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> Example: PEM fuel cells

Pore Cell Stack System

[BMBF-Project PEMDesign: Fraunhofer ITWM and Fraunhofer ISE]

M. Ohlberger A posteriori error estimates and adaptation



'
- Institute for
_ ‘xESTm“SCUH : K (l:l;g:ﬁ:;: Science Computational and
ILHELMS-UNIVERSITAT Applied Mathematics

MOUNSTER

> Example: PEM fuel cells

Porous layers: Two phase flow with phase transition
Species transport with reaction

for 0,,H,,H,0

Potential flow for electrons

Energy balance

Two phase water transport

Potential flow for protons

Energy balance

flow, species transport and energy balance

electron flow and energy balance

Membrane:

Gas channels:
Bipolar plates:

Coupling through interface conditions
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»Example: Environmental Problems
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» Security behavior of nuclear waste disposals
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> Example: Hydrological Modeling

Grundwasserstande am 15.05.1997

A

Calbe-Gr.
5
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> Multiscale problems in subsurface flow

Application scenario

Macroscopic scale

Aquifer— Microscopic scale

Groundwater: important source of drinking water.
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Simple approaches to modelling:

Linear elliptic multiscale problem.
V- (AW VU(R) = F(x) in 2,
u¢(x) =o on .
» u°: concentration of pollutant,
» ¢: indicator for (representative) size of small scale,
» A conductivity / diffusion operator.

A%

Small conductivity
(hardly permeable top layer) Microstructure in

macrostructure

High conductivity
(aquifer)

Conductivity distribution
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Simple approaches to modelling:

Linear elliptic multiscale problem.
V- (A(VUR) = f(x) in 2,
u‘(x) =o on 0.
» 1 concentration of pollutant,
» ¢: indicator for (representative) size of small scale,
» A% conductivity / diffusion operator.

AE
. o . .
—_—

Conductivity distribution
(Still relatively coarse!)
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Simple approaches to modelling:

Linear elliptic multiscale problem.
V- (A(VUR) = f(x) in 2,
u‘(x) =o on 0.
» 1 concentration of pollutant,
» ¢: indicator for (representative) size of small scale,
» A% conductivity / diffusion operator.

AE
. o . .
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Conductivity distribution
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Simple approaches to modelling:

Linear elliptic multiscale problem.
V- (A W)V () = f(x) in 2,
u‘(x) =o on 0.
» 1 concentration of pollutant,
» ¢: indicator for (representative) size of small scale,
» A% conductivity / diffusion operator.

. Resomtlon .

Conductivity distribution
(Still relatively coarse!)
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Simple approaches to modelling:

Linear elliptic multiscale problem.
V- (A(VUR) = f(x) in 2,
u‘(x) =o on 0.
» 1 concentration of pollutant,
» ¢: indicator for (representative) size of small scale,
» A% conductivity / diffusion operator.

Pollutant Distribution of

the concentration
of the pollutant (u€)
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» Mathematical Modelling and Model Reduction

Increasing Efficiency

o
Real World Problem

Continuous Mathematical Model
» Here: system of partial differential equations
» Problem: infinite dimensional solution space
» no solutions in closed form

Increasing Error

y
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» Mathematical Modelling and Model Reduction

Increasing Efficiency

-
Continuous Mathematical Model
N
fine grid resolution
5 Discretization!!
|
(o))
£
(7]
©
(]
3]
£
coarse grid resolution
\J ~a
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» Mathematical Modelling and Model Reduction

Increasing Efficiency

-
Continuous Mathematical Model
Discrete model on uniform grid (FEM, FV, DG, ...)
5 » Typical error estimates:
i < c inf
()] — I
E lu = unl| < c Jnf lu—w|
3
£ » Error related to approximation property of X,
» — Very general approach, but in particular
cases not very efficient!!
\J
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> Mathematical Modelling and Model Reduction

Increasing Efficiency

=
Continuous Mathematical Model

Problem Specific Adaptivity

Increasing Error

y
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Increasing Efficiency

Continuous Mathematical Model

Problem specific: Adaptive Mesh Refinement

Typical error estimates:

[|u = upl| < cnun)

Error related to approximate solution!

Increasing Error

= Construct optimal mesh!

Problem: Grid construction for every solve!
Y Resulting system is still high-dimensional!

M. Ohlberger A posteriori error estimates and adaptation
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» Mathematical Modelling and Model Reduction

Increasing Efficiency

o
Continuous Mathematical Model

Problem class specific: Reduced Basis Method

» Typical error estimates:

[|(u = um)()l| < ¢ n(un(p))

» Error related to reduced solution!

Increasing Error

» = Construct optimal reduced space
for problem class!!
Resulting system is low dimensional!

y
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Introduction to a posteriori error estimation
Error control for stationary variational problems
Adaptive schemes/ equal distribution strategy
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»Variational Problems

Let X denote a Hilbert space, B : X x X — R a continuous (c,) and
coercive (co) bilinearformand f € X/, i.e.

B(u,v)
B(u, u)

< allul[{[vll,vu,v € X,
> Collull*.

We then denote u € X the unique solution of a corresponding
variational problem if it satisfies

B(ua¢):f(¢)a Vo € X.

Note: Existence and uniqueness is guaranteed by the Lax-Milgram
Lemma.

M. Ohlberger A posteriori error estimates and adaptation
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» Galerkin Approximation

Let X, C X denote a finite dimensional subspace of X, where the
dimension dim(Xj,) is correlated to the parameter h. We define a
unique Galerkin approximation uy, € X, through

B(up, ¢n) = f(on), Yon € Xp.

From Cea’s Lemma we know, that uj, is a nearly optimal
approximation of u in Xj,. More specific it holds
= upll < 2 inf (i — vy
Al = Co VhEXh hil-

However: This result gives only asymptotic information and no
computable error bounds!!

M. Ohlberger A posteriori error estimates and adaptation
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» Goal: Adaptivity based on error control

Situation: u exact solution, uy approximate solution.

First step: A posteriori error estimate.
[lu = un|| < nlun).

Second step: Definition of local error indicators.

n(un) = m(un)-
J

M. Ohlberger A posteriori error estimates and adaptation
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» Goal: Adaptivity based on error control

Third step: Equidistribution strategy.

Choose local mesh size such that all 7;(uj) are
approximately of the same size, and n(uy,) < TOL!

This is done by an estimate—mark—adapt algorithm:

Mj

”estimate”

M. Ohlberger A posteriori error estimates and adaptation
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Third step: Equidistribution strategy.
Choose local mesh size such that all 7;(uj) are
approximately of the same size, and n(uy) < TOL!

This is done by an estimate—mark—adapt algorithm:

”mark”

M. Ohlberger A posteriori error estimates and adaptation
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» Goal: Adaptivity based on error control

Third step: Equidistribution strategy.

Choose local mesh size such that all 7;(uj) are
approximately of the same size, and n(uy,) < TOL!

This is done by an estimate—mark—adapt algorithm:

”refine”

M. Ohlberger A posteriori error estimates and adaptation
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Definition (Robust and efficient error estimator)

We say that an error estimator 7, (uy,) is robust if it is an upper
bound of the error ||u — uyl|, i.e.

Ju — upl| < Kinp(up).

The estimator is efficient with efficiency index ,’g—; > 1, ifitalso
satisfies

Ko nn(up) < [|u — upl].

M. Ohlberger A posteriori error estimates and adaptation
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»Residual based error estimation
Forany v, € Xj, let us define the residual R[v;] € X’ through

RIvl(¢) := B(vh, ¢) — f(¢) Vo €X.

Theorem (Residual error estimate)

Let us define the error estimator
h(un) = [[R[un]||x -
Then ny(up) is robust and efficient with constants

1 1 . c
Ki=—,Ko=— —> efficiency =—
Co Cq Co

M. Ohlberger A posteriori error estimates and adaptation
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»Residual based error estimation
Proof. With the coercivity of B it holds

Collu —up|l* < B(u—up,u—up)=|B(up,u—up) —f(u—up)
= [Rlun](u — up)| < ||R[un]|lx|lu — unl.

This yields robustness.On the other hand, we have

Rlu B(up, ¢) —
HR(uh)HX’ _ sup | [ h](¢)| = sup | ( h QS) f(¢)|
sex\foy  19ll $eX\{o} Il
B(up, ¢) — B(u,
_ sup | ( h ¢) ( ¢)| §C1||U—Uh”.
pex\{o} Il
Hence, the estimator is also efficient. O

M. Ohlberger A posteriori error estimates and adaptation
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»Residual based error estimation
Problem:
» np(up) == ||R(up)||x is not computable, as it is a dual norm of

an infinite dimensional space!!

» np(up) is not localized and hence not suitable for adaptive
mesh adaptation.

Idea: Estimate 7, (uy,) by a localized computable upper bound!

M. Ohlberger A posteriori error estimates and adaptation
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»Localized upper bound for the Poisson problem
Consider X := H3(Q), f € L>(Q2), and B(u,v) := [, Vu - Vv. Let
Xy := {v, € X|vy|r € PK(T)VT € T} and uy, € X, solution of

B(un, ¢n) = (f, ¢n) Yon € Xy
Then, the following upper bound holds true
1/2
IR(un)llx < €D nr(un)?)
TETh
with the local error indicators nr(uj,) defined through
1
nr(un)* = hlIf + Dunl iy + 5 > Vup - nllls):
SeaT\oQ

Here, [Vuy, - n] denotes the jump of the normal derivative across S.

M. Ohlberger A posteriori error estimates and adaptation
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»Localized upper bound for the Poisson problem

Proof. By definition of the residual, we have

Runl(@) = [ Vun-vo—fo= 3 [vun-o—fo

TeT),
> /—(Au,, +f)¢+/ Vuy - ng
ret, T ar
With R[up](¢n) = 0 Ve, € Xy, we thus obtain

Runl(@) = Rlusl(®) — Rlunl(6n) = Rlup)(& — én)

= —(Bup + )6 — ) + 2 [Vun - n)(6 — én)
TEZTh ‘/T ' ' 2 Segaﬂ /5 ! !

