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-_Illl FCI scenario

Introduction
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Hydrodynamic is dominant in the implosion stage
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-_’Ill DT capsule in a gold cylinder, heated by laser
beams
Credit CEA/DAM/DIF

Introduction

The radiation push is not perfectly symetric

I
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JIL

Introduction

Why Lagrangian scheme for compressible

Lagrangian methods are written in the fluid frame
easy discretization of free boundaries (external and internal),
naturally adapted for multimaterial flows,

very good accuracy for transport dominated flows

oo So0” —— R —

flows ?
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-i_lll 3D examples

Introduction

|
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_Ijll Perturbation of a basic flow

ICF flows are very sensitive to hydrodynamic perturbation. That is a even very small initial pertubation may
have a dramatic influence on the solution. The reason is that ICF flows are quite close to instability, so that

Introduction the growth rate of the perturbations may be large. Numerical methods are very useful to quantify the
influence these perturbations. Here we illustrate with the result of a very simple numerical simulation done by
E. Franck during his Master 2.

Matagea o Maagoa

i iif I

The mesh at t = 0 is displayed on the left. The perturbation is a n = 16 mode. On the right the result at
time tf = 10~ %. On this simulation the growth rate of the perturbation is reasonnable.

Lagrangian methods are essential for such simulations.

Eulerian methods on Cartesian meshes are less efficient.

I
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-.’Ill Plan

Introduction

Partial Differential Equations

Meshes and schemes

Numerical analysis : stability, CFL, convergence (new)
T; — T discretization

Extension to radiation.

0 0660660

Development of Hele-Shaw models (for stability of ICF flows, with H. Egly and R. Sentis).

I
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PDEs

Euler equations

The Euler equation for compressible gas dynamics are

Otp+ V - (pu) =0,
Ot(pu) + V - (pu®@u) + Vp =0,
9t(pe) + V - (pue + pu) = 0,
0t(pS) + V - (puS) >

The density is p > 0. The velocity is u € RY. The density of total energy is e = € + % \u|2.

Possible EOS

p=(y—1)pe, p=(y—1)pe — vpy, p = tabulated, p = analytic.

Assumption : there exists a temperature T > 0 such that

1
TdS =de + pdr, 7= —.
p

The pressure p = p(T, €) is provided by the equation of state.

The entropy inequality selects the entropy solutions of the Euler system.

For a perfect gas EOS, ¢ = C, T and S = log(s7? 1),

Numerical methods for FCI Part 1l: Hydrodynamics
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PDEs

Quasi-Lagrange i

It writes
pDiT — V -u=0,
pDiu+ Vp =0,
pDie +V - (pu) =0,

where the material derivative is Dy = 8 +u - V.
Or also with an artificial viscosity q

pDi — V -u=0,
pDiu+V(p+4q) =0,
pDie +(p+q)V -u=0.

By construction
pTdtS = pDie + ppDiT = —qV -u >0

A possible artificial viscosity is ¢ = CAx max(0, —V - u) > 0.

2D

I will not discuss these methods which are non conservative. The seminal idea’s comes from Von Neumann.
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-.’Ill Reminder

@ A non linear system of conservation laws with an entropy writes

AU + 0xf(U) + dyg(U) = 0.

PDEs N
® Assume the system is endowed with a strictly convex entropy S(U) € R : smooth solutions satisfy
9tS(U) + 0xF(U) + 9y G(U) = 0.
® Then the system is hyperbolic, which implies stability around constant, and well posedness of the Cauchy
problem for smooth initial data in finite time 0 < t < T.

e Discontinuous solutions satisfy the Rankine Hugoniot relation
—o (Ug — UL) + nx (f(UR) — £(UL)) ny (g(Ur) — g(U)) =0
and the entropy inequality

—o (S(Ur) = 5(U1)) + mx (F(UR) = F(UL)) ny (G(UR) — G(UL)) > 0.

Problem : the Quasi-Lagrange formulations are not conservative.

Question : how to write pure conservative Lagrange PDE’s ? cf Godlewski-Raviart, Serre, ...

Question : how about hyperbolicity for Lagrangian systems?

