrafting kissing tumbling phenomenonStep 2: Handling the �uidWe want to solve the Burgers equation on the left of the parti
le.We now have at Diri
hlet 
ondition sin
e we know the velo
ityu− = Uk0−1 at the left of the parti
le.Un+1j0−1 = Unj0−1+ tn+1 − tn

∆x (f (W (0;Unj0−2,Unj0−1))− f (W (0;Unj0−1, u−)))On the right of the parti
ule, u+ is known.Un+1j0 = Unj0 + tn+1 − tn
∆x (f (W (0; u+,Unj0))− f (W (0;Unj0 ,Unj0+1)))Nina Aguillon A 
oupling between a pointwise parti
le and a �uid



De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives Glimm s
heme
λ velo
ity dragging s
hemeDrafting kissing tumbling phenomenonStep 3: Updating the parti
le velo
ityWe 
an of 
ourse use the PDE.BUT we have formally

∀t ≥ 0, ∫

R

u(t, x)dx +mh′(t) = 0.We easily 
ompute
∆x∑j Un+1j −∆x∑j Unj = ∆t (Unk0)2 − (Unk0−1)22 .So in order to obtain a 
onservative s
heme we 
an 
hoose:vn+1 = vn − (tn+1 − tn)

∆x (Unj0)2 − (Unj0−1)22m .Nina Aguillon A 
oupling between a pointwise parti
le and a �uid



De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives Glimm s
heme
λ velo
ity dragging s
hemeDrafting kissing tumbling phenomenon

10
2

10
3

10
4

10
5

10
−3

10
−2

10
−1

nombre de mailles

er
re

ur

erreur en norme C1 au temps final

 

 
Glimm
pente −0.562578
Godunov
pente −0.494464
Godunov conservatif
pente −0.535518

10
2

10
3

10
4

10
5

10
−3

10
−2

10
−1

nombre de mailles

er
re

ur

erreur en norme L1 au temps final

 

 
Glimm
pente −0.555246
Godunov
pente −0.524686
Godunov conservatif
pente −0.60981

Figure: Average error in 10 simulations on the �nal velo
ity and positionof the parti
le (left) and the L1 norm of u (right) for di�erent spa
edis
retizations. We �nd an order 1/2.Nina Aguillon A 
oupling between a pointwise parti
le and a �uid



De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives Glimm s
heme
λ velo
ity dragging s
hemeDrafting kissing tumbling phenomenonWe start with a �uid with velo
ity 0 with two parti
les having thesame vis
osity v0 > 0.
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De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives Glimm s
heme
λ velo
ity dragging s
hemeDrafting kissing tumbling phenomenonAt the beginning the two parti
les don't see ea
h other (here theparti
les manage to drag the �uid to their own velo
ities).
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De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives Glimm s
heme
λ velo
ity dragging s
hemeDrafting kissing tumbling phenomenonAt some time t1 the parti
le on the left meets the wave 
reating bythe parti
le on the right.
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De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives Glimm s
heme
λ velo
ity dragging s
hemeDrafting kissing tumbling phenomenonOn this moment on, this parti
le on the left is going faster than theother one and will eventually 
at
h it up.
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De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives Glimm s
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λ velo
ity dragging s
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De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tivesPlan1 De�nition of the solutionsModelingDe�nition of the non
onservative produ
tEntropy inequality2 Riemann problemParti
ule moving with a �xed 
onstant velo
ityBa
k to the 
oupled problem3 Numeri
al simulationsGlimm s
heme
λ velo
ity dragging s
hemeDrafting kissing tumbling phenomenon4 Perspe
tives Nina Aguillon A 
oupling between a pointwise parti
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De�nition of the solutionsRiemann problemNumeri
al simulationsPerspe
tives1 Uniqueness of the Riemann problem ? Existen
e anduniqueness for the 
oupled Cau
hy problem ? DONE !! B.Andreianov, F. Lagoutière, N. Seguin, T. Takahashi2 Pre
ise modeling of the 
ollisions between parti
les.3 A more relevant equation for the �uid. The model 
ould be,for the barotrope Euler equation:






∂tρ+ ∂x (ρu) = 0,
∂t (ρu) + ∂x (ρu2 + p(ρ)) = λρ(h′(t)− u(t, h(t)))δh(t)(x)mh′′(t) = −λ (h′(t)− u(t, h(t))) ,

Nina Aguillon A 
oupling between a pointwise parti
le and a �uid
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