<X hellBun + fllel 1 5-6 = énllea
TET) T
S0 S NSl a6 = énlliss-
TET, = Sear\on

M. Ohlberger
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» H*-interpolant

The result now follows by choosing ¢, as an H*-interpolant of ¢ and
corresponding interpolation error estimates.

Theorem (H} interpolation)

Let T denote a regular grid of a polygonally bounded domain Q2 and
Xy = 5’;’0 C H(R2). Then, there exists an interpolation operator
Iho € L(H5(2),Xh),
such that for all v € H(Q2) we have
llv — /h,oV”Lz(Q) < Ch||vvl|L2(Q)7

IV~ oWy < VW)

Furthermore, with the trace theorem, it holds
IV = TnoVll2(5)< c(h(r)—1/z||v — oVl h(T)?||V (v — Ih7ov)||L2(T))

M. Ohlberger A posteriori error estimates and adaptation
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Theorem (A posteriori error estimate)

For the solution u and the FE approximation uy, of the Poisson
problem, we have

IV (u = up)llizi@) < Kl [R(un)l |-y < € nn(un).
with
mn(un) = nr(up)
TeT

and the local indicators nr(uy,) defined as

mr(un)? = h(TRIF + Buplfogry + 2h(T) S || [Vu-n]||]
SCaT\oQ

12(s)’

M. Ohlberger A posteriori error estimates and adaptation
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» Efficiency of the localized error estimate

Question: Did we loose efficiency through the localization of the
residual?

Goal: Derive a localized lower bound of the error in terms of the
error estimator!

M. Ohlberger A posteriori error estimates and adaptation
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» Cut-off functions for localization

Lemma (Element bubbles)

Let T denote a d-dimensional simplex in R9 and \i(x),i = o, ..., d the
barycentric coordinates of x € T. We define the element bubble function
Yr:RY— Ras

br(x) = { ¢ [T Mx), ifx €T,

0, else,

with ¢, == (d + 1)9**. Then < satisfies

1. supp 'I,ZJT - T’ ¢T|T € ]P)d+l(T)’ 0< wT <13, meaTXwT(X) =1,
X

. d+1
2. [;Ur(x)dx = cq|T|, with cg := d!((fﬁz)! )

3- IV¥rlliery < myllrlliary-

M. Ohlberger A posteriori error estimates and adaptation
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» Proof.

With the definition of ¢r we have ¥r|gr = 0, i.e. supp ¢y C T.
Furthermore, ¢7|r € P4+ (T) and o < +r is clear from the definition.
Because of the symmetry, the maximum of 7 is attained at the center of
gravity of T which yields with the definition of ¢,:

1

"/}T(Xs) = Co(m

)t =1
The second property now follows:

Jor=@ 0% [0 xa0ax = @+ Ao

The third property can be obtained with a scaling argument. O

M. Ohlberger A posteriori error estimates and adaptation
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» Cut-off functions for localization

Lemma (Face bubbles)

Let T, T' denote d-simplices in R® with face S = T N T" and let \i(x),i = o, ..., d,
N (x),i = o,...,d denote barycentric coordinates of x € T, x € T'. Let the
enumeration of the nodes be such that a, and a;, are opposite to the face S, i.e.
Xo(X) = M5(x) = 0 Vx € S. We define the face bubble function ¢s : RY — R as

[T, N(x), ifxeT,
Ys(x) = o I, N(x), ifxeT,
0, else,
with ¢, := d. Then s satisfies
1. suppbs C TUT, s|r € PU(T), os|r € PUT'), 0<eps<1, max s(x) = 1,
XETUT

~ . ~ d
2. [sbs(x)dx = E41S], with &g := %,

3- ||V1Z’5||L2(TUT') < ﬁHwTHLz(rur')'

M. Ohlberger A posteriori error estimates and adaptation
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Lemma (Local lower bound by the element estimator)

Letuy € S}, , denote the linear FE approximation of the Poisson problem.
forTeT andf € L?(Q) we define the average

o
=1 /Tf(X)dX-

Then the following estimate holds

nr(un) < c||V(u = un)lliqmy) + Z h(TIIf - frolliagrys
T ew(T)

where w(T) is given as w(T) := Ur.crjrar—s T

M. Ohlberger A posteriori error estimates and adaptation
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» Proof.

The proof will be split into three steps.
First step: Local bound of the element residual by the error.

Second step: Local bound of the jump residual by the error.

Third step: Global lower bound by summing up local contributions.

M. Ohlberger A posteriori error estimates and adaptation
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»1. Step: Bound on h(T)||f + Aup||2(r)
up being piecewise linear, we have

IIf + Aupllizry = NIfllezry < IF = Frlleeary + Ifrllz(ry-
With the element bubble 1r we get

callfrlizm = calfr P17 = Ifr 2 / r = / (Fr) .

With vy := fryr it follows

iy = [fvr= [Fi+ [ =

As vy vanishes on 9T, we further get

o:/Auth:/Vuh-VvT:/VuhonT.
T T Q

M. Ohlberger A posteriori error estimates and adaptation



'
- Institute for
_ vwvzstrmsclr : " ﬁi:ﬁrg Science Computational and
ILHELMS-UNIVERSITAT Applied Mathematics

MOUNSTER

»1. Step: Bound on h(T)||f 4 Aup||>(r) (cont.)
In addition, we have [, Vu - V¢ = [, f¢. Thus with ¢ = vr:

/TVu-erz/QVu-VvT:/Qﬁ/r:/vaT.

Using this relation, we obtain
Cd||fT||fz(T) = /Vu : VVT — /Vuh . VVT + /(fT _f)VT
T T T

/V(u —up)-Vvr + /(fr —f)vr
T T
IV (U= un)ll IVl ry + I = Frllianllvelliz -

IN

M. Ohlberger A posteriori error estimates and adaptation
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»1. Step: Bound on h(T)||f 4 Aup||>(r) (cont.)

With the properties of the bubble function, it holds
IVvrllzry = IVl —h(T)|fT|||¢T||L2

FrlIT[2 = s sy

< (4
- h(D) W

and

WVrllagry < frlllrllagry < IFITIZ = (Ifrllegry-

M. Ohlberger A posteriori error estimates and adaptation
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»1. Step: Bound on h(T)||f 4 Aup||>(r) (cont.)
From

Cd||fT||fz(T) < [V(u- Uh)||L2(T)||VVT||L2(T) +If = fT||L2(T)HVT||L2(T)'

we hence obtain

C
il < (eI = )l + I = Fllom) Wl

It thus follows after multiplying with h(T)/(callfr|l,2(r))

AT Iflliqry < (90 = ) llagry + BODIF = Frllisgr) )

M. Ohlberger A posteriori error estimates and adaptation
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»2. Step: Bound on h(T)*2||[Vup - n]||s2(s)
We proceed similar to the first step and define
Vs = [Vuh : H]Z[Js.

With the properties of the bubble and [Vuy, - n] being constant on S, we
get

1
Ve Ml = [Tun-nPIS| = 7 [Tuy P /5 ¥s

= ;/[Vuh - n)vs.
Cd Js

In addition, with w(S) := T U T’ we have for the exact solution

stZ/ﬁ/sZ/VU-VV_s: Vu-Vvs.
w(S) Q Q w(S)

M. Ohlberger A posteriori error estimates and adaptation
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»2. Step: Bound on h(T)*2||[Vup - n]||2(s) (cont.)

On the other hand, it holds

/Vuh.Vvs = / Vuh-Vvs:/Vuh‘Vvva/ Vuy - Vs
Q w(S) T /

/ Yuy - nvs +/ Vuy - nvs = /[Vuh - n]vs.
ar ar s

Altogether we thus have

Call[Vun - nll|Ezs) = / Vup - Vvs = / V(up —u)-Vvs +/ fvs
w(S) w(S) w(S)

< NIV = tn)lli sy IV Vslliz sy + ey Vsl sy -
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»2. Step: Bound on h(T)*2||[Vup - n]||2(s) (cont.)
With the properties of the bubble function, we further have

IV un - nl114s]] sy < VR - nlllw(S)12

= I[Vup - llliz(s)|SI /2 w(S)[2 < ch(T)2([[Vup - 1]l|ix(s)

1Vs]l2 sy

and

IV Vsl 2 ((s)) (s < ch(T) 2 (|[Vup - nlll2(s)-

< sl
In these estimates we have used the regularity of the triangulation 7, i.e.
W@ =ITuT|<clT|,  |T| <c|S|h(T).
Using these estimates we obtain for the jump residual
h(T)2\I[Vup - il < cllVU = tn)lles)
+h(T)IFll 2y + 1Fl 2 rry)-
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»3. Step: Global lower bound

With the local bounds from step one and two, we get by summation

m(n) < (D)l +eh(T)> 3 ||[vuea]l[ o
SCoT\OQ
< (U9 = un)llory + AN = frlliagr)
e > (V@ = unllagusy + A UAlaq + 1Fllar)
T'NT=S
< (119G = un)llory + BN = frlliaqr)

+¢ D IV =ty +¢ Y AT = Frllagy:

T'NT=S T'NT=S

With the definition of w(T) this yields the result. O

M. Ohlberger A posteriori error estimates and adaptation



'
- Institute for
_ VWVES"MISCJ : " (I:l;z:ri?\:;: Science Computational and
ILHELMS-UNIVERSITAT Applied Mathematics

MOUNSTER

> Adaptive schemes based on error estimates

Let us now suppose that we are given a localized error estimator of
the form

|t — upll* < mn(un)® == mr(un)?
TeT

Goal: Define an algorithm, such that for a given tolerance TOL the
computational grid is constructed such the error satisfies

llu— uyl||*> < TOL.

