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Introdution
Tokamak with ylindrial symmetryMagneti �eld following the geometryAnisotropi di�usion depends on themagneti �eld and so on the geometryAim of this work :How develop a Finite Volume method on a variable systemoordinates ?Advantages and drawbaks ompared with artesianformulation
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Introdution to urvilinear oordinatesPhysi spae : Ω(−→x ) Computational spae : Ω(
−→
ξ )Covariant basis

∀ i = 1, . . . , n, eξi =
∂xk
∂ξi exkFor example in polar oordinates :ovariant basis :er =

( os θsin θ

)

, eθ =

(

− sin θos θ

)

.ontravariant basis : eξi · eξj = δi ,j
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Operators in urvilinear oordinatesGradient :
∂eξi
∂ξj = Γki ,j eξkDivergene operator :

∇x · f =
1J ∂

∂ξi(J f ξi ) ,Divergene of a tensor �eld :
∇x · T =

1J ∂

∂ξi (J T · eξi ) .
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Usual polar method
Vetorial equation in polar oordinates
∂t(r S)+∂r (r T r ,r er + r T r ,θ eθ)+∂θ(r T θ,r er + r T θ,θ eθ) = 0 .How approah this equation ?Classial method : Projetion before numerial integration

⇒ Drawbak : Soure terms appear from hyperboli termOther method : Numerial integration before projetion
⇒ Drawbak : Projetion hoie needed
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Soure termsVetorial equation in polar oordinates :
∂t(r S)+∂r (r T r ,r er + r T r ,θ eθ)+∂θ(r T θ,r er + r T θ,θ eθ) = 0 .Projetion

{

∂t(r Sr ) + ∂r (rT r ,r ) + ∂θT r ,θ = T θ,θ

∂t(r Sθ) + ∂r (r T r ,θ) + ∂θT θ,θ = −T r ,θSoure terms T θ,θ and −T r ,θ appear.
⇒ How disretize soure terms to have equivalent methods ?
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Soure term disretizationComparison between the two methodsEquivalent methods if :
Z

Ωi T θ,θ(r , θ) dr dθ

= ∆θ ∆r T̂ θ,θ

|θB + T̂ θ,θ

|θA2 + (1− ∆θ2 sin∆θ1− os∆θ
) ∆r (T̂ θ,θ

|θB − T̂ θ,θ

|θA )

1234 1 2 3 4ABC D
θAθB Usual enter termVisosity term
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Di�erenes between the polar and artesian methodsMeshesGeometrial parameters : ell areas, normalsFluxes omputing : Constants in ell, post-proessing
Polar and Cartesian meshes
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NormalsNormals in urvilinear oordinates
∫

∂Ωi,j (x)
n(x)dl(x) =

∫

∂Ωi,j (ξ)
Jnk(ξ)ekdl(ξ)Divergene theorem on a losed outline :

∮ ndl = 0 i.e. ∫

cAB ndl =

∫AB ndl .AB n n Same normal in polar and artesianoordinatesThe normal depends only on A and B
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AreasCartesian Coordinates :
|Ωi |x ,y = (r +

∆r2 )∆r sin∆θPolar oordinates :
|Ωi |r ,θ =

∫

Ωi r dr dθ = (r +
∆r2 )∆r ∆θEquivalene between polar and artesianWhen ∆θ is small, sin∆θ ≈ ∆θ, so |Ωi |x ,y ≈ |Ωi |r ,θ.
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Constants on a ellCartesian Coordinates : V = Vxex + Vyey
⇒ Veloity vetor onstantPolar oordinates :V = Vrer + Vθeθ

⇒ Only Vr and Vθ onstant, Veloity vetor no onstantABC D ABC DEquivalene between polar and artesian when ∆θ → 0
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Post-proessing before Riemann Solver
Cartesian oordinates :Same �ux given to two neighbour points i and j

Φi = Φxex + Φyey and Φj = Φxex + ΦyeyPolar oordinates :Fluxes depend on the loal basis (er , eθ) so di�erent �uxesgiven to two neighbour points i and j
Φi = Φreri + Φθeθi and Φj = Φrerj + Φθeθj
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Salar testAdvetion equation
∂tn + ∇. (nu) = 0Initial onditionsn = n0, ur = 0 and uθ = u0 where n0 and u0 are onstant

⇒ Same results for artesian and polar approahes : thesolution is preserved.
⇒ In salar test, only the ell areas are di�erent between theartesian and polar approahes.
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Vetorial test
Isoterm Euler System

{

∂tn + div(nu) = 0
∂t(nu) + div(nu ⊗ u) + ∇n = 0Initial onditionsn = n0, ur = 0 and uθ = u0 where n0 and u0 are onstant

⇒ In vetorial test, the omputation of the �uxes are di�erentas well as the ell areas.
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Vetorial test
Fig.: IC, Cartesian results at t = 0.83 ; Polar results at t = 0.82

⇒ Same results for artesian and polar approahes
⇒ Di�erent �uxes for the two methods but �uxes balane is thesame
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Gresho test
Isoterm Euler System

{

∂tn + div(nu) = 0
∂t(nu) + div(nu ⊗ u) + ∇n = 0Stationary solutionStationary solution if ∂r (ln n) =

u2θrFor example : n(r) = n0exp(r), ur = 0 and uθ(r) =
√r
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Gresho test

Fig.: Density pro�les for IC,artesian and polar :Nθ = 4
Even if Nθ is small, polar resultslose to stationary solution.Cartesian does not show goodresults when Nθ is small : pro�ledi�erent to stationary ondition.
⇒ Cartesian and polar methodsare only equivalent when Nθ islarge
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Gresho test
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Fig.: Error pro�les in funtion of NθPolar error depends only on Nr and not on NθCartesian error dereases and omes loser to polar urvewhen Nθ raises up.
⇒ These results on�rm that the two methods areequivalent when Nθ is large
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Conlusions
Main di�erene between artesian and polar methods is thehoie of the onstants in the ellFluxes omputing di�erent between the two methods butequivalent methods when Nθ is largePolar method independant on Nθ, good results even ifmesh not re�ned in θPerspetivesAppliation to toroidal oordinates (3D)Appliation to Element Finite method
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