I
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-’.Ill From Euler to Lagrange

To shorten the notations we set

x,y)and X = (X, Y).
PDEs
Let us consider the Euler-to-Lagrange change of frame defined by

Arx(X, t) = u(x(X, t), t) with initialization x(X, 0) = X.

Principle : A Lagrange formulation is written in the reference frame coordinate X.

We need a tool to rewrite the equations in the X frame.

I
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_!Ill Piola's transformations

Rule 1 A smooth change of variable x — X(x) is such that ndo = cof (Vxx) nxdox. where
PDEs cof (M) € RY%9 is the comatrix of M.

Rule 2 A system of conservation laws VxF(U) = 0 written in the eulerian variable is transformed in a
lagrangian system written with the X variable

Vx. [F(U)cof (Vxx)] = 0.
This is a consequence of rule 1.
Rule 3 One must not forget the Piola’s identity
V x .cof (Vxx) = 0.

A reason is that the system contains a new unknown cof (Vxx). Therefore we need a new equation to close
the system..

I
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PDEs

PDEs in 1D

We consider the change of coordinates (x, t) — X, t) in R?. The gradient of the space-time transformation

. 1 0 . . _ B . _ J  —u
is ( v J ) with the Jacobian J = ﬁ The comatrix is cof = ( 0 1

The Lagrangian system is
P pu 7 _u pJ 0
Vx,t- pu  puttp ( 0o 1 ) =0t | plu | +0x p =0.
pe  pue+ pu

The Piola identity writes
Otd — Oxu =0.

It is usual to define the mass variable
dm = p(x, t)dx = p(X, 0)dX
which is independent of the time, to eliminate the density
pJ = p(X,0)
and to get the system of conservation laws in the mass variable

Ot — Omu =0,
Otu+ Omp =0,
dre + Om(pu) = 0.

Notice that p > 0 is necessary for the validity of the transformation.

I
Numerical methods for FCI Part 1l: Hydrodynamics p. 13 /41



PDEs

2D

Let us define for convenience the components of the deformation gradient F = Vxx as A = 9xx,
B =090xy, L=0yxand M = dyy.
The algebra of the Euler-Lagrange transformation is as follows. The space-time deformation gradient is

1 0 0 J —uM + vL uB — vA
u A L . The comatrix is cof = 0 M —B where the space Jacobian
v B M 0 —L A

is J = AM — BL. The product of matrices is

P pu pv pJ 0 0
pu  pu+p puv pul pM —pB
> cof =
pv puv pvi+p pvl —pL pA
pe pue + pu  pve+ pv pel puM — pvL —puB + pvA

So the Eulerian system is transformed into the Lagrangian system

Be(pJ) =0,
0 (pJu) + Dx (pM) + By (—pB) = 0,
Ot(pdv) + Ox(—pL) + Oy (pA) = 0,
dt(pJe) + dx (puM — pvL) + Oy (pvA — puB) = 0.

The Piola’s identities writes

axM — 9y B =0,

At — Ox(uM — vL) — By (VA — uB) = 0,
—0xL+dyA=0.

It is not a closed system of conservation laws.

I
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-.Illl Hui's system

® The Hui's system is closed

Ot(pJ) =0,

O¢(pJu) + Ox(pM) + Oy (—pB) = 0,

Bt(pJv) + Ox(—pL) + dy(pA) = 0,

dt(pJe) + Ox(puM — pvL) + 8y (pvA — puB) = 0,

PDEs

OtA = Oxu,
OtB = Oxv,
OtLl = dyu,
OtM = dyv,
J =AM — BL.

® A second system is more concerned with the formal symetry of the fluxes

poOtT — Ox(uM — vL) — Oy (vA — uB) =0, po=pd, T=
poOtu + Ox(pM) + dy(—pB) = 0,

poOtv + Ox(—pL) + Oy (pA) = 0,

poOre + Ox(puM — pvl) + Oy (pvA — puB) = 0.

The symetry is related to the fact that (M, L) appears only in the X derivative, and (A, B) is the Y

derivative.