M. Ohlberger A posteriori error estimates and adaptation
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Definition (Equal distribution strategy)

LetQ c R9, 75, TOL > 0, and © € (o, 1) be given.
EQUALDISTRIBUTION(7,, TOL, ©)

1 U =%

2 repeat

3 [un, mn] := FEM(T)

4 if nn > TOL

5 then

6 forT €T

7 do (compute marks)

& ifnt > 2

9 then M;,(T) := MARKREFINE
10 else if n; < @%

11 then My,(T) := MARKCOARSEN
12 T := ADAPT(M;, T)

13 untily, < TOL
14 return (7, up, mp)
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»Equal distribution strategy (cont.)

If convergent, the equal distribution strategy results in a
triangulation 7 with a FE approximation uy and an error estimator
np such that n, < TOL. This is done in such a way that the local
error indicators ny, T € T are approximately all of the same size.
In particular from

2 o T0L?
=Ty
we get by summation over all elements
TOL ToL?
= < =#(T = TOL>.

TeT TET
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» References

The material that | have presented so far is classical and can be
found in several text books, e.g.

[AOoo] Ainsworth, M. and Oden, ). T.
A posteriori error estimation in finite element analysis.

[Verg6] R. Verfurth.
A review of a posteriori error estimation and adaptive
mesh-refinement techniques.
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»Outline

Error control and adaptivity for numerical multiscale methods
Linear elliptic multiscale problems
Nonlinear elliptic multiscale problems
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> Multiscale Problems / Homogenization

Example: Catalyst layer of a fuel cell
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» Numerical multiscale methods

Multiscale methods aim at approximation of multiscale problems,
also for problems where there is no homogenization theory!

We distinguish two kind of approaches:

1. Methods that approximate the macroscopic behaviour (u,),
e.g. Heterogeneous Multiscale Method (HMM), ...

2. Methods that approximate the full fine scale solution,
e.g. Multiscale Finite Element Method (MFEM), ...

Concerning HMM, we refer to the review article

[E, W.; Engquist, B. et al. Heterogeneous multiscale methods: a review. Commun.
Comput. Phys. 2 (2007), no. 3, 367-450. |

Concerning MFEM, there is a recent book:

[Efendiev, Y.; Hou, T. Multiscale finite element methods. Theory and applications.
Surveys and Tutorials in the Applied Mathematical Sciences, 4. Springer, 2009. ]
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» Elliptic multiscale model problem

-V - (A(x,x/e)Vu®) =f inQ,

u®- =o on 09Q.

We suppose A(x, y) 1-periodic in y and ¢ << diam2.

Goal

» Robust discretization for ¢ — o with ¢ independent complexity
» A posteriori error estimate and self adaptive scheme

[|u® = unl[ < nun, ) + Ry

M. Ohlberger A posteriori error estimates and adaptation
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» Classical Homogenization Result

There exist u®, A°, such that u® — u® weakly in H3(Q2), A*Vu® — A°Vu°
weakly in L2(Q)? fore — o, and u° is a solution of the homogenized
problem

V- (A°Vu°)=f inQ, u’® =0 ondQ.
Furthermore, the homogenized Matrix A°(x) is given as
#5100 = [ A+ X [ Acen)V6) - V00,
k.l

where x} € Fl;#(Y) is a solution of the cell problem

/ A, y) VX, - Vi = / A, y)eVo, o€ Hy(Y).
Y Y

M. Ohlberger A posteriori error estimates and adaptation
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> Two scale convergence (see [Allaire ’92])

A sequence uc € L*(Q) is two scale convergent to a limit
Uo € L2(Q2 x Y), if for any function ¢ € D(2; C37)(Y)) it holds

lim/QUE(X)QS(X,E)dx:/Q/Yuo(x,y)gb(x,y)dxdy.

€—0

Theorem (L2-Compactness)

Let (u¢). denote a bounded sequence in L>(2). Then there exists a
limit function u, € L*(2 x Y) such that a subsequence of (u).
converges two scale against u.

M. Ohlberger A posteriori error estimates and adaptation
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Definition (Two scale homogenized equation [Allaire *92])

A pair (u°,u*) € Hy(Q2) x L>(2; Fl;#(Y)) is called the two scale
homogenized solution of the multiscale problem, if it satisfies

//MmO(wwm+wwmmwww+vam
QJy

=Amwm,vwwe%mwfmﬂym.

Theorem (Two scale convergence)

Let u® € H*(Q2) denote the solution of our elliptic homogenization
problem. Then u¢ converges two scale to u, and Vu€ converges two scale
to Vxuo + Vyu, where (u°,u*) € Hy(Q2) x L*(; I:I;E(Y)) is a solution of
the two scale homogenized equation.

M. Ohlberger A posteriori error estimates and adaptation
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> Two scale convergence: error estimate

From the two scale convergence of Vu‘ to Vyus + Vyu, itis clear
that uo(x) + eus(x, %) should be an approximation of u. To make
this more precise, we have the following error estimate.

Theorem (Error estimate [Hoang, Schwab ’03])

IfAis regular enough and u, € H*(Q2), then it holds

X
[lu® — (u°(x) + eut(x, g))||H1(Q) < Cye.

M. Ohlberger A posteriori error estimates and adaptation
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>Numerical multiscale methods
Let look at the following class of problems

V- (Ax)Vu") =f in Q,
u* =o on 0f2.

For the time being we make no further assumptions on A¢. Thus ¢
is only a parameter that indications fine scale fluctuations.
Goal

» Robust discretization with € independent complexity.
» The formulation of the method should not rely on periodicity.
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> Heterogeneous Multiscale Method [E, Engquist 03]

Notation
D
Xj
T
T =ATjli € J} Sp = {Kili € I}
Vi = {Un € Hy(Q)| Unl;; € P} W (Y7) = {un € Hy(Y7)| unlk, € P}

M. Ohlberger A posteriori error estimates and adaptation
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»Heterogeneous Multiscale Method

The HMM approximation Uy € Vjy is defined as a solution of
Au(Un, @) = (f, Pn), Yoy € Vy

where the discrete bilinear form Ay is given by
An(Un, ®p) = quk / £ (X)VR;(Un) (%) VR (®1)(x) dx,
JEI ke,

with Az |, := A%(y,) for all K; € Sp(Y¢),! € O; and the local
reconstructions R;($y) € ®y + W™ (Y}) for given functions ¢, € V/, and
quadrature points x, are defined as solutions of the local cell problems

[ A OVRAOE) - Vionlo) dx = 0, Vion € WP(K).
Yk

M. Ohlberger A posteriori error estimates and adaptation
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» Notation

Sketch of the quadrature points x, € T; and shifted unit cells Y,f
(left), and notation for a corresponding partition of 7; (right).
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> A priori error bound

Theorem (E, Ming and Zhang ’03)

Suppose Uy is the HMM approximation where the fine scale cell
problems are solved exactly and u® the exact solution of the
homogenized elliptic problem. Then, if u® € H?, the following
estimate holds

|[u® = Upllm@) < C(H +¢).
Problem: In the proof the error is split into

16 = Unl] < [|u® = URIl + [|Uf — Unl|-

This procedure is not possible for a posteriori type estimates!!

M. Ohlberger A posteriori error estimates and adaptation
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» Setting for a posteriori error analysis

We know how to derive a posteriori error estimates for a
variational setting

A(u,v) = f(v).

Question: Can we recast the HMM in a variational framework!

Ansatz: Try to use the variational framework of the two scale
homogenized equation!

M. Ohlberger A posteriori error estimates and adaptation
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» Periodicity assumption

Let us suppose that
AS(x) =A(x,%), A(x,y)Y — periodiciny.

Ae Wh>e(Q ; Y)witho < ca <A(x,y) < CaV(x,y) € Q x Y.
Polynomial orders of the approximations spaces = m =1
Use one—point quadratures, i.e. {(|T;[,x;)} forall T; € T,
{(|Ki|, yi)} forall K; € Sp, x;, y; centers of gravity!

Choose ¢ = ¢ and replace Aj : Q — R in the definition of Ay
and R;(®y) by

vV v v Vv

v

Ale'l ’xf(Ki)(X) = A(Xj’ )’

i.e. we use numerical quadrature on T; x X7 (Kj).

M. Ohlberger A posteriori error estimates and adaptation
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»Heterogeneous Multiscale Method (periodic)

The HMM approximation Uy € Vj is defined as a solution of

Au(Un, ®n) = (f, ), Yoy € Vy
where the discrete bilinear form Ay is given by

AH(UH7 cDH) = Z|El‘y[Y?Ah(X,X/E)VRj(UH)(X)'VR,‘(CDH)(X)C'X

j€l

with Au(x,y) |7 <k := A(x;, ¥;) and the local reconstructions
Rj(®Pn) € ®y + Wy'(Y7) are solutions of the local cell problem

/Y A X[)VARAP)(X) - Vapn(x) dx = 0, Vipy € WE(Y).

M. Ohlberger A posteriori error estimates and adaptation
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Lemma (Reformulation of HMM [Ohlberger, MMS 2005])

Define fine scale correction Ky(Uy) € V(; WE(Y)) of Uy through
KnUn) W)l = 2 Ki(Un(E V), Ki(Un) = Ry(Un) — Un
Then, (Un, KCn(Un)) € Vi x V5(S; Wi(Y)) is a solution of
[ Ay) (Tun00 9, Un) ) (T5000)+ V() ey
= [ Fo0®ut0 Y (@ron) € Vi x L(Q W)

where A, : Q x Y — Riis given by Ay(x,¥)|r.xk = A(X;, ¥i)-

M. Ohlberger A posteriori error estimates and adaptation
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In the periodic case, HMM can be seen as a direct
Finite Element Approximation of the two-scale
homogenized equation with quadrature!

Standard numerical analysis techniques can be applied,
as we are now in a nice variational framework!

M. Ohlberger A posteriori error estimates and adaptation
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» Proof of the reformulation Lemma
We deduce from the discrete cell problems for all ¢, € Wi (Y7)

/ AR Vx(Un(x) + R (Un)(X) = Un(x)) - Vixon(x) dx = o.

