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Introduction

FCI scenario
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During the implosion, pure hydrodynamics is a very strong hypothesis.

It is much more relevant to consider multi-temperature models.
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-.’Ill Plan

Introduction

@ One temperature for ions T; and one temperature for electrons Te : T; — Te model
Basic considerations

@ One temperature for the matter, and one temperature for radiatiopn T,

@ Hele-Shaw model for the stability of the ablation front
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-_Illl The simplified T, — T, model

Starting point is (page 9 and page 23 of the notes)

Dip+ pV - u = 0,
pDtu + Vp = F,
Numerical pDiee +peV - u =V - (xeVTe)+ Weg = Q+S,
discretization pDtej + iV -u+ V- (x;VT;) — Wy = 0,
of T, — Te
model

The unknowns of this system are the density p(x, t) € RY of the plasma, its velocity u(x, t) € R3 and its
pressure p(x, t) € R. We also have electronic and ionic values : pressures pe(x, t), pj(x, t) € R (with

p = pe + p;), energies ee(x, t), g;(x, t) € R (with E = E¢ + E;), and temperatures Te(x, t), T;(x, t).
Here, The terms F, and Q, are the radiative sources, and S is an additional source term modelling the laser
energy drop.

This set of equations is closed by an adapted equation of state

(se: peseis pi) = Flps Te, Th)-
We will assume that the fluid is described by a perfect gas EOS
pi = (vi)pCuiTi = (vi)pei, &i=CyiT;
and the electronic part is described by a perfect gas EOS
pe = (¥e)PCreTe = (Ve)pee, €e = CieTe-

Since electrons are monoatomic

Ve ==
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Hydrodynamics of the T; — T, model

Jil

The hydrodynamic part is

Dip + pV - u 0,
pDru+ Vp = 0
pDtee +peV -u = 0,
Numerical pDtei + piV - u 0,
discretization This system is non conservative. For discontinuous functions a and b
of T, — T
model
the product adxb is not defined.

What is a shock in such a system?
We need to transform it into a conservative system of conservation laws.

Universal principles : mass is preserved, momentum is preserved ad total energy is preserved.

We get after convenient manipulations the correct conservative formulation (in 1D)
dtp + Ox(pu) =0,

Ot(pu) + Ox (pu2 + P) =0
Bt(pe) + dx(pue + pu) =0,

with
1,
p:pi+peande:€,‘+5e+au»

Question : Is there a fourth conservation laws ?
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Numerical
discretization
of T} — Te
model

Conservation of the electronic entropy

Convenient manipulations show that smooth solutions satisfy
Ot (p(aSj + BSe)) + Ox (pu(aS; + BSe)) =0, Va, B.

For discontinuous solutions, these relations are not equivalent.

The correct choice is « = 0 and 3 = 1. This is called the Born-Oppenheimer hypothesis.
It is related to the fact that % is small.

U
Zeldovith-Raizer, Cordier (PhD thesis 96), Degond-Luquin, Massot, ...

Finally
Atp + Ox(pu) =0,
Ot(pu) + Ox (pu2 + p) =0,
9t(pSe) + Ox (puSe) = 0,
d¢(pe) + Ox(pue + pu) = 0.

The mathematical entropy law writes

0t(pSi) + Ox(puS;) > 0.
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-.’Ill Shock relations

As a consequence the ionic entropy increases at shocks while the electronic entropy is constant as shocks

St >s7, sf=sC.

e e
Numerical
discretization Exercise : prove it.
of T} — Te -
model Solution

—o(pr — pr) + (PRUR — pruL) =0,
—0 (PRSe,R — PLSe,L) + (PRURSe,R — PLULSe,) =0,
—o (prSi,R — PLSi,L) + (PRURSI,R — PLULS|,L) > 0.

So pr(ug — o) = pr(uy — o). This is the constant mass flux D = pr(ug — o) = py(uy — o). Therefore
DSe g = DSe | and DS; p > DS; ;.
Assume a shock and the mass flux is positive D > 0. Then
Se,R = Se,L and S,',R > si,L'
CQFD
This behavior is absolutely fundamental : it explains that ions and electrons behave differently at shocks. In

summary physical considerations show that is the correct eulerian system of conservation laws to analyze for
the two temperature T; — T, model.
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Numerical
discretization
of T} — Te
model

Lagrangian T; — T,

In Lagrange variable in dimension one, one gets

Set
22 opj

pie =— ;
! aT|S;

O¢+T — Omu =0,
Otu + Omp =0, P =P+ Pe,
0tSe = 0,
Ote + Om(pu) = 0.
22 op; 22 opj Ope
Ce = — and p°c” = — -
07 Se or|S; 07| Se

The sound speed of the lagrangian system is pc where 2= c,-2 + cg.

