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1 Introduction

On the one hand, Two-Scale Numerical Methods have exhibited good behaviors for simula-
tion of problems where strong oscillations arise (see: Ailliot, Frénod & Monbet [1], Frénod,
Mouton & Sonnendrcker [4], Frénod, Salvarani & Sonnendriicker [6] and Mouton [10]). On
the other hand, Asymptotic Preserving Schemes, based on a Macro-Micro decomposition,
have exhibited good behaviors to simulate phenomena which are modeled by a singularly
perturbed equation (see: Degond, Deluzet & Negulescu [2], Degond, Deluzet, Sangam &
Vignal [3], and Lemou & Mieussens [9]).

Tokamak Plasma Physic and Beam Physic are concerned by both strong oscillations
and singular perturbation (see Frénod & Sonnendriicker [7, 8] and Frénod, Raviart & Son-
nendriicker [5]). Hence, it is cleaver to investigate for those physical questions ways between
Two-Scale Numerical Methods and Asymptotic Preserving Schemes. This is the topic of
this Cemracs Project.

The following Vlasov equation, set in a bi-dimensional position-velocity space,

afe 1 afe . afe B
8t+608r+(E 5) ov =0,
LOUE) _ ety pfr) = [ S5 m0)do, (1.1)
r  Or R

fe(t = 07T7U) = f07
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where f¢ = f¢(t,r,v) for t € [0,T), r € RT and v € R, is a simplified model for a beam in
a focusing channel.

The goal of this project is to test on this model Two-Scale Asymptotic-Preserving Parti-
cle In Cell Discretization, or TSAPPIC Discretization, before going further on more complex
equations of tokamak plasma physic.

2 Recalling Asymptotic Behavior of the Model when ¢ — 0

In [6], it was proven that under suitable assumptions,

f¢ Two-Scale converges to profile F € L>([0,T] x [0, 2x]; L*(R?; rdrdv)), (2.1)
E° Two-Scale converges to & € L=([0,T] x [0, 2x]; W'3/2(R; rdr)), (2.2)

and that
F(t,r,r,v) = G(t,cos(T)r — sin(7)v, sin(7)r + cos(7)v), (2.3)

where G = G(t,q,u) € L>([0, T]; L>(R?; gdgdu)) is solution to

2
oG + / —sin(o) &(t, 0, cos(o)q + sin(o)u) do oG
at ' Jo dq
+ cos(o) E(t,0,cos(o)q + sin(o)u) do v 0, :
0 u
G(t=0) = fo,
with £ given by

185;"5) = Y(t,7,r) = / G(t, cos(T)r — sin(r)v, sin(7)r + cos(t)v) dv . (2.5)
r Or R

3 Two-Scale Macro-Micro Decomposition : Preliminaries

Equation (2.4) and computations that follow involve mappings:

(r,v) = (q,u) = PH(r,r,v) = (77;(7', r,v), P (1,7,0)) = (3.1)
(cos(7)r — sin(7)v, sin(7)r + cos(7)v),
(¢,u) = (r,v) =P (1,q,u) = (P (1,q,u), P, (T,q,u)) = (3.2)

(cos(T)q + sin(7)u, — sin(7)q + cos(T)u) = Pt (=7, ¢, u).

Writing

(GoPH)(t,7,7,v) = G(t,cos()r — sin(7)v, sin(7)r + cos(7)v), (3.3)



the solution f¢ is sought in the following form:

fa(ta T?U) = (GOP+)(t7 E,?",’U) +€(G§ OP+)(t? g’ra U) - 5l(t’ £7T7U)7
€

ok® oks  t oke  t
+ E(t ga r, U) =+ Uﬁ(ta ga T, U) - T%(t, gy T, U)? (34)

where G is the function linked with the Two-Scale limit F of f€ by (2.3) and where [ is the
function such that

(l © p_)(t’ T? q7 u) = l(t7 7-7 P’I"_(T7 q’ u)773’[}_(7-7 Q7 u))