Numerical methods for FCI Part 1l: Hydrodynamics
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PDEs

A potential closed formulation

The third formulation makes use of the Piola-Kirkhoff tensor (with G. Kluth). Since pJ = pg then
T = %;BL and therefore

Oe M —-B
PK
-4 :POVF\SEZ (POBTS) vFTZ*F'( 1l A )

It writes in a compact form

poOtu=Vyx -0,

OtF = Vxu,
— PK
Vx - (ufaPF).

poOte

Entropy : One has from the fundamental principle of thermodynamics
poOte = po (Tc’)tS + VEse: c’?tF>. Therefore

poTOtS = —"K . OF + podre — u.podru
= oK. Vxu —u.Vy - oK 4 Vx - (utaPK) =0.
For shock solutions

9:5 >0

in the sense of distributions.

Numerical methods for FCI Part 1l: Hydrodynamics
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PDEs

Mass variables in 2D

Assumption : there exists two independent variables (c, 3) such that

do = pgdX and d = podY .

The chain rule implies

o X, 0¥, 1, Lo_ox oY
= 9y + — = —9x = —- = —and0= —
“ T Ba X 8a Y o X po Oa [o2eY
and
oo PXg LY 1 1oy o ox
= 9y —O0y = —0y = — = — an = —.
Y ap 0o o ]
In thi 271 92X _ g ang 2071 - 0%Y  _ o 5o the density p i tant
n IS case 85 = BQBB = an aa = 8068[3 = 0. S0 e density p Is a constant.

It is not possible to define simple mass variables as in dimension one.

]
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-.’Ill Hyperbolicity

o In dimension one, the size of the lagrangian system is s = 3. One checks easily that —S = — Iog(er'yfl)
is strictly convex with respect to 7, u, e. Therefore the lagrangian system is hyperbolic in 1D.

o In dimension two, the situation is less evident because the algebra is tricky and the interpretation of the
results may depend on particular version of the lagrangian chosen for the analysis. In all cases the result is

PDEs that lagrangian systems in dimension greater or equal to two are weakly hyperbolic. Perhaps more important
is to understand what are the consequences of weak hyperbolicity on the one hand for the solution of the
Cauchy problem in dimension two and more, and on the other hand for numerical simulations.

e The Cauchy problem of a system of conservation which is only weakly hyperbolic suffers of a loss of
derivatives. That is one is able to show stability inequalities in ad-hoc functional spaces like

Ul gm < CHUO I gmtp,  0<t<T.

The integer p > 0 measures the number of derivatives which are loosed by the solution of Cauchy problem.
Such a phenomenon is characteristic of a weakly hyperbolic system.

® Let us study a particular Cauchy problem for any lagrangian systems in dimension two. The initial data are
p(X, Y,0) is a constant, and u(X, Y,0) = w(Y), v(X,Y,0)=0.
The physical solution is of course a pure shear flow

x(X,Y,t) =X+ tw(Y)and y(X,Y,t) =Y.

F(t):< é :w’l(y) ):( (1) taylu(O) )

So the deformation gradient is a function of the Y derivative of the velocity at time t = 0. In consequence
the Cauchy problem suffers for the loss of at least one derivative.

Therefore

I
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-.’Ill Context

Schemes-

construction e Historical topic : Von Neumann-Richtmyer VNR scheme, Godunov Gaia scheme (Godunov-Lagrange)

e Other active researchers on Lagrangian numerical methods : R. Loubere, G. Scovazzi (Sandia), M. Shaskov
(T7), ..., CW. Shu, ...

o CELIA group : Multi-scale Godunov-type method for bf cell-centered discrete Lagrangian hydrodynamics
JCP 2009, Maire-Nkonga

o CEA group : A cell-centered Lagrangian hydrodynamics scheme on general unstructured meshes in
arbitrary dimension JCP 2009, Carré, Del Pino, D. et Labourasse

I
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Jil

Schemes-
construction

In 1D

In dimension one, it is sufficient to rely on the theory of the solutions to the Riemann problem in order to

establish a rigorous and efficient basis for the development of numerical schemes.
The basic scheme that one obtains with this method writes

M-
J (n+1 n * * _

=+ — 7" —u +u =0

Attt 7) j+% J—% ’

M:

J n+1 n * * _

w5 (U uy') + - =0

At(j J) Pj+% Pji% y

M;

J(ant+1 n * * * * _
<= —e')+p’ u —p u =0
R

where the fluxes are defined by an approximation of the Riemann problem. For example

_ 1
U;r% = 5(” + U+1)+ QPC(P PJ+1)
* _ 1
PH% =3 +ply) + (] = uly).