The natural Lagrangian scheme is now

iy — )t p/‘tr% Ufi% P 3 UJZ% -0
with the solver
“;r% = 5(u7 + uly) + ope (0] — A1)
pj.*+% = 3] +pf1) + B (] — uy),
(0); 3 = 3 [0 + (o))

A pure Lagrangian scheme is such that 11 = £L for all £.

Numerical methods for FCI

Part IV Multi-temperature fluid models Hele-Shaw models

]
p. 8/ 27



Jil

Numerical
discretization
of T} — Te
model

With source terms

A simplified eulerian T; — T, system with source terms writes

Otp + Oxpu =0
Bt pu + Ox(pu? + pi + pe) = 0
Otpej + Oxpug; + piOxu = *(Te -T)

Otpee + Oxpuce + peOxu = *(T — Te) + Ox(KeOx Te)-

The relaxation time is 7;. The electronic diffusion coefficient is K.. We assume that
ei=CyTietee = CpeTe.
The rigorous way to write this is
Otp + Oxpu =0
Bepu + Bx(pu? + pi + pe) =0

BepSe + OupuSe = L (T — Te) + 7 0x(KeOx Te)
atpe+ax(Pue+P1“+PeU) Ox(KeOx Te),

where the unknowns are the density p, the momentum pu , the electronic entropy pSe and the total energy

pe.
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Numerical
discretization
of T} — Te
model

Numerical solution base on a splitting strategy

First stage : solve the hydro. Second stage solve the remaining part

Otp =0
Atpu =0
dpei = A (Te — Tj)

(T = Te) + Ou(Kedi Te).

Otpee =

We use the linear law
gi=C,Tiand e = CreTe.

The numerical solution of the system can be computed with an implicit linear solver in case the gas is
described by perfect gas equations of state.

o — ot
=p",
un+1 — uL,
(Tt —(mk L L
ptCi—L—L = %((Te)f' - (T/‘)j+ )s
(Te) 1 —(Te)k
PLCve% = %((771);1+1 - (Te)}Hl)
Ke/ ((T )r‘1+17(7— )'.’+1)7K ((T )7+1—(T )I]‘Fl)
eitd \Tejn elj e,i= 3\ elj—1

Ax2

I
Numerical methods for FCl Part IV Multi-temperature fluid models Hele-Shaw models p. 10 / 27



Jil

Numerical
discretization
of T} — Te
model

An example relevant for ICF in direct drive

The Piston velocity is W, > 0. The domain is Q(t) = {XL =0 < x < xg(t) = x,% - tWP}.

t

Radiation push
P
X (0
L r?

The ionic temperature is the discontinuous curve. The electronic temperature is the continuous curve. The
initial temperature is the blue curve (225 000 K).

The ionic part of the gas is violently heated by the shock. The electronic temperature is continuous
everywhere. The temperature relaxation is visible behind the shock. In front of the shock a prehating
phenomenon is visible. This calculation shows the great importance of shocks for ICF flows in the context of
direct drive.
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Numerical
discretization
of T} — Te
model

The Rankine-Hugoniot relation for the T; — T,

Start from
Otp + Oxpu =0
Bt pu + Ox(pu? + pj + pe) = 0
0tpSe + OxpuSe = %(T: = Te) + %BX(KEBXTE)
eile e

Otpe + Ox(pue + pju + peu) = Ox(KeOx Te),

The Rankine-Hugoniot relations are

—olpl + [pu] =0,

—olpu] + [pu? + pj + pe] = 0,

[Te] =0,

—0o[pSe] + [puSe] = %e [Kedx Tel s
—olpe] + [pue + pju + peu] = [KeOx Te] -

Notice that the continuity of T is provided by diffusion operator.

model

Problem Prove that the continuity of S is recovered in the limit
Ke — 0",

All numerical results support the conjecture.
Works by Lefloch, Coquel and coworks (Chalon, Berthon, ...) on a similar problem.
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Numerical
discretization
of T} — Te
model

Discretization of boundary conditions

Assume an additional “no-heat flux" physical conditions.
The boundary conditions are
x=0=xg, ug,t =0, OxTe=0

and
x = xg(t) = xg(0) — tW,, Ugp(t),t = —Wp, 0xTe =0

One has 2 boundary conditions and 4 equations
#(bc) =2, dt(eq) = 4.

Question : how can we do?

There is no problem for the second stage of the algorithm

Otp =0

Otpu =10

drpej = 2 (Te = T))

== (Tj — Te) + Ox(KexTe).

Tei

Otpee =

plus homogeneous Neumann conditions 9x Te = 0 at boundaries.
So the real problem is for the Lagrangian stage of the algorithme.