T 2
= (/ —sin(o)&(t, 0, P, (0,q,u)) do — T/ —sin(o)&(t, o, P, (0,q,u)) d0> 080
0 0 q
T B 2 B oG
+ cos(o)E(t, o, P, (0,q,u))do — T cos(0)E(t, 0, P, (0,q,u)) do B
0 0 u
(3.5)
By construction
0 0 0
+ _ e
(GoP )6Ker<87_+var TBU)’ (3.6)
0 0 0
£ + K 7 .
(GioPT) € er<a 5, r(%)’ (3.7)
ks | Ok* Ok o 9 9 o 9 9\\"
I T 2} = (Ker [ £ 402 .
or "Var Tow € m<a AT Tm) ( er(a AT m)) (38
(3.9)
and it is obvious to see:
o 9 9\\" o 9 9
le (Ker <0T+ (%“_rﬁz;>> =Im (é?T—I_U@r_T(%)' (3.10)
In what concerns initial data, it is gotten:
f6(07 T, U) = fO(Tv U)
ok® ok* ok*
_ € or ar e
= G(0,r,v) +eG7(0,7,v) + 57 (0,0,7,v) +v 5 (0,0,7,v) —r 5 (0,0,7,v), (3.11)
which implies
- k;€ 1> k&‘
eG5(0,r,v) + o7 (0,0,r,v) +v o (0,0,r,v) —r » (0,0,7r,v) = 0. (3.12)



4 Weak Formulation with Oscillating Test Functions

Writing a weak formulation of (1.1) with oscillating test functions

() = () (6%,v) = 0(t, 5x,v) (41)

where ¢ = (t, 7,7, v) is regular, 27-periodic in 7 and with compact support on [0, 7] x R?
for any fixed 7, which reads:

T 00y 100 1 O o 0
/0 /RQf <(8t) +E<E) +EU(E) +<E >(8v)>dtdrdv
2/ fow(0,0,.,.,) drdv, (4.2)
]R2

taking (3.11) into account, gives

/ (GoPry <81/’) i(g‘f)wl (8—1”) + (e —E)(af)>dtdrd@

R e A T N s
—s/ AQ(Z)€<()E+2(§f)E+1(Zf) (E )(gf))dtdrdv
e (GG = iGoy)

<( e 1(011}

) (50 +§ (2 +<E )(8¢) >dtdrdv

or ov
—/ fov(0,0,.,.,) drdv. (4.3)
RQ

Integrating by parts the first term of (4.3), using the initial condition for G given in
(2.4) and using the change of variables (r,v) — (q,u) = Pt (t/e,r,v), we get:

/ (G o Pty ( w) i(?ﬁ)%&(?ﬁ)%(ﬁ )(?ﬁ))dtdrdv

R2
_/O /R <_</0 —sin(o) (EoP; (o, .,.)) do )6 (/O%cos(a)(gopf( ->)d0>gj

0
+ (Efo 77[)5( — sin(z)((;j + cos (t)zG )> (v o P7)%dtdgdu

+/ (0,0, drdv.  (4.4)
]R2



Making something similar for the second term gives:

. aw L1, 10 o
/ (G5 o P (875) ~(50)° +gv(§)+(E 6>(av)>dtd1~dv

RQ
_ GGE ey . t BGE EaGi .
_—5/ /R?< P ( sm(g) 94 —l—cos(g) 50 )>(¢ P~ )edtdgdu

+5/ G50, ) (0,0, ) dgdu  (4.5)
RQ

Concerning the third term, noticing

a(l;f) (gi P7)+ (= sin(r)q+cos(r)u )(27{077 )+ (— cos(T)gq —sin(T)u )(gl oP”)
_(SZOP )+PU(T,.,.)($OP)—PT(T,.,.)(;Z} P7), (4.6)
we obtain:
! € 8'¢ € 1 6w € 1 61/} € € r 61/} €
[ Lo (G2 +gu<5> (- D) O )
/ /RQ< 8l) +U(§i)€+(6E€_r)(§i>E> ()edtdrdv, (4.7)