As Uy €V}, VxUy is constant on each simplex T; which yields after
substituting x = X (y), and using the definition of K;(Ux),

X (y)
[ A LN 04) + VAU ) - Taonlf () = ey =

Using the definition of K,(Uy) and defining g, € W;(Y) as
@n(y) = ten(ey) we get

e [ o T 0nt) + 90, T 90T

)dy =0

M. Ohlberger A posteriori error estimates and adaptation
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» Proof of the reformulation Lemma (cont.)
,(y)

As the integrand of this equation is Y—periodic and =y+ 2 we get

the following orthogonality relation
Ed/Yf‘\h(X/’}’)(VXUH(X/) + VyKn(Un)(X;, ¥)) - Vy@n(y) dy = o.

Furthermore, from the definition of UH and A, we deduce in the same way

/f X)PH(x Z|T|/ vaH(Xi)+vyKh(UH)(X/’ Xfiy)))
jel
(Vns) + ¥ (@m0 cly

/Q / A, V) (VxUn(0) + VK (Un) ()
(T2 @u(x) + VK (On)(x,)) dy dx.

M. Ohlberger A posteriori error estimates and adaptation
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» Proof of the reformulation Lemma (cont.)

/ F®u() = / / A, Y)(TaUn(X) + VK (Un) (.9))
Q QJy
(Va®H(x) + VK (1) (x,y)) dy dx.

Using the orthogonality relation, we are allowed to replace Ky ($y) by
any g, € L2(; Wi(Y)). This yields

/ FX)Ou(x) = / / An(%,y) (VeUn(x) + Yy Kn(Un) (x. )
Q QJy
'(VXCDH(X) + VyQOh(X,)/)) dy dx.
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»Variational formulation

Definition (Bilinear forms A, A, and residuals)

Let us define A, Ay : (H3(Q) x L*(Q: F(¥)))* — Ras
A((W, %), (#,9))
= /Q/YA(X, y) (VX\IJ(X) + Vyo(x, J/)) . (de)(x) + Vy(x, y)) dx dy,

An((V,9), (0, ¢))
= / /Ah(X, y) (VX\II(X)+VV¢(X,y)> . (qu’(x)-f-vygo(x,y)) dxdy.
aly

Define the residual Res, : H5(R) x L*(Q; H(Y)) = Ha"(Q) x L2(Q: A, (Y)):

(Resn(W, ), (®,9)) == Ap((¥, %), (#,¢)) — (£, ®)o.

M. Ohlberger A posteriori error estimates and adaptation
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»Variational formulation (cont.)

With the definition of the bilinear fgrms A, Ay, the exact two scale
solution (uo, u;) € Hy(€2) x L2(2; Hy(Y)) and the HMM approximation
(Un, Kn(Uy)) € Vi x V5(Q2; Wi(Y)) can be written as solution of

Ao, ts), (9,9)) = (F.P)a V(P ) € Hy(Q) x L2(2; Hy(Y),
An((Un, Kn(Un), (P, 0n)) = (f, Pu)a V(Pu, ¢n) € Vi x Vig(S2; Wi(Y)).

Note that for the residual Res,, it holds

<Resh(UH,/Ch(UH)a (¢H7‘Ph)> =0 Y(Pu,pn) € Viy x V(2 Wy(Y))

M. Ohlberger A posteriori error estimates and adaptation
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Theorem (A—posteriori error estimate)

Sete® := u° — Uy, €' := u' — Kn(Uy). Then the following error estimate holds:

1/2 1/2
IVxe® + Vy€'{|zxv) < G (an) + Cz( > ﬂﬁ)
j€l (,)€E(Th)

+G (Z Z 77/,1k> v + G (ZC/?)I/Z ate (ZZC/?) v
jel (i,k)€E(Sh) jel jel i€l
The local indicators are defined as

no= Hllfulleg,

2 .

o m L (5 ) o]
L = Y2 .
e = (e, o,
G = Hllfu = flleay,

Gi = |[(An = A)(VxUn + VyKn(Un)lli27, x k) -
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» Sketch of the proof

Lemma (A posteriori error identity)

The error satisfies the following a—posteriori error identity for all
(P, on) € Vi x L2(S; Wy(Y)) and all (P, ) € Ho(2) x L*(Q2; Hy(Y)).

A((eo7 el)v (¢7 90)) = _<Resh(UH7 Kh(UH))a (¢ =Py, 0 — ‘ph»
+  An((Un, Kn(Un)), (®, ) — A((Un, Kn(Un)), (¥, ¢))-

Proof. With the variational formulation and the definition of e°, e* we have
A((e°,€),(0,9)) = A((u°, u'), (®,0)) — A((Un, Kn(Un)), (®, )
= (f,®)a — An((Un, Kn(Un)), (®, ¢))
+An((Un, Kn(Un)), (@, 9)) — A((Un, Kn(Un)), (@, #))
= —(Resp(Un, Kn(Un)), (®,¢)) + (Resy(Un, Kn(Un)), (Pn, ¢n))
+An((Un, Kn(Un)), (®,0)) — A((Un, Kn(Un)), (®,)). L

M. Ohlberger A posteriori error estimates and adaptation
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» Sketch of the proof (cont.)

Corollary (Abstract a posteriori error estimate)

[[Vx€® + Vye'||z@axy) < Co " inf) . sup
a ST £ (P, ) € Hy(Q) x L*(Q HY(Y)),
Vh X BE@WO) 19,0 + Vyollz@xy) = 1

{[ Resn(Un. Kn(Un)). (@ = @, 0 — n))|
[0 (U, K (UR)), (9,0)) = AU, Kn(Un)), (@, 0))] }-

Proof. Using duality and uniform ellipticity of A we get

cal|Vxe® + Vye'||izaxy) < sup A((€°, e"), (@, 9)).
(9, ) € Hy(Q) x L2(2 Hy(Y)),
[IVx® + Vyeollziaxyy =1
Together with the error identity and taking the infimum with respect to (®x, )
this yields the result!
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» Sketch of the proof (cont.)

The proofis now concluded by localization and using estimates of
appropriate H* interpolation operators, i.e.

Lemma (Error estimates for H* interpolation)

Let us denote by Iy, : L2(Q) — V} and ]y : L>(Y) — Wi(Y) the Clément
interpolation operators. Furthermore, let us define

Iy - L2 L2(Y)) = L2(; WE(Y)) as lnp(x, y) := Ta(o(x,))(y), forallx € Q.
Then, the following estimates hold for all ® € H*(Q) and ¢ € L*(%; FI;E(Y))

|® = ®llizy < GHT|IVx® |2 ()
/2
||¢ - IH¢||L2(5;[) < C/zH;[ ||VX¢||L2(w5ﬂ)7
lle = holleaxy < Cuhkl|Vyollz@sw,
lle = Ihellizaxs,y < C/4h;;{2||Vy<P||L2(Tst,.k)-

M. Ohlberger A posteriori error estimates and adaptation
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» Further results

Theorem (Lower bound on the error)

T (2 0, T )

(.N€EE(TH) JEI (i,k)EE(Sh)
/ /
< (Ve + Vel + () + (236) )
jel je) iel

Theorem (A—priori error estimate)

Let us assume (u°, u*) € H*(Q2) x L*(S2; H3,(Y)). The error (e°, €')
then satisfies the following a—priori error estimate

IVxe® + Vye'|liziaxyy < C(H + h).

M. Ohlberger A posteriori error estimates and adaptation
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>Numerical experiments

Quasi one dimensional periodic problem
We start with the following model problem [Hoang, Schwab ’03]

—V-(AVE) = f(x) inQ:=(0,1)?
u* = o onlp:={o} x(0,1)U{1} x (0,1),
AX)Vu® = o only: =02\ Tp

with
> flx) =—1,
> A%(X) = ao(x1)ax(2),
> do(X)) =1+ Xq,
> ai(y:) = 2/3(1 4 cos?(2myy)).

M. Ohlberger A posteriori error estimates and adaptation
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Quasi one dimensional periodic problem

B
B X B %
2 =
% L.
w5 % =
& -

Coarse computatlonal grids for the macro and micro scale (left),
HM-FEM solution (middle) and solution of one of the cell
problems (right).
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»Numerical experiments

Quasi one dimensional periodic problem

>
»
b4
»
»
»
»
>
»
»
»

Local distribution of the error indicators. Macroscopic indicator
(left), macroscopic distribution of the microscopic indicator
(middle), microscopic indicator on one of the micro cells (right).
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>Numerical experiments

Quasi one dimensional periodic problem

-0.078

[P—

u0
u_macro

-0.08
-0.082 |-

-0.084 |-\

ux)

-0.086 [

-0.088 |-

L L L L L
.3 0.35 0.4 0.45 0.5 0.55 0.6
x

Exact solution u fore = 0.1, homogenized solution u°,
and solution of the problem with a, = 1.
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>Numerical experiments

Quasi one dimensional periodic problem

-0.078 .
[ W
u_macro
: hmfem, 512 el, eps=0.1
0.08 | fem, 512 el, eps=0.1 -
-0.082 -

0084 [\

ux)

-0.086 -

-0.092
03

L L L L L
0.35 04 0.45 0.5 0.55 0.6

Comparison of the HM-FEM solution with the standard finite
element solutions on a coarse macro grid with 512 elements.
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>Numerical experiments

Quasi one dimensional periodic problem

-0.082 T T

uo
hmfem, 512 el, eps=0.1 ——
-0.083 hmfem, 2048 el, eps=0.1 ------- fi
by hmfem, 8192 el, eps=0.1 -
-0.084 -4\
0085 %

-0.086 -

-0.087 |-

ux)

-0.088 |-

-0.089 -

-0.09

-0.091 |-

-0.092 . L L L .
03 035 04 045 05 055 06

Convergence study of the HM-FEM solution on successively refined
grids.
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>Numerical experiments