We are left with
#(bc) =1, #(eq) =14

But it works : this is the miracle of Lagrangian scheme+splitting for this problem !!
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Numerical
discretization
of T} — Te
model

Structure of the discrete problem

Solution

M-
L

A*Jt(T/—Tj)—uj+%+u7%=0,

M,

J oyt —

E(“j _“J"’)+PJ*+% —P;_% =0,

(Se)f — (Se)f =0,

M-

J (el —

—(ej—ef’)ﬁ—p_* u- 1 p; qu; 1 =0,

#(bc ) =

1, #(what is needed ) = 2.

Recall the rule : the equations of the discrete Riemann solver are more important than its solution

{ pg — pL+ (pc)i(up — uy) =0,

up = —Wp.

So we use in the last j = Jmax

that we plug into the scheme.

Finally :

pg = pL + (pc)r(ug — ur),

{ up = —Wp.

= pj + (pe)j(=Wp — uj),

=—W,.

1 boundary condition is enough for the hydro!!
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-_Illl A simple grey non equilibrium model

page 33 of the notes, one group
oo
E = / E,dv
0

plus hydrodynamics. A rigorous justification is possible, but with an "almost” physical scaling.

Consider the simplified model for radiation+matter

2(p) + V.(pu) =0,
5t(ou) + V.(pu®@u) + V(p+pr) =0,
L (pE + E) + V.((pE + E)u+ (p + pr)u) = v(yltvr;‘),
Coupling with FiEr + V.(uE) + o Vou= V(3 VT +0a(TH = T]),
radiation
with the grey hypothesis 0+ = 0,5 + o5 and p, = % Fundamental is

4 8mok*
E, = aT,, a= ——— = Stefan-Boltzmann constant.
15¢3h3
See Buet+D. for a rigorous justification.
Trick : Define e,
E, = pey.

The radiation equation rewrites
2] 1 4 4 4
—per+ V.(uper) + prVuu=V.(—VT )+ os(T —T,)
ot 30+

and the radiative pressure rewrites

4
pr=(vr — 1)per with v, = 3

I
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The first task is to discretize the non equilibrium asymptotic set of equations. Setting o, = 0 and

os = +o0o then we obtain the simplified hyperbolic set of equations in 1D

2+ &) =0, i

%( pv) + S (pv +p+pr) =0, pr="F,

I (pE + E) + aax(pEv+PV+PrV):0, E =T},

. . %5 2 (s,v) = S =713

Coupling with ot Ox r= 1r-
radiation

Hydrodynamic analysis

The solver is compatible with the 1D Rankine-Hugoniot relations

—olp] +[pv] =0,

—ofpv] +[pv® + p+ pr] =0,

—o[pE + E] + [pvE + pv + prv] = O,
—o[S/] + [vS/] = 0.

All this is compatible with the fact that
3
Sy =T

r

is the number of photons if the radiation is Planckian.
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Coupling with
radiation

Explanation

The group of photons in direction Q € S2 and with frequency v > 0 has intensity /(v, Q)
Vphoton =cQ, e =hv, I(v,Q) = NMphotons€v -

The energy of radiation is E, = [}, o IdvdQ.

The number of photons is Ny = [, o hiududQ.

The entropy of radiation is S, = — % Jua v2 (nlog n — (n + 1) log(n + 1)) dvdQ, n= 43
c , v

Asumme a Planckian distribution with radiative temperature T,

2h V3
=2 * %
ekTr —1

Then dimension analysis shows that : E, = an, N, = ﬁTr3 and S, = "/Tr3'
Therefore S, is the number of photons.

Read the facinating book by Steven Weinberg : The first three minutes (of universe).
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_!Ill Some numerical results

The first test problem is a radiative Riemann problem. On the left we plot density, velocity and total pressure
versus the position x at t = 0.1 with 1000 cells : CFL=0.5

Coupling with
radiation

3
On the right. Radiative entropy s, = 7’ = 5 yersus x at t = 0.1 with 1000 cells : CFL=0.5. One notices

the exact preservation of s, across the shock and in the rarefaction fan

I
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-_Illl Numerical comparison with a moment model

Full system. The 1D solver is implicit.

Coupling with -
radiation

100 cells, T = 0.005.
Right : T and T, for diffusion and the variable Eddington factor.

Left : E, Fy and f = %

One notices that the non-equilibirum diffusion model overpredicts the propagation of radiation.
It justifies (numerically) higher order models.

I
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Hele-Shaw
models

Hele-Shaw models : starting point

Chapter 4 of the notes. With H. Egly and R. Sentis.
Use a cold coupled model with one group for radiation + hydrodynamics +

T =T, and pe+aT4 = pCVTJFaT4 ~ pC,T.