Making here again change of variables (r,v) — (q,u) = Pt (t/e,r,v), equality (4.7) becomes

T o o o
—/0 /RZ<€(6tOP)+(aTOP)+’U(aTOP)

+ (E(EE oP ) — 77;) (gi o 73)5> (v o P7)%dtdgdu

//R< *"7’ <W>E+€<E50Pr)€<;iop)€><¢op)€dtdqdu,
(4.8)

where we used (4.6). Beside this from (3.5) we get,

o 27
6087?) - <— sin(7)(€ o P )(T,-,.)) _/0 —sin(o)(E o P ) (o, .,.) do‘> 87(]

+ <cos(r)(5o7>;)(7,.,.)) —/0% cos(a)(gopg)(a,.,.)da> L)



Injecting this in (4.8) gives the following form to the third term of (4.3):

/ /M( iif) +iv<?f)€+(Ea €>(2¢)>dtdrdv

/ /Rg (5 —oP~ <—Sln( WEoP ) — /O%—Sin(o)(c‘)opr)(a,.,.)dg> (?;;

+ (cos( WEoP, ) /027r cos(a)(Eo P )(o,.,.) da) %

+e(E°o Pr)g(gql) o 77)5> (1 o P7)%dtdgdu. (4.10)

Using (4.4), (4.5) and (4.10) in (4.3) gives:

//R< </0 ol )(507);(0""))‘1‘7)%j‘(/O%COS(U)(5073r_(a,.,.))da>g§

oG t.0G

+ (E° 0777)5( sm(t) 34 +c (5)8u ))(wop)gdtdqdu—i—/ﬂw fov(0,0,.,.,) drdv

_5/ /R <8GE _)5(—sn(8)8§; +cos(t)8acf )>(¢o77_)€dtdqdu

3

—1—5/ G7(0,.,.)¥(0,0,.,.,) dgdu

L (dgiome (~snheorry = [ —sno)E oo o)

(ethieory - [Tetore oo i) 5

+e(Efo PT)E(aai o 73)€> (¢ o P7)%dtdgdu
r k= . ok® ok?
Jr/o /R2<(3T)+v(8r) (8v)>
((?;f)a N TLLIE év(%’)e + (B 1) (Zd’) > dtdrdv

€ Ot

:/ fow(0,0,.,.,) drdv, (4.11)
R2



5 Two-Scale Macro-Micro Decomposition : Expanded Weak
Formulation

Rewriting the Poisson equation of (1.1) gives

1O(rE") /(G o PH(t, f o v)dv—i—s/
R

r or R

(G5 o PH)(1, E,r, v) dv — 5/ I(t, E,r, v) dv
9 R S

ke oke  t Ok, t
+ /]R E(t) ga T, U) + UW(L ga T, U) - TE(ta g’ T, 'U) dU, (51)

and rewriting (5.2) incorporating (3.1) yields

19(8) . 10N [ (gopey!
ror /R(G o PT)(t,T,7,v)dv and o R(GO'P )(t, 677",1)) dv. (5.2)

Hence, defining & as
Ei(t,z,v) = E(t,x,v) — (E)°(t,x,v) = E°(t, z,v) — E(t, z, T, v), (5.3)

which is obviously solution to

19(réy)
r Or

zs/(Gioer)(t,t,r,v)dv—e/l(t,t,r,v)dv
R € R €

0k® y t ke . t okt t
RE(’QT””)—FUE(’Q“U)_TE -

making the simplifications that need to be done in (4.11) yields

/ - (Ef o P, <— sm( )8G + cos (t)(?G )(¢ o P™)%dtdqdu

+

dq e’ du
8G5 e t. 0G5 t. OGS e
—6/ /]1%2( E°o P )7 (- sm(g) B4 +cos(g) 8u1 )>(¢o73 )°dtdgdu
+ € G5(0,.,.)¥(0,0,.,.,) dgdu
R2
g € —\e, O —\€
+/0 /]R?< 7073 L e(E oPT)(aoP)>(z/)o73)dtdqdu
T 8k5 akE Ok*
+/0 /R?< 87°) (81))) (5.5)