Quasi one dimensional periodic problem
Convergence of Uy and KCp,(Un)

| H [ U= tlle@ | U= Mz | (IVxUn =)z [ v ]
273 0.000614 0.000874 0.027522 0.168951
274 0.000527 0.000397 0.013717 0.084631
273 0.000390 9.19e-05 0.006837 0.042386
27¢ 0.000397 2.02€-05 0.003423 0.021217
277 0.000416 4.59e-06 0.001733 0.010614
L h/e | [IKn(Un) — tllz@xn | [IVy(Kn(Un) = WD)llz@xn | m |
272 0.000166 0.025736 0.125887
273 5.75€-05 0.017562 0.078639
274 1.53€-05 0.009240 0.042547
27° 4.01e-06 0.004617 0.021551
27¢ 1.05e-06 0.002308 0.010817

M. Ohlberger A posteriori error estimates and adaptation
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>Numerical experiments

Quasi one dimensional periodic problem

Convergence of the error indicators ny and 7y,

’ H ‘ ||Vxeo —|— Vyel||L2(Q><y) ‘ ’I’]H + 'I’]h m EOC(’I]H + ’I7h)

273 0.053259 0.294838 5.53596

274 0.031279 0.163270 5.21975 0.853
275 0.016077 0.084933 5.28283 0.943
27¢ 0.008040 0.042768 5.31934 0.999
277 0.004041 0.021431 5.30343 0.997
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>Numerical experiments

Two dimensional problem with corner singularity

Define the non-convex domain Q as

Q:=(0,1)*\ ((0,0.5)% 4 (0.5,0)").
Let A, f be given as in the previous example. We then look at the

problem

V.- (AAX)Vu) = f(x) inQ,
u- = o on 0.

M. Ohlberger A posteriori error estimates and adaptation



'
- Institute for
— — \WESTFALISCHE @ Center for Computational and

Applied Mathematics

WILHELMS-UNIVERSITAT Nonlinear Science

MOUNSTER

>Numerical experiments

Two dimensional problem with corner singularity

0,000

0,003

-0.006

-0.009

-0.012
-0.015
-0.018
-0.021
-0.024
-0.027

= -0.030

Adaptive macroscopic grid and adaptive HM—finite element
solution.
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Two dimensional problem with corner singularity

6.50E-02 R — 1, /0-04
I 5.856-02 = I 1.536-04

5.206-02 1.366-04
4.556-02 1.196-04
3.906-02 1.026-04
3.256-02 8.506-05
2.606-02 | 6.80E-05

[
1.956-02 5.106-05
1.306-02 3.406-05
6.506-04 1.706-05
0.00E+0C 0.00E+00

Distribution of the error indicators ny (left) and n, (right)
on a uniform macroscopic grid.
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>Numerical experiments

Two dimensional problem with corner singularity

Comparison of the isolines of HM—finite el-
ement solution (black lines) with the exact
solution of the two dimensional problem for
e = 0.1 (gray lines).
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>Numerical experiments

Two dimensional problem with corner singularity

. \\\j\\\
|
/ — / M’/;

"

Comparison of the isolines of HM—finite el-
ement solution (black lines) with a stan-
dard finite element solution fore = 0.0001
(gray lines).
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»Nonlinear elliptic multiscale problems

[Henning, Ohlberger 2011]

V-A°(x,Vu.(x)) =f(x) in Q,
u.(x)=o on 0N).

where we assume uniformly in x:
» A°(x,-) is strongly monotone,
> A(x, ) € (H*>(R))? and
» A°(x,0) = o.

Note: With further assumptions this can be generalized for’A" (x, u.(x), Vi (x))!

M. Ohlberger A posteriori error estimates and adaptation
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> Nonlinear elliptic multiscale problems

Assumption (Continuity and monotonicity of A)

We assume that there exist two constants 0 < o < 8 < oo such
that uniformly vx € Q:

(AE(X,gl) _Ag(xa 52)751 - 52)2 Oé|£1 - £2|27
JA“(x, &) — A(x, &)| < Blé — &| and
A¢(x,0) = o.

— These assumptions guarantee existence and uniqueness
of the nonlinear problem!!

M. Ohlberger A posteriori error estimates and adaptation
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Definition (HMM for monotone elliptic problems)

Find uy € Vy with

Z |T| ][AE (VRT(UH)) Vo = /qu)/-/ Vo, € Vi,
%

TeTy
where Rr(uy) € uy +W,(Y4) solves

/ A° (VRT(UH)) -Vop, =0 Vop € Wh(Y;i) C leaer(Y?)'
v

Q

M. Ohlberger A posteriori error estimates and adaptation
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»Analysis beyond the periodic setting

Definition (Applicability of the HMM)

We say that HMM is applicable, if

R i B
E‘mH!;,rEO\|UH uliz(q) = o,

Goal: Derivation of an a posteriori error estimate which only
assumes applicability.

Note: From homogenization theory it is clear that HMM is
applicable in the periodic setting (see e.g. [Allaire *94, Wall ’98])

M. Ohlberger A posteriori error estimates and adaptation
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Find uy € Vy

S 171 £4° (VRr(en)) - V@ = [ fo.
We need an analytic reference solution! 77 "7 “

» Setting for error estimation

Periodic setting

If period = e and § = ke, k € N5, then we know:

uy — u° strongly in H*(Q).

What can we do in the generalized setting?
Non-periodic setting

uy —7? strongly in H(Q).

M. Ohlberger A posteriori error estimates and adaptation



- Institute for
_ azsm&uscuu : " ﬁs:lt;::: Science Computational and
ILHELMS-UNIVERSITAT Applied Mathematics

MOUNSTER

Definition (Coarse scale limit problem)

Let us define u¢ € H*(Q) as a solution of
/ A°(x, V(X)) - Vi d(x) dx = / FR)®() dx Yo € FA(Q).
Q Q

where the effective diffusion coefficient A° is given as

A°(x,€) = ][ A by, 4+ 5,000 () .

8

The image O(¢) under O : RY — [2(Q. H!(V)) is given as

/Y A (x+ 6y, €+ Y,0()(x,y)) - Vo) dy = 0 o € FE(Y).

M. Ohlberger A posteriori error estimates and adaptation
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» Coarse scale limit problem

Theorem (Convergence of HMM)

Let uy denote the HMM approximation. We than have

Uy i S strongly in H*(R2),

Goal: Derive a posteriori error estimate of the form

Juy — ulli2) < nn(unm)

M. Ohlberger A posteriori error estimates and adaptation
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Theorem (A posteriori error estimate)

||UH — Ucllfz(Q) < Z H ||fHL2(T) + Z 777' UH) + 77 pp(uH)

TeTh TeTy
+ > HIE(uw)+ > (u @
Eer(TH) TETH

where 17" /n'e denote approximation/residual error indicators.
For dy € Vy(Q), the local approximation error indicators are defined by
PP (@) = | /V el (y) (A5° = AD7) (v K Pyxr) + 5 Qp(@)xr, 9)) dylifary and
PP (o) = || /V (A% = 45°0) (s B Plxr) + 5 Q@) (x7, 1) Y172 7y
The local residual error indicators are given by
g2 (0n) = B 1L [0 (A5 ° (v, %0 + 5 Qn(@n)-o 1)l ey and

e (0p) = > hz, 1457 (s Sk Py + % n(@n) g, 1727 £y)-
Ey eN(Ty(Y))/~y

M. Ohlberger A posteriori error estimates and adaptation
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Numerical Experiments
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Model Problem (heterogeneous Mikrostruktur)

1
— 10

R -
—V - A(x, Vu(x)) {m e

1 firxeQ, x> .
ux) = o auf 0Q.
with:
3
ft 18 4+ ;Xsm (40m+/|2x1])sin(9omx2) for x; < .
A(x, &) == £+ 3%'52 (3— 32) <1+ l%sm(z;om/\le sm(907rx§)> for x, € (E’B
1+ Zsin(40m/[2x])sin(90mx2) for x, > 2.

’ ! | 7 599897

M. Ohlberger A posteriori error estimates and adaptation
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Numerical results:

LH T h [ e [0 [lu=-tleeg |
272 | 275 | 0.5 | 03 5.2-10 3
272 | 275 0.1 0.2 4.7 1073
272 [ 278 [ 015 | 03 4.1-103
273 | 275 | 0.05 | 0.1 1.7-1073
273 | 278 [ 015 | 03 9.7-10"4
274 | 27% [ 005 [ 01 4.3-104

HMM error for increasing resolution of the micro
structure through combintations of h, e and 6.

LA h [ e [0 [lum—tleg | m |
272 | 274 | 0.05 | 0.1 5.1-107 3 6.0-10 2
273 | 275 | 0.05 | 0.1 1.6-10 3 1.6 -10 2 Comparison of isolines
273 | 277 | 0415 | 03 1.3-10 3 1.4 102 for exact and HMM-
2=4 [ 278 | 0.05 | 01 4.3-10 4 4.4 -103 approximation for H = 275
Comparison of error and error estimator. and s = e.

Observation: Effectivity index is approx. constant
at arround 10.

M. Ohlberger A posteriori error estimates and adaptation
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9,058

0,04
002

|

0

Exact solution and adaptively refined mesh. The refinement is
concentrated at the singularities comming from the re-entering
corners.
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> Further work

HMM for elliptic problems on perforated domains.

[Henning, Ohlberger: Numer. Math., 2009]

HMM for multi-scale transport with large expected drift

in the context of the BMBF-Project “AdaptHydroMod”
[Henning, Ohlberger: Netw. Heterog. Media. 2010]
[Henning, Ohlberger: J. Anal. Appl. 2011]
[Henning, Ohlberger: submitted to MMS, 2011]
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»Outline

Model reduction and multiscale methods
Reduced Basis Methods
A new reduced basis DG multiscale method

M. Ohlberger A posteriori error estimates and adaptation
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»Reduced Basis Method for Evolution Equations

Goal: Fast “Online”-Simulation of Complex Evolution Systems for
e Parameter Optimization

e Design Optimization Wu up (-1, p)
e Optimal Control
e Integration into System Simulation
Ansatz:
e Reduced Basis Method (RB)
dim(WN) < d|m(WH) !