The starting point of our analysis is the compressible Euler model with non linear heat flux

Otpu+ V. (pu®@u)+ Vp =0

dtp + V.(pu) =0
dt(pe) + V(pue + pu — knT"VT) = 0.

The Spitzer non linear coefficient is
c [5 7]
n -, =]
2 2
The heat flux boundary condition on the exterior boundary I, is non linear

~nT"8n T| fe = b given.
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-.Illl 1D cut of an ablation front

The isobar regime is

p=(y—1)pCT=C.

left=cold right=hot
Y
c
h
Hele-Shaw
models

Ablation front velocity

Two other important ingredients are

A"
€= (%) , and u(t = 0,x) = uc(t), x € the cold region.
h

I
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_!Ill Quasi-isobar model

Let us define the acceleration g = ué(t) and reset the velocity u < u — uc. After rescaling one gets

D¢, px +p*V1*-u* =0 L
pxDeyus + WV*P* = Ep*g*

1 ¥
——— D¢, px + pxV -uy —V - (HnT]VT,)=0.
vy—1 v—1
Hele-Shaw
models where
* %2
@ The Mach number M? = P’|+\_
* |2 * |k
@ The Froude number F, = L"* Il* = luglt is a measure of the acceleration of the particles coming

from the left boundary I in the cold region.

° 1o wn(T)™L en(T*)n L

T LER measures the velocity of the particles in the hot region.

I
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Hele-Shaw
models

Slow Mach number expansion

We perform an asymptotic expansion of all variables with respect to the square of the Mach number,

P**p()JrMZ() Tty
One gets the quasi-isobar model

dtp + V.(pu) =0

Ot(pu) + V.(pu @ u) + Vp = pg
V. (u—nT"VT)=0,

pT =1.

or also
8T + uyors. VT — T2AT" =0,
oru+uVu+ TVp =g,
u=nT"VT + Uyort = Ugherm + Uvort,
V.uyort = 0.
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Hele-Shaw
models

Hele-Shaw model : uyx = 0

Conjecture : For well prepared data, the solution of 9; T — T2AT" =0is approximated by max(e, 0)

where § = T" is a solution of the

A6 =0, x € Q(t),
6=5b r
Hele-Shaw equation : Zn: 0 ’ ); g F?it)

O:T(t) = *Veh(r)’ x € [¢(t).

A

A numerical example is

Sl

Proof in 1D

Set © = T". Then O¢ <%> + Oxx© = 0. Progressive waves are defined by © = ©(x + vt). The
en

generating Kull's function is the progressive wave with v = 1 and ©(—oc0) = 1

’ _1 L n+2\"
K'(x) =1 — K n(x), normalisation K(0) = ~e
n+1

_ 1 1 1
Set T = (EK (%)) " Then (T")(—o0) = en, (T") (+00) = vaand en ;T — T2, T" = 0.
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Hele-Shaw
models

HS Hele-Shaw, inventor of the Hele-Shaw cell
(and the variable-pitch propeller)

|

Ap =0, x € Qjp(t) = blue region,
p= x € 0y (t),
Onx = —Vp, x € OQu(t).

The Web page of Howison (Ociam, Oxford) for some historical references about Hele-Shaw (and also with
fresh science) : “Mr Hele-Shaw (inv. of the variable pitch propeller) worked on the propeller of the cruisers of
her gracious majesty”

|
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Hele-Shaw
models

Ablative Hele-Shaw in 2D

We use a Finite Element Method for the Poisson equation, and markers for the front. The markers move

accordingly to the Hele-Shaw model.

\
., /
. \ 7

NS

]

e

W o s

el 12 o o5 o

On the left T, (t). On the middle t +— r(t). On the right : The smoothing effect of the Hele-Shaw
equation for convergent front is visible; In this regime, ablation fronts are stable.

The full ablative Hele-Shaw model : uyort # 0

The model writes

A6 =0, X €O i,
On© = v, x € 02 = lext,
©=0, x € 0y = Tin(t),

X,(t) = VO + uvort,

x(t) € Tin(t),

The vorticity source is Sy.

The thermic velocity if ugherm = n«?»l vt
The "vorticity” is V = #

OtV + V. (UghermV) = 51, X € Q — Qi

Ap =TV, x € Q— O,

uvort = V A ¢, x€Q—Qy.
=0nVe
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-.'lll More results

Passive vorticity : S; # 0 but uyort =0
The initial data is a front [ discretize with 100 markers and with a mode 9. We plot the vorticity.

Hele-Shaw
models

Active vorticity : 57 # 0 and uyort # 0

In this regime, ablation fronts may be unstable.

Open problem : design a two-temperature Hele-Shaw model.

|
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