((8t)€+i(gf) +é (%) (E )(gf) >dtdrdv_0

6 The Two-Scale Macro Equation

Using in (5.5) oscillating test functions ¢ which are in Ker (% + ’u% - r%) or, in other
words, which write

U(t, 7 r,v) = (yo PT)(t, 7, r,v) = y(t, P (7,7,0), Py (T,7,0)), (6.1)



for regular functions (¢, ¢, u), and since, in this case ()oP ™) = ((yoPT)oP7) = () =y
and
1.0¢

.. 1 0P,
~(5- ) =0, (6.2)

< oy -

we get:

T
—/ (EfOP;)E(—sin(E)a—G—l—cos(t)a—G ))fy dtdgdu
0o Jr2 dq ou

OGE ey .t OGS t. 0G5
_5/ /R2< o P, )*(—sin(= )a +cos(g) S )>7dtdqdu

€ 0q

+¢e G5(0,.,.)v(0,.,.,) dgdu
]RQ

/ /R2 < )" +e(E OPT)E(gi oP)€>7 dtdgdu
/ /R < ) g Gy ) (6.3)

<(8(7;tp+))6 n E%Wf) dtdrdv = 0,

To treat the last term of (6.3), we first provide some calculations, then we make the change
of variables (r,v) — (q,u) = PT(t/e,r,v) and finally we integrate by parts in time one of

its terms,

//Rz(aks ?5) (%,j}fs))((W>E+EE(W)E)MW
= L (G e o Go)

(G-
<(87 o P+ E°(— Sm(Z)(ZZ o Pt + Cos(é)(% o 73+)8)>> dtdrdv
/ /R < ox —i—v(%]f o Pr) — r(%kj 077,,)5)
< 74 0P (- Sin(z)az + cos(i)?Z))) dtdgdu

[ LG

(E°
8k5

ok Ok
(G epry oG omry = rGeomry)

(B o Py ) (— sin(é)@ + cos(t)gu)>> dtdgdu

dq €
aka ok* oke
T Pr) +u(o-oP ) —r(5-oP )
/ / or v dtdgdu
0 R2 8t ry q
ok® oke
+/]‘§2 < 7 7 RS UW((),O,.’.’)_Ta’U (0707'7'7)> ’Y( PES) 7)dqdu (64)



Hence, using (3.12), equation (6.3) finally reads

8G5 e t, 0G5 t OGS
/ /]RZ( °oP) (—sm(g) 9 —i—coS(E) ou ))”y dtdgdu
e e 1. toG 1 t.0G
_/0 R2(81 oP.) ( gsm(g)a—q + ECOS(E)% ))’y dtdgdu

[ [
/ <(60P)5+ (EEOPT)E(aOP)E>7 dtdqdu
R2 81}

8165 Ok¢ Ok¢
Y LA R om)

R2 < T or ov

(E° oP;)E( — isin(z)gz + i ( ) ))) dtdgdu

ok _ Ok? Ok?
0 (G 0Py + oG o P (G 0P )
//RQE 5 v dtdgdu  (6.5)

which is the Two-Scale Macro Equation.

7 The Two-Scale Micro Equation

Now, in in (5.5) we chose oscillating test functions ¢ which are in Im (a% + v% — 7‘8%) ie.,

which write

Ok

K
v—(t,T,1,0) — r%

%(t T,7,0) +
b ) bl a’r

w(t7 7-7 r’ U) = 87—

(t,1,70), (7.1)

for regular functions (¢, 7,7, v). Making change of variables (q,u) — (r,v) = P~ (t/e,r,v),
the first term of (5.5) reads

. t.0G t. 0G e
/ » (Ef o P <—sm( )8q —I—COS(g)% )(woP )°dtdgdu
r . O(GoPT) ./ 0k, Ok . Ok .
_—/0 [T (G oGy =Gy Jaarau. - (72)
the second one gives:

8G€ . t 8G5 ¢ 8Gi— .
_5/ /W( E° o P, )7 ( —sin(= )8q —l—COS(g) 5 ))(woP )°dtdgdu

_ _5/ /RQ < 0G| phye 4 EE(W)E) ((g’j)g n u(z’:f _ r(g*Z)E) dtdrdv.