The local acoustic pc impedance is povided by an approximated formula : for example by
[(pc) + (pc)1+1]. More robust and accurate formulas for the local impedance are possible.

(pe);, 1=
The mass of ceII number j is
_ 0 0_ n n
M; = ijxj = ijxj .
The displacement of the cell is defined by

n+1
= +Atu” 4.
J+% J+ ! i+3

It is a enlightening classroom exercise to show that all these formulas are compatible:

Numerical methods for FCI Part 1l: Hydrodynamics
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Jil

Schemes-
construction

Exercize + correction

We want by induction on n to show the compatibility of the discrete equations

M:
Min+l _ _ny % * _
e (7 77') Uj+%+uj7%—0,
M; = pj']ijn,
x_"+i = x" 1 + Atu* 1-
it3 it Jt3
The starting point is M7 = p"Ax? = p? [ x" | — x" . So
EP A e B NS T A
NN
P AX]
L Al A (vt —u AxtL
Pt / itz U3
J
CQFD.
Implementation
M,
J n+1 n * * —
(T — o) + —p; =0
At ( i lj ) PJ+% Pji% s
M-
J(ant+1 n * * * * _
== (el —e')+p u’ —p; u’ =0
2l Ty TRy
At the same time move the mesh "
n *
X =X + Atu
1 1 1>
itz I3 J+
and recompue the density
n+1 _ Mj
Pj =

Numerical methods for FCI Part 1l: Hydrodynamics
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-.’Ill Entropy : 5;(t) >0

For simplicity consider the semi-discrete scheme

M7 (t) — u* | +u* =0
S j+1 i—1 ’
* Mjul(t) + i+2—j"2—o
uj+l +"_,,l ju; Pj+l Pji% =0,
2 2 / * * * *
Mje;i (t) +p~ 1 u’ —p. U =0.
jej (1) S e BRI R

Schemes-

construction The fundamental principle of thermodynamics TdS = de + pdT implies

’ ’ ’ ’ ’ ’
M;T;(0)5] (6) = M; (](0) + py7/ (8)) = Mye] (2) — Myuju] () + Mpy] (6)
_ P * N o s (0= (bt — it
- (”H%”H% ”f*%”ff%) T ("f+% "f*%) A (“f+% ”f*%) (0= (ot = pr1y))
=—(p" 1 —p vty —u )+ (P — pj u* — uj
j+% ’j j+% i j,% j j,% i
The Riemann solver is the solution of the system
* 1 — pj+ (pc). ut y{ —ui | =0,
Pyl TP (e )ﬁ%(ﬁ% ;)
* *
— P — . —u ) =0
Piyy R (PC)H% (“H% “J)

Therefore Sjl(t) > 0.

For design and justification, the equations for the Riemann solver are more important than its solution

I
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_!Ill Why the mesh is stable

For simplicity we consider the semi-discrete case (continuous in time scheme) and a perfect gas equation of
state with v = 2

S = log(eT).

Schemes-
construction

! T
W
Mpe E° My Vo
C:m|n(5979), FSEP i SZP Pl
S M; min; M; M; min M;
Therefore
M;
Ti(t) > 0 = Axj(t) = —— >
7;(t)

It shows a very strong coupling of thermodynamics and ‘mesh stability.

I
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Jil

Schemes-
construction

Moving meshes in ND

T APRA

J is the index of the cell, k denotes the time step. ij is the volume at time step k.

We assume that a formula holds that gives the volume in function of the vertices

(cas ke ) o Vi kX ).

This is the key assumption.

For example such a formula holds for the isoparametric element (:Ql) even if the faces are warped.

Let us denote x* = (x’f, cee ,xf, e ) the collection of all vertices of the mesh.

A fundamental discrete object defined even for cells with warped faces is

oy,
%, 1 Vi .