Classical references:
notation RB [Noor, Peters *80], initial value problems [Porsching, Lee *871],

method [Nguyen et al. ’o5], book [Patera, Rozza ’o7],
http://augustine.mit.edu, http://morepas.org

M. Ohlberger A posteriori error estimates and adaptation
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» Model Reduction: Reduced Basis Method
Goal: Find c(-,t; ) € L*>(Q) fort € [0, T], u € P C RP with

orc(p) + Lp(c(p)) =0 inQx[o,T],

plus suitable Initial and Boundary Conditions.

Assumption: ~ FV/DG Approximation cy(p) € Wy for given Parameter p

Ansatz (RB): Define low dimensional Subspace Wy C Wy
and project FV/DG Scheme onto the Subspace
—> RB Approximation cy(ut) € Wy.

Requirement: e Efficient Choice of Wy (Exponential Convergence in N)
e Offline—Online Decomposition for all Calculations
e Error Control for ||cy(pe) — en(1)]|

M. Ohlberger A posteriori error estimates and adaptation
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> Model Reduction: Reduced Basis Method

Assumption: FV/DG Scheme for Evolution Equations

k
¢y = Pleo(p)], LI () lel™ ()] = LE()[eh(p)] + 0¥ (n).
with time step counter k and cf(u) € Wi.

RB Method: Let WN C Wy be given, {¢y, ..., on} @ ONB of Wy

Sought: cj(p) = Zan(u)wn with Lf(p)a“t" = LE(p)a* + b*(p)

n=1
where

k L k k L k
(L (11))om = /Q elf(Wlon)s (L)) = /Q onlb(18) om)].
@°(p)n = /Q Plco(i)lpn,  (b*(e))n := Qsonbk(u)-

M. Ohlberger A posteriori error estimates and adaptation
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» Offline—Online Decomposition

Goal:

Constrained:

!

!

All Steps for the Calculation of cy(p) and

for the Calculation of the Error Estimator are

split into Two Parts:

e Offline—Step: Complexity depending on dim(Wy)
e Online-Step: Complexity independent of dim(Wpy)

Affine Parameter Dependency of the Evolution Scheme
k,
W] = o L1 ol(w)
dependingonx dependingon p
Precompute offline: (L;(’q)nm = f(p,,L;"q[gom]
Q

Q
Assemble online:  (LK(1))om == > (Lf T )amof (1)
g=1

M. Ohlberger

A posteriori error estimates and adaptation
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» Example: Convection-Diffusion Problem

orc(p) + V- (v(p)c(p) — d(p)Ve(p)) =0 in Q x [0, Tmax],

c(-,0ip) = co(p) inQ,
C(IJ') = bdir(ﬂ') in gy x [07 7-max]a
(V(M)C(V’) - d(ﬂ)vc(ﬂ)) ‘N = bneu(U; H) in Mpey X [0, 7—max]-

Discretization by Finite Volumes = cy(p) € Wh.

M. Ohlberger A posteriori error estimates and adaptation
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Parameter:

e |nitial Data

e Boundary Values

e Diffusion Parameter

daasice 1

Possible Variations of the Solution:

e

M. Ohlberger A posteriori error estimates and adaptation
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CPU-Time Comparison for a Convection-Diffusion Problem:
Discretization: 40 x 200 Elements, K = 200 time steps

time dependent data constant data
Reference | RBonline | RBoffline || Reference | RBonline | RB offline
implicit 155.945 16.67S 447.165 45.675 1.025 2.41S
Factor 9.44 44.77
explicit 105.97S 16.53S 437.20S 1.51S 0.79S 2.315
Factor 6.41 1.91
Discretization: 80 x 400 Elements, K = 1000 time steps
time dependent data constant data
Reference | RBonline | RBoffline || Reference | RBonline | RB offline
implicit £4043.185 143.57S 8693.90S 924.915 6.18s 9.225
Factor 28.27 149.66
explicit 2758.20S 134.00S 8506.60S 17.41S 3.645 8.83s
Factor 20.58 4.78
M. Ohlberger A posteriori error estimates and adaptation
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Tr, Iy Tk, \

@ @

Iy

[Schaefer 2010]

7
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» Primal Problem: Thermal Conductivity in a Block

Thermal Conductivity in a Block

—V-(aVu) =f (),
aVu-n=o0 (Tw),
avu-n=n(gg —u) (Tr),

with
a(x) == K1X[o0,0.3)x[0,0.2] (x) + K2X[0.3,0.6]x[0,0.2] (x) (xeQ),
f = 191XW1 + 192XW2 (Q)7
1 = ThXrg, + M2XTg, (Tr),
gR = QuXrs, + Q2XTy, (Tr)-

M. Ohlberger A posteriori error estimates and adaptation
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» Parameters

Parameters to be optimized:
» thermal conductivities k4, k5
» heat transfer coefficients n,, 1,
Parameters that are kept fix:
» outside temperatures ay, a,
» temperatures ¢,, ¥, of heat sources W,, W,

M. Ohlberger A posteriori error estimates and adaptation
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»A Simple Optimization Problem

Define

>/( ) Z[ 1”/’
P = K, fl2 = Koy g = Ty [y = 12,
> Q= [o 03) [o oz]cQ,Q2 =Q\ Q,

> Ti(k) = Jo, u
Then, the optimization problem reads as follows:

Find * = argmin
I gﬂepl(u)
s.t. T/(M) < Ti,max (i =1, 2)a

for some bound Trmax := (To,max, To,max) € R2.

M. Ohlberger A posteriori error estimates and adaptation
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» Optimization Results

B &8 8 8 8

.315,.218,.100)

B 8 8 8 3

(b) p = (.624,.624,.166,.166) () u = (.316,.848,.100, .217)

Figure: Reduced simulation results for the optimal parameters (grid with
7500 cells): @) Tmax = (35,50), b)Tmax = (35,35), ©) Tmax = (50, 35)
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» Comparison of Overall Runtime

T runtime [s]
max detailed reduced
(35,50) 338.96 65.24 ] 034
(35,35) 179.71 -/0.22
(50,35) 283.38 -/0.39
> =802.06 | > =66.19

Table: CPU time for different bounds Tpax.
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> A Posteriori Error Estimates [Haasdonk, Ohlberger’08]

Definition: Residual of the FV/DG Method at Time t*

R (wlen] = (L[ ()] — L(wIch()] - (1))

Theorem: A Posteriori Error Estimate in L>°L?

k—1
() = cli()ll < D At (Ce) ™ IRF () ew(w)]

I=0

M. Ohlberger A posteriori error estimates and adaptation
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» Sketch of the proof

Let us denote e* := cf; — cf. The definition of the residual and of the exact
evolution scheme yields

L;( [ek+1]

LETug™] = Lus™)
AGRY + LE[un] + b — L™
= ARRT 4+ LE[uf] — LE[uf).

Thus, the error satisfies the evolution equation
Li[e""] = AR + LE[€].

The representation of L¥ = /d + AtLK and the positive definiteness of LK imply
[[(L5)~]| < 1. Thus, with continuity of the operators we obtain

k- k1 k- k k k- k
€1 < 1L (2 IR+ ILEIITEM) < AtelIR| + Celle¥| .

Resolving this recursion yields the proposed a posteriori error estimate. O

M. Ohlberger A posteriori error estimates and adaptation
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» A Posteriori Error Estimates [Haasdonk, Ohlberger ’08]

Theorem: A posteriori error estimate in weighted energy

norm

k—1
llew(p) = cu(w)llf < m (ZO: Atllli”“[CN(u)]llz)

with weighted energy norm

k
, o
IVIE == VI | D At 4 vVI)),

j=1

Here o denotes the coercivity constant of L,
C := ((1 — C3)¥/? +-1)/2 and (¢ is the continuity constant of LK.

M. Ohlberger A posteriori error estimates and adaptation
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[Haasdonk, Ohlberger ’08]
Idea: e Construct WN as the span of Snapshots cy(u), u € D C P.

e Use Error Estimator for an efficient Choice of the Snapshots
with Guaranteed Error Control on a Training Set.

e Reduce VIN/N to Wy with Principal Component Analysis (PCA).

Goal: Exponential Convergence in N!

Preliminary Result: Convergence in N for Train

ing and Test Sets

Training Error Estimator Convergence Test Error Estimator Convergence

10
B PCA-fixspace o e PCA-fixspace [M| = 3
s oLy L= max-err—snapshol T IR R PCA-fixspace [M] = 5
£ . PCA-fixspace [M] = 9
7 7
i i
& s
I} i
£ £ 107
H 5
£ E
= =
3 s
s - s

10° 10°

0 50 100 150 0 50 100 150
Size N of Reduced Basis Size N of Reduced Basis
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»Adaptive Basis Enrichment  [Haasdonk, Ohlberger’08]

Basis Enrichment Algorithm: Fixed / Adaptive Training Sets

ESGREEDY(®Po, Mirqin s €10l Myals Prol)

1 O =Py

2 repeat

3 p* = arg MaX L € Myyqin Ap, ®)

4 FA(L™) > e

5 then

6 @ 1= ONBASISEXT(uy (™), ®)
7 b= U {p}

8 €= MaXyemy Ap, ®)

9 pi=maxyem,, Alp, ®)/e

10 untile < g5 01 p > pyy
11 return , e
12

Here, M denotes a Partition of the Parameter Space,
and V(M) are the Vertices of M.