(7.3)



The forth one reads

N /OT /RQ <€(gi)e te <§l> )(@ﬁ) +U(%)5 - r(gZ) )dtdrdv (7.4)
and finally gives
[ L (oo =)

<(aw) MLt +§v(aﬂ)€+ (E 6) (gw) >dtdrdv

€ 0T or v
s P10k 1 0% 1 Ok
/ /RQ ( o) TG TG T ) T ey T (afav)>
Ok . Ok . 8&
«E) +U(E) —r(a ))dtdrdv

Oke okt ok*
+/RQ (87_(0’0’,’.,) +UW(O’O""7) —T&}(O,(),.,-a))

Ok Ok Ok
(aT(O7 07 . .,) + ’UE((LO, . .,) - 7'%(070, oy oy )) drdv

o f L (GG =)

1 0% . 182 1 9%k 1% . 10k ,10%
(U((Earar) —H](a 67“2) a (5 87“81)) )_T((Earav) +U(58rav) _T(&? 81}2) ))dtdrdv.
(7.5)

Taking (7.2), (7.3), (7.4) and (7.5) into account, remembering (3.12), we get from (5.5) the
weak formulation of the T'wo-Scale Micro equation:

/ / 82k5 (82k5) (32k5) +1(82k5)8+1 (8 ks) _1 (621435)
R2 8t87‘ otor Otdov g 0t e Oror OTdv

6:‘? c 8%; c 8&
(G + vy = (5 )dtdrdv
81{75 8k5 . ok .
//ﬂe<2< 8r>_r(6v)>
1 P 132 N 1% . 10% 1%
< (<5878r) —H}(gﬁ) B (587“81;) >_T<(Eafau) v (587"81)) _T(EW) ))dtdrdv

e . O(GoPT) 1,0k, Ok Ok
= [ e (G + vl = (G deardo

_ /OT /R2 <€((§i)8 +5E€(§i)€) ((%)6 +o (g:) (gv) )dtdrdv (7.6)
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8 Work Program : Towards TSAPS

Calculation verification - The first thing to do is to check the calculations just led. A
formal calculation software routine will be realized for this purpose. The routine
will be done in a way to be reusable for more complicated frameworks (4D and 6D
Vlasov-Poisson systems)

Fourier expansion in 7 - In (6.3) and (7.6), every function depending on 7 will be ex-
panded into finite Fourier sums, for instance,

Np
K(t,T,7,v) = Ko + Z ki (t,r,v) cos(kT) + ki (t,r,v) sin(kT). (8.1)
k=1

The resulting computation will be led using a formal calculation software.

Discretization - The time discretization will be done having in mind that

T
/ 1sin(é) dt = O(1) (and not O(é)), (8.2)

o € g
so that several terms with a factor 1/¢ are in fact not so great.

Two-Scale Macro Equation implementation - Once the time discretization done, a
space discretization, based on a PIC method will be led. The code developed for the
simulation done in [6] will be reused and inserted in SeLaLib for this.

Two-Scale Micro Equation implementation - This implementation will be highly linked
with computations involving the Fourier Expansion and and the discretization.

Poisson Solver implementation - There are in fact two Poisson Equations to solve :
(5.2) to get £ and (5.4) for &, (EF = (€)° + &5).

Tests - The method will be tested on several examples

e with ¢ constant over the time interval with worth 1072,

e with € constant over the time interval with worth 0.5,

e with € constant over the time interval with worth 1,

e with e varying linearly over the time interval from 1072 to 1

e with e varying smoothly over the time interval with worth 10~2 at the extremities
of the time interval and 0.5 in the middle.

e with £ varying not smoothly with worth 1072 in the first part of the the time
interval and 0.5 in the second part.

The results will be compared with results gotten with a One-Scale PIC Code. The
one used for [6] can be a good choice.
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