Cjr=Vy, V; = er%.

ol :
52V,

Numerical methods for FCI Part 1l: Hydrodynamics
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Jil

elD:r=j+ % is the vertex between j and j + 1. Then V;

J+% i—
. =1landC. . =-1.
Se CLH_% and €1

—Yr—1+
e2D:V; =3, % (Xryr+1 — yrxe41) = Cjp = % ( xi/ill— x{il )
Schemes-
construction
Cell p
! Lipnjp
|
r1 ' 1;,m,
Lixny.
Cell i
e
Answer : Cj, = J;

Njr is a corner generalization of the face quantity /;nf.

IS er?

Numerical methods for FCI Part 1l: Hydrodynamics
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._Ill,l C;,in3D

o Tetrahedrons

Schemes-
construction

1 2 y3  va X2 X3 X X2 X3 X4 1
Cpr= - z 3 oz |,—| 2 oz oz |, v ¥3 v = —— |f34] n23a.
11 1 11 1 1 1 1 3
o Hexahedrons
1 .8 8
Clzvxl\/:—z Z Xr A Xs, X1, Xr, Xs € same face.
12 r=2s=r+1

Warped faces are allowed.

I
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-.’Ill Properties

® One has

d
V= (Vvx) =32 ()

r

o By homogeneity :
Schemes- Vi =
construction

(V3 = = 3 (Cieome) -

r

Q|

e For all cell j one has

>ci=o.
r

e For all interior vertices x,

> ¢ =o.
j

The mass of a Lagrangian cell is constant in time : V;(x(t))p;(t) = M; is independent of the time t. So
, d 1

Ml (8) = —Vi(x(8)) = > (Cjrrur), 7= —.

dt v Pj

The hydrodynamics equations imply p%r = V - u. It means that 3~ (Cj,, u,) is an approximation in the
Finite Volume sense of ¥ - u over the moving cell j

V~udx:/ u,n) do = Ci,ur) .
/Vj Sy, ) 4o~ 32 (€gou)

In some the Finite Volume scheme is corner based.

I
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-_Illl The nodal solver for cell centered data (pj, u;, - -)

e The first formula expresses that the sum of all forces around the vertex x, is zero

> _Cipyr =0.
j

Schemes-
construction

This natural formula, also used for staggered schemes, enforces the conservation of momentum.
o The second formula is a multidimensional generalization of a first-order Riemann solver

C;
pir = pj + pjcj (ur —ujymp) =0, = | =1

This the magic formula for those not acquainted wit acoustic Riemann solvers.

I
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-_Illl Solution

One can eliminate the pressures and gets a linear system : A,u, = b,.
The unknown vector is the node velocity u, € RY. The matrix is
jr ® Cj dxd
ZPJCJ \jreRX =A; >0

The right hand side is
Schemes- ® Cj d
construction b, = Z Cirpj + Z pJCJ il u €R

The solution of the linear system is u, = A,_lb,. Once the nodal velocities u, have been calculated, one
computes the nodal pressures p;, p;, = p; + pjc; (u, —uj, nj,).

1) Compute the geometrical vectors Cj‘-‘r for all j, r

2) Determine the nodal velocities u’,( and the nodal pressures p}‘r using the nodal solver.
3) Update the momentum

Wkt K

Mji Zc,pﬂ

The total energy is updated with

ijT: Z( J,,uk) p}(,.

4) Then the vertices are moved kar1 = xk + At uf.
5) Update the new density in the cell k+1 - L
P y Ry =5}

I
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Jil

Finite Volume Lagrangian cell-centered schemes
construerion are possible, but at the price of changing the
notion of what is a Finite Volume flux.

Consequence : The structure of the code is
slightly different.

I
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_Ijll The Kidder test problem

A portion of a shell r;
~y=2in2Dand v =

with p; = 1 and pe = 2. The initial the pressure is pg(r) = po(r)”. The initial entropy is uniform
sp = pﬁ% = 1. The velocity isug = 0 at t = 0.
0

Numerical L ) . ) p
results Let us denote the sound speed as c. The solution is an isentropic compression (s = & = 1) such that the

position at time t > 0 is R(r, t) = h(t)r, where the compression rate is h(t) =

focalisation time is

Tfoc =

I
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Jil

Numerical
results

Order of convergence

The analytical solution is the continuous line, the discrete solution is plotted with symbols.