M. Ohlberger A posteriori error estimates and adaptation
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»Adaptive Basis Enrichment  [Haasdonk, Ohlberger’08]

Basis Enrichment Algorithm: Fixed / Adaptive Training Sets

ESGREEDY(Po, Mirain €to1> Myal> Ptol) RBADAPTIVE(®o, Mo, €01, Myal; Pror)
1 D=, 1 &= g, M 1= M,
2 repeat 2 repeat
3 W= argmax gy e myy, Ak, ) 3 Mirgin = V(M)
4 iFA(LY) > 4 [®, €] := ESGREEDY(P, Mygin, t01»
5 then 5 . Myats Ptor)
6 @ = ONBASISEXT(uy(pe*), ®) 6 ife > ep
7 P =0 U {p} 7 then
8 € 1= max A, ) 8 7) = ELEMENTINDICATORS(M, ®, £)
L EMipgin S =
) 9 M := MARK(M, 1)
9 p = maxpem,, Alu, ®)/e 10 M = REFINE(M)
10 untile < g5 01 p > pyy 11 untile < g4y
1 return ®, 12 return ¢

Here, M denotes a Partition of the Parameter Space,
and V(M) are the Vertices of M.

M. Ohlberger A posteriori error estimates and adaptation
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[Haasdonk, Ohlberger’08]
Error Distribution for Uniform / Adaptive Training Sets

ot 10,0 ot 10g,(o(e) o 1og, )
7 s 7 -7
71 as 71 s3] 71
72 4 72 4 2
73 as 73 35| 73
74 3 EVINE 74
75 25 75 75
76 2 76 2| 76
77 15 27 15 i 77
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79 o3| 78 05 79
PR s O,
o 0z 04 os o8 1 o 0z 04 08 08 1 o 02 04 os 08 1
. test estimator values decrease max test estimator over training time
10

& —+— uniform-fixed 4% —+— uniform-fixed 4°

8 w* =*="uniform-fixed 5° o =*=uniform-fixed 5°

8 uniform-refined 2 E} uniform-refined 2

= ® .

T w0 uniform-refined 3° s uniform-refined 3*

5 —— adaptive-refined 2 g | —— adaptive-refined 2

g o -*= adaptive-refined 3* E 0 -*= adaptive-refined 3*

7 8

g b4

bt 7

g ¢

10°]

g £

E 107

3 -]

E T

10" 10
o 50 1% 150 0 5010w 1500 2000 700 30003500
num basis functions N training time
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Idea:

Ansatz:

M. Ohlberger
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Nonlinear Science

[Dihlmann, Haasdonk, Ohlberger ’10]

Construct a reduced model with prescribed error tolerance
and an upper bound for the dimension of the reduced space.
Parameter domain partition and construction of independent
reduced spaces in the parameter sub-domains.

adaptive training set + adaptive p—-partition
1 : : :
frenlier{ Sartaior=ond Someiasipal Sttt 01
09
8797 - 91031 @ .
08 i TS
- - 008
07 | I :: Siandenda?
i E 007
el 91 @ 103 @
5 HESEE SR Ot 006
H
g 05
] 005
o
H
o 0.04
= 003
02 002
01 001
i
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» Adaptive Parameter Domain Partition

ADAPTIVEPARAMPARTITION (Mo, &to1; Nimax)
1 M:= M,,®(e) :=0fore € E(M)
2 repeat

3 fore € £(M) with ®(e) = 0

4 do &, := INITBASIS(€)

5 Mrain := MTRAIN(e)

6 n(e) == o

7 [®(e),e(e)] := EARLYSTOPPINGGREEDY(P, Mirgin, £to1, D, 00, Nmax)

8 ife(e) > el

9 thenn(e) :=1,d(e) ;=0

0

1 Nmax = MaXece (M) 77(3)

11 if Nmax > 0

12 then M := MARK(M, n)
13 M := REFINE(M)

14 until yme = 0
15 return M, {®(e),e(e)tece(m)

M. Ohlberger A posteriori error estimates and adaptation
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» Evaluation of the Online Efficiency
Etest,max Etest,av tsim reduced
no p-domain partition 1.08 10" 1.17-10° 2 1315
fixed p-domain partition 1.01-10* 1.44 - 102 0.804 S
adaptive p-domain partition 4.85-10"2 | 4.62-103 0.804 S
adaptive p-domain partition & training set 2.06-10"4 | 7.90-10"° 0.756 S

, (max) test-error over online simulation time
10 T T T T T T T T

= ® =no P-partition

+=%=fixed P-partition

—— adaptive P-partition

—— adapt. P—partition + adapt. M train

(maximal) test error
=
S

see also
o 1 hp certified RB approach
[Eftang et al. ’10, ’11]

10* L L L L L L L L
0.5 1 15 2 25 3 35 4 45 5

(average) online simulation time [s]
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»How to treat nonlinear problems?

Current approaches

» Polynomial nonlinearity: Use multi-linear approach
—> higher order reduced tensors
[Rozza o5, Jung et al. 09, Nguyen et al. ’09]

» Non-affine parameter dependence: Use classical empirical
interpolation of functions
[Barrault et al. ’o4, Grepl et al. 07, Canuto et al. ’09]

» Question: How to deal with general nonlinear problems?
-> Discrete Empirical Interpolation [Chaturantabut, Sorensen ’10]
-> Empirical Operator Interpolation
[Haasdonk et al. ’08, Drohmann et al. ’10]

M. Ohlberger A posteriori error estimates and adaptation
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»How to treat nonlinear problems?

Current approaches

» Polynomial nonlinearity: Use multi-linear approach
—> higher order reduced tensors
[Rozza o5, Jung et al. 09, Nguyen et al. ’09]

» Non-affine parameter dependence: Use classical empirical
interpolation of functions
[Barrault et al. ’o4, Grepl et al. 07, Canuto et al. ’09]

» Question: How to deal with general nonlinear problems?
-> Discrete Empirical Interpolation [Chaturantabut, Sorensen ’10]
-> Empirical Operator Interpolation
[Haasdonk et al. ’08, Drohmann et al. ’10]
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> Empirical Interpolation of Explicit Operators

Reduced Basis Method for Explicit Finite Volume Approximations
of Nonlinear Conservation Laws
[Haasdonk, Ohlberger, Rozza ’08], [Haasdonk, Ohlberger’09]

A Simple Model Problem

re(p) + V- (ve(uH) =0 inQx[0,T], p e [1,2]
plus suitable Initial and Boundary Conditions.
pu=1 = LinearTransport

uw=2 = Burgers Equation

M. Ohlberger A posteriori error estimates and adaptation
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> Numerical Results
Initial values: co(x) = 1/2(1 + sin(2mx,) sin(27x;))

. Solution att=0.3 .
Linear Transport Burgers Equation

- O W W ™ i —

M. Ohlberger A posteriori error estimates and adaptation




- Institute for
= A WESTFALISCHE Cent.er for . Computational and
WILHELMS-UNIVERSITAT Nonlinear Science

—

MONSTER Applied Mathematics

» General Framework

Nonlinear Equation

Ac(p) + Lule(m] =0 inQx [o,7],

i () = cf(p) — AtLE(p)[cf(p)]-

Problem: Non-Affine Parameter Dependency
Non-Linear Evolution Operator
Idea: Linear Affine Approximation through Empirical Interpolation

Ly ()l ()] (x) = Zym(c 4, t€)&m(x)
Ym(c, 1, ) —Lk( )[CH( )1(xm)

M. Ohlberger A posteriori error estimates and adaptation
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> Empirical Interpolation of Localized Operators
Idea: Construct a Collateral Reduced Basis Space Wy, that
approximates the space spanned by LK (p)[cK ()]
Ingredients: Collateral Reduced Basis Space:
Wi = span{L{" (um)[cfr (tm)]|m = 1,..., M}
Nodal Collateral Reduced Basis:
{EnM_ = Wy = span{&ulm =1,...,M}
Interpolation Points:
{xi e, with &m(xe) = Om
Empirical Interpolation:

IulLfy(p)leck(m)]] = Z Ym(c, b, t€)em(x)

Offline: Collateral Basis {&,}M_, and Interpolatlon Points {xn }M_
Online: Calculate Coefficients ym = LK () [cK (1)) (Xm)
— Localized operators for H-independent point evaluations

M. Ohlberger A posteriori error estimates and adaptation
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»Local Operator Evaluations and RB Scheme

Local Operator Evaluations in the Online-Phase require:
1.) Local reconstruction of cf from coefficients ak
2.) Local operator evaluation: y, = LK (1)[cK ()] (Xm)

Requires Offline: Numerical subgrids, local basis representation

RB Method: Galerkin projection of interpolated scheme

| (64700 = chto) — ATt )cl) 0. Vo € W

Offline-Online decomposition analog to the linear and affine case!!

M. Ohlberger A posteriori error estimates and adaptation
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>Numerical Experiment

Iterpolaton points/DOFS
1 150

Empirical Interpolation: -

Mmax = 150 interpolation points - P

Translation symmetry detected ZZ f,f -FJ 50
test error B :

Test error convergence:

Exponential convergence for
simultaneous increase of N and M

error

M. Ohlberger A posteriori error estimates and adaptation
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>Numerical Experiment

Comparison of Online-Runtimes

Simulation Dimension Runtime [s]  Gain Factor

detailed H=7200 20.22

reduced N=20, M=30 0.91 22.2
reduced N=40, M=60 1.22 16.6
reduced N=60, M=90 1.55 13.0
reduced N=80, M=120 1.77 11.4
reduced  N=100, M=150 2.06 9.8

M. Ohlberger A posteriori error estimates and adaptation
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» Extension to Nonlinear Implicit Operators

[Drohmann, Haasdonk, Ohlberger 2010]

Evolution Equation

duc() + Lule] =0 inQx [o,T],

Mixed Implicit - Explicit Discretization
(1d + At L (p))les™ ()] = (1d — At LE(w)[chy(m)]-

Problem: Non-Affine Parameter Dependency
Non-Linear Evolution Operators

LK involves the solution of a non-linear System
Ansatz: Newton’s Method and

Empirical interpolation for the linearized defect equation

M. Ohlberger A posteriori error estimates and adaptation
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Newton’s Method and Empirical Interpolation

Define the defect dff T .=kttt
Solve in each Newton step v for the defect

(Id + At ()™ 1™ = (1d — At L ()™ ] + (1d — At LE(p))[ch]

and update

Cllfl—i—l,u—i—l k+1,v + dllfl+1’y+1'

Here Ff is the Frechet derivative of LK.