*[internal radius

internal radius

external radius

2D

@ on o om o1 o= oW 0B (0B

In 2D we used four meshes : My is a 10 X 10 = 100 cells mesh, that is 10 sectors and and 10 layers; M, is
20 X 20 = 400 cells; M3 is 40 X 40 = 1600 cells; and finally My is 80 X 80 = 6400 cells.
In 3D we use three meshes : the first mesh Nj has 10 sectors per facets and 5 layers, since the exterior and

interior boundary are designed with 3 square meshes, then the total number of cells is

3 X 5 X 10 x 10 = 1500 cells; then we double the number of cells in each direction, that N, is a 12000 cells
mesh ; and finally N3 is a 96000 cells mesh. The order is one (O;) or two (O5).

[ d T m [ o [ rlt) [ re(te) [ o [ rltr) [ re(tr) |
2 My 0 0.4223 0.4820 [ 0.4343 0.4880
2 My [} 0.4392 0.4937 [ 0.4458 0.4966
2 M3 [} 0.4453 0.4975 [ 0.4487 0.4991
2 My o] 0.4478 0.4989 [ 0.4495 0.4997

[ conv. o. [ H [ ~ 1.09 [ ~ 1.18 H [ ~ 1.37 [ ~ 1.58 ]
3 Ny O 0.4133 0.4833 [ 0.4269 0.4885
3 No O 0.4339 0.4929 [ 0.4422 0.4963
3 N3 [} 0.4424 0.4967 Oy 0.4472 0.4987
conv. o. =~ 1.08 ~ 1.10 ~ 1.47 ~ 1.50

Numerical methods for FCI Part 1l: Hydrodynamics
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_!Ill Numerical analysis

We distinguish 4 properties

*] Conservation : mass, momentun, total energy
@ Stability : entropy
St > sk v

under ad-hoc CFL

cf
max | L | Ak <1

Numerical j ij

analysis

vkl _ K
J J
k < 10°
Vj
@ Stability : mesh.
Can we garantee that ij > 0 for all cells j and all time step k?
This is completely open.

@ Convergence to the Euler equations in the Lax sense.

Numerical methods for FCI Part 1l: Hydrodynamics
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.!Ill Conservation

The nodal solver writes

32 Cirpjr = 0,
Cj,
pjr — pj + pj¢j (ur —uj,nj;) =0, nj = )
i<
The momentum equation
urew _
J
M; Z Cjrpjr

Therefore oo
Numerical ©

—uj
analysis Z M; A ZZ jrPjr = chj,pj, =0.
rod

That is by induction

Do M =37 My =3 Mg
7 7 7

Similarily

Ziji ZZ e ur) Be = = > | D Ciepjeur | =0.
r J

Conservation is insuder at corners, and not at faces as in standard Finite Volume methods.

Numerical methods for FCI Part 1l: Hydrodynamics
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Entropy

What is the method ?

Answer Use the semi-discrete scheme

Mj-rj'(t) =+, (Cjr - uy) < x/(t) = u,,
Mju;(t) = = 32, Cjrpjr,
Mjej(t) = =32, (Cjr - ur) pjr

the corner flux equation
S;

Pjr — Pj tpjc | ur —uj, |,
ICje

Numerical

analysis and the close contour relation
>oci=o.
r

The algebra is
TvM'iS- = Mje/(t) — (u- M-u’-(t)) + M7 ()
Mg = Vs > Mjuy PjM;T;

> ur) Pjr) + pj Z (Cjryur)
G

r

==> (G ur) pir + ("j’ > (G

=2 (Cirur — ;) (pjr — pj) 2 0.
-

CQFD

]
p. 35/ 41
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Mesh stability in 2D (and nD)

[l
mn:é(é{'{{l,{//,/

il

s
e%n’}'h’v{'l'
'AP
77

w6
spurio

il

us modes

L Yy —

with stabilization

Solution 1 Use only simplices (triangles,

scheme with simplicies is mesh-stable.

tets in 3D) : Theorem (with C. Mazeran). The semi-discrete

Solution 2 Use a cell-centered scheme with less (no ?) spurious modes : the CHIC scheme.

Solution 3 Use ALE (Arbitrary Lagrange Euler). This is easy with cell-centered schemes.

This is still a an open problem. More research is needed.
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_!Ill Convergence a la Lax

Consider a given numerical scheme for the discretization of the compressible gas dynamics system. Assume
that the numerical solution is bounded in L°° and converges in Ljyc to some limit. Assume that we can
prove that the limit is a weak solution to

fte]R fxe]Rd (POt + pu - Vo) dtdx =0, V¢ € Do,
Jier Jeepd (pu- 8o+ pu®@u+pl - Vi) dtdx =0, Ve € Df, )
Jier Jyerd (pedep + peu - V) dtdx = 0, V¢ € Do,
d (pSOtp + pSu - V) dtdx <0, ¥ ;
Jier Jyerd (050e¢ + pSu - Vo) didx < 0 Vo € Df
Numerical where Dy is the set of smooth test functions with compact support, and Dy C Dy is the set of smooth non
analysis negative test functions with compact support.

We will say that the scheme is weakly consistent.

In that game, we are allowed to add as many stability hypothesis as needed.

Theorem (2010) : Cell-centered Lagrangian schees are weakly consistent with the Euler equations of

compressible gas dynamics.

I
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|dea of the proof in 1D

Jl A ot < 2 e A
Interpolate the mesh.xj+%(t)—><j+%+(t t )uj+% fort" <t <t 'AXJ(t)_Xj+

1(0) = x_1(b)
2 /72
N ical 3 1
umerica The red domain is ©; 2 = {t" <t<t™ x () <x<x 1(t)}
analysis J i—3 i+ 5
Interpolate the numerical solution
M:
Pl ) = By
_on oy t=t" a1 on
. w6 =+ S50 — ),
for (x, t) € ©; 2 set e(x,t) = ¢ + ﬁ(e}’Jr —ef),
x=x 1(8) Xj+1(f)*><
T — —2 2
u(x, t) = A0 "’j,%(t) + ¥ uj+%(t) # u(x, t).
Property One has the identity ,
Otp + Ox(pu) = 0in D ;.
|
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Results in multiD

One has the formula in the weak sense

1
Beppn + YV - (ppup) = A, with AT = 3 [pj (V.ﬁj -V /9 o V.Ejdx>:| Lot
) "

/i(t)

i

One has the formula ) ) 5
Ot (ppup) + V - (ppup @ up) = B* + B + B

in the weak sense, where the interpolation error in space is

_ 1 " _
Bl — Z |:Pjuj (VAUJ' — m /Q.(t) V.uj-dx>:| IXEQj(f)'

J J

the interpolation error in time is

and the approximation of —Vp is

1 ok
3 K k| XS
o -5 [

J r J
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-_Illl Fundamental property

Theorem
Assume that the speed of sound is within the bounds 0 < a3 < pjc; < ap everywhere. Assume that the

mesh is regular in the sense a3hd < V; and diam (Qj) < ayh for all cells, with uniform constants
ag, agq > 0. Assume that (p;) and (u;) are bounded in L°° and are bounded in BV in the sense

Z Z hd71|pj—pk|§a5 and Z Z hdil‘uj-—uk|§a6‘

J kev() J kev()

Numerical
analysis Then B = —Vp+ O(h) in the weak sense. The residual O(h) depends on the smooth test function ¢ € Cg.

The key property is the identity
2 G ex =Yl
r

Rdxd

where Iy € stands for the identity matrix in dimension d.

The same identity seems essential in the recent works Droniou, Eymard, Herbin,Gallouet about the
consistency of the diffusion equation.

I
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_!Ill Conclusion of the day

@ Lagrangian methods are central for the simulation of ICF flows.
@ Ongoing research show good potential of cell-centered schemes. The CHIC scheme is now routinely
used for Direct Drive at CELIA.
) @ GLACE is less viscous (more accurate) than CHIC, but needs more stabilization.
Numerical
analysis @ In 3D, GLACE is more natural than CHIC.
@ Weak consistency is proved. It validates the use of such methods for ICF compressible flows with
shocks.
@ Coupling with radiation is an issue.

I
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