Problem: F," has Non-Affine Parameter Dependency
Lk and L& can be treated as before!

M. Ohlberger A posteriori error estimates and adaptation
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» Empirical Interpolation for the Frechet Derivative

Empirical interpolation for L

M
IulLf()leull = Y vim(cli, 1) &m-

m=1

Empirical Interpolation for Ff

H M m
TulFF () chlvl:= > Oiym(ck, m)Vi €mézz Oy (ks )Vi -
j=1m=1 ierm=1
Properties:
o7 C {1,...,H} is the smallest subset, such that equality holds
= card(7) = O(M), since L is supposed to be localized!
e (vj)icr can be evaluated efficiently in case of a nodal basis of Wj.

M. Ohlberger A posteriori error estimates and adaptation
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»Resulting RB Formulation of one Newton Step

Ansatz: c’,f,”’(x) =SV ak¢n(x), (ak¥: coefficient vector)

(Id + At G A[ckT™"]) (@7 + — ak+iv) — RHS(ak 17, ak).

~
::dk+1v"+1

Thereby the matrices A[cy], G are given as

M

_ o ‘ _
(Alew])m,n == Zalym(CN,ﬂ)Wn(Xl% Gn,m : /QfmSOn

i=1

with a corresponding offline-online splitting.

M. Ohlberger A posteriori error estimates and adaptation
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» A Posteriori Error Estimate

Definition: Residual of the approximated FV/DG Method

AR (1) fen] = (1d + AtT [L())] [ | = (1d = AT [Le(w))] [on']

Theorem: A Posteriori Error Estimate in L*°L?

k—1 M+m’
lleh (k) = cli(mll< D Cf‘"“CE“(H > at(vin (en'*, )= vh (o', 1) ) &mll

i=o0 m=M

N 4 [[R (1) [en] 1)

M. Ohlberger A posteriori error estimates and adaptation
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>Numerical Experiments

Model Problem: Porous Medium Equation

Ore(b) + o A(cH () = o inQ x [0, 7], p € [1,5] x [0,0.001] X [0,0.2]

plus suitable initial and boundary conditions.

. . H3+0.5
Nonlinearity: 15404
pn,>2 = adiabatic flow H3+0.3

o 0.2

p, =2 = isothermal case Hat
p3+0.1
m, =1 = lineardiffusion s

w3 dependent initial data

M. Ohlberger A posteriori error estimates and adaptation
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»Reduced solutions for various parameters
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a) Selected interpolation DOFs
1 T T T T
200 0.8 - -
100
0.2 |+ -
o L L L L
o 0.2 0.4 0.6 0.8 1
b) Selected parameters during CRB generation ¢) Selected parameters during “POD-greedy”
T T T T T T T T T T
02~ + @ © o ® + @ - © - 02 ® o e @ o . * -
. . . . . . . .
8 . e . .
I o1 - I o1 -
2 o v e e . . £ .
1 1
- o 0 o o - . . o o
6
o,~.i..oo--, 0*'.6....' 4
I | I I I I | | I I
1 2 3 4 5 1 2 3 4 5
=p =p
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»Error Decrease

a) El error decrease

Computational and

Center for Institute for
Nonlinear Science Applied Mathematics

maxl"/GMtrain 77(/-"')

10t T T

I
£
S
o —2 i
&= 10
(<]
—
(%]
S
o
=

1075 ‘ :

(o} 100 200

CRB size m

b) “POD-greedy” error decrease

10° \ E
1071 E
1072 o
1073 ‘ ‘

o 20 40
RB size v
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»Averaged Runtime Comparison
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Simulation Dimensionality Runtimel[s] Error
Detailed H=22500 605.66 —
Reduced N=15, M=75 5.01 4.93-103
Reduced N=30, M=150 7.14 1.73-10 3
Reduced N=40, M=200 8.27 8.53-10 4
Reduced N=50, M=250 9.78 7.59 - 10 4

Gain Factor about 60 - 120
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» Comparison of Error and Estimator

a)“True” error for POD-greedy(w’) b) Estimates for POD-Greedy(w’)
= 10 'g ¥ B
g F “M/:OO” H ;
5 [ / 1 [l
,L 102 E -———-M=1 £ 10t E H
2 S U M=20 | B E i
S o3k W|e M=s0 | .3 F ]
g g g 1072 E
ol - ] F ]
3 1074 E - .
3 E 1073 B
£ | | = | | f
o] 20 40 (o] 20 40
Basis size: v Basis size: v
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» Error Estimator Efficiency dependent on M’

11

efficiency x

60 80 100
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’
[DHO ’11]

adaptation no. of bases ¢-dim(CRB) @-runtimels] max. error

no 1 350 6.79 5.88 - 104

yes, Cmin = 5 11 223.09 4.06 5.80 104

yes, Crmin = 1 26 198.42 3.38 5.75-10 4

(@)

200

100

CRB size

300

200

100

CRB size

M. Ohlberger

max interpolation error

100 200 300

CRB extension step
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»A new localized RB-DG multiscale method
with Bernard Haasdonk and Sven Kaulmann
Goal: Multiscale nroblem for two nhase flow in porous media:

=V (A(s)kVpS) =g,
0S¢ — V- A°(u¢, s, Vs) = f.

First step: Consider the pressure equation as a problem
depending on a parameter function A = A(x. t):

=V - (AkVPp(A) = q,

= Apply ideas from the RB-framework!!
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> General Idea (see also [Aarnes, Efendiev, Jiang 2008])

Idea: Find a small number of representative fields
{pi,i =1,...,N}, such that for all admissible parameter functions
A there exists a smooth. non-linear mapping S with

1PAX): %) = S(Pas . Pw)()]] < TOL,
Ansatz: Define mapping S through

5(p1;---,pN)(X) = Za/ ()pi(x)

If the coefficient functions a;(x) are assumed to be piecewise
constant on a coarse mesh, this leads to our new method.

M. Ohlberger A posteriori error estimates and adaptation
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»RB-DG multiscale method
O = {oh .. o b ok € Spi(F), - o
Wy = {vw € L(Q)| vwlr € span(®r),
VF € Zy}.
h

For given A, we define p,%,‘ € Wy as a solution of the RB-M-DGM

BDG()\;p,\),‘, VN) = L()\; VN) Vvy € Wy.

with
Bpg(A;iv,w) = AkVv - Vw — {AkVV - ne}[w] — {AKVW - ne}v] + [v][w],
o ) Py > > .
L(\;v) = v+ < v — AkVv - n) dap-
FéH/ 2 / el? ’

M. Ohlberger A posteriori error estimates and adaptation



- Institute for
_ VWVES"MISCJ : " (I:l;z:ri?\:;: Science Computational and
M:)L:::&S' NIVERSITAT Applied Mathematics

»Theorem: A posteriori error estimate

Ip* = palloa < IIR(eA) — Pallos + D, nE(R(pA))

Fezy
+ > nS(R(PA)) + Y n5(R(PA))
ecl ec=g

where R(p;) denotes a higher order reconstruction of py and the indicators are
given as

O = U7 Ok9lor+ 6 (S 4 h) 3 (el
B ' eCOF
BE = (Gt h) SR I RVE 1) o,

e COkZ
#O = ¢ (5 4 he) e - gl
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» Adaptive basis construction for Wy

Given: Miqin 1= {)\ i € lyain}, @ tolerance A, a maximum basis size Nmax and a

POD-tolerance Apgp.

Generate basis ¢ of Wy:

0.

w

4.

Set d_ 1, b_ 1,F := O forall F € Zy and choose Ao € My for the construction of
an initial basis.
Let a basis ®,_, = UFez,., by 1, and a parameter function A\, be given. Perform

detailed simulation to obtain ph* and define preliminary basis extension ¢, F € Zy
by ¢f := p;"‘|F,VF € Zy. Add @f, F € Zy to the basis <T>,<,17F and obtain <T>k7F,
S = Urez, PrrF-
Compute offline-parts of the DG scheme and of the error estimator for the current
basis ®y.
Compute reduced solutions pﬁ forall A\ € M, using the current basis. Then
evaluate error estimator for all these solutions and find the parameter function
Aka1 € Mirain With largest error.

If N < Nmax and if the error bound for the reduced solution ka“ is larger than A,

continue with Step (1) with A, from Step (3).

Else Apply POD with accuracy Apgp to &Dkf on each coarse cell F € Zy and obtain the
reduced orthogonalized local bases ®¢ and the global basis ¢ = UFGZH [OFR
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>Numerical Experiment

—V - (AkVpS(A)=0  onQ =Jo,10]?

with

€ 2 2 X1

k‘(x) = 5(1 +Xx1)(1 + cos (271':),

Alx) = S iS(X) + M f: Fen kemSn (X)Sm(X)

T n )

Mo o UL ——
Ns

S(x) = Z nSn(x) with Ns = 3 and S,(x) given.
n=1

+ suitable Dirichlet boundary conditions.
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» Simulation results

Contour plots of fine scale solution Difference between fine scale and re-
(solid lines) and reconstructed re- duced solution. Coarse triangulation
duced solution (dotted lines) for u; =  (black) with number of reduced basis
0.85, o = 0.5, 3 = 0.1 (|7p] functions |®f| (|7T,] = 2048/32768,
32768). respectively).
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ZL'hi ghdim tlowdim ZL'recous rel.
Fact
7l N (s) (ms) (ms) AL error
2,048 82 0.19 8.54 36.78 4 4.74e—4
8,192 80 2.59 9.93 151.4 16 6.44e—4

32,768 80 22.58 12.24 545.3 40 7.59e—4

Averaged runtimes over 125 simulations: high and low dimensional algorithms
(thighdim @nd tiowdim); the reconstruction (frecons) and mean relative errors
(lpn = plliz/llpalc2) for different grid sizes.
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Thank you for your attention!
Software: DUNE, DUNE-FEM, RBmatlab

http://www.wwu.de/math/num/ohlberger

http://morepas.org
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