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Outline (continued)

Diffusion schemes
* VF4 scheme
* Other schemes
* LaplIn scheme

P1 model
PN model
M1 model
Boundary condition (continued)
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High power laser facilities

R e Laser MegaJoule (Bordeaux) + HIPER (PetAL) project
&0 o National Ignition Facility (Livermore)
e LFEX (Osaka)

LMJ project
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High power laser facilities

e Laser MegaJoule (Bordeaux) + HIPER (PetAL) project
S e National Ignition Faclility (Livermore)
energle atomigue « energles alternatives . LFEX ( O S ak a)

NIF project
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Inertial confinement fusion

Principle : implode a capsule of fusion fuel by laser pulses.
Objective : Reaching conditions under which fusion reactions start.

Mainly two strategies:
e Direct drive : the target is directly heated by lasers

e Indirect drive : the lasers heat the inner walls of a cavity. The
walls emit X-rays toward the target.

5mm

LMJ / NIF project : indirect drive.
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Inertial confinement fusion

10 mm

5mm

Indirect drive

Advantage: Heating is more uniform.

Drawback: Energy loss (up to 80%) in heating walls.
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Experimental setting

i X-rays - Blowoff =>» Inward-transported
thermal energy

Atmosphere Compression Ignition Burn
formation

The X-rays rapidly (1) heat the capsule, (2) causing its surface to fly outward.
This outward force causes an opposing inward force that compresses the fuel
inside the capsule. When the compression reaches the center, temperatures
increase to 100,000,000 T, (3) igniting the fusion fuel and (4) producing a ther-
monuclear burn that yields many times the energy input (energy gain).
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Experimental setting

10-20% of
the laser
energy to

Laser
ERondy Lo capsule

Into
the
Hohlraum
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Experimental setting

e Size of capsule: ~ 1mm

e Size of Hohlraum: ~ 10mm
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Experimental setting

Hohlraum: 10 mm

LMJ chamber: 10 meters

Capsule: 1 mm
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Typical sizes

Starting fusion reactions: need T' > 5 x 10" K
Lawson’s criterion for reaching fusion (= confinement time, n,

electronic density):

NeT R 10'%s em 3.

Typically p~103gem™3, T~5x10"K, 7~10"9s.
Hot spot at the center of the capsule

Temperature Density
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Modelling Issues

Coupling between:

Laser — plasma

[

Fusion reactions| <« Hydrodynamics <~ | Neutronics

[

Radiative transfer

e Laser-plasma interaction

e Hydrodynamical instabilities

e Suprathermic particles

e Loss of thermodynamic equilibrium
e Dealing with uncertainties
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Hydrodynamics

Laser plasmas: hot, dense.

Bitemperature compressible Euler equations (% = % +u - V).

( d
d
u+v(pe+pz) — Fra
dt
< dFE.
p— div(u) — div (xeVTe) + Yei (Te = T;) = Qr+ 5,
dFE; :
\ E + p; div(u) — div (x;VT;) — vei (Te = T;) = 0,
teos (Ei=g-25, = CufeitTe):

F, radiative flux, @, radiative energy < radiative transfer equation

S laser energy drop

e 1
/Yez':pcfvem——; Tez'OCTGB/2, XGOCTGS/2.

i Tei
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Radiative transfer

I =1,(z,t,Q): specific radiative intensity (Jm—?)
v frequency, 2 direction of propagation.

pd (1,
—— | = VI, o (I, — B, (T,
(%) 490 VI 40 (1, - BT
3 9 dS)
I, — —(1 Q- )IVQ’— — 0,
—|—f<3Th< /524 + ( ) ( )477
where aazaa(u,Te,p),and v ' ' ' T b
2hv3 1 T
BI/ T — 1k
() c? et — 1
hv\3
X T3 <hVT) ‘ 0.4 |
exT — 1
b( %) oL ; : : : :
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Coupled system

du
p— + V (pe + pi) .
dt
) dE
dt div(u) —div (xeVTe) +7vei (Te —Ti) = Qr +5,
dE
\ P  div(u) —div (x;VT;) — vYei (Te = T;) = 0,

(+ equation of state)

pd

¢ dt (I >+Q VIy +oa(ly = Bu(Te))

3 N2 A
o (- [, (0 ) ) <o

ds?
FT:/ / Q(O'a—l—iiTh)I (ZUtQ)dl/—
52

47

Qr—/SQ/ o (I (z,t,9Q) — B(T))dug.
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Radiative transfer: theory

Without hydro

1(‘9[”
c Ot

+Q-VI, +0, ([, — B,(T))

3 ) QY
I, — —(1 Q- )I QO |
o /524 H@0)) L)) =0

[ ot By a2

Initial conditions: 7,,(x,0,9Q) = IY(x,Q), T(x,0)=T"(x).
Boundary conditions:

Ve e 0D, VQ/Q-n(x) <0, I,(x,t,Q)=1I5x,tQ),

Theorem: (Golse, Perthame, 1986) Under "suitable hypotheses", the
radiative transfer system is well- posed.
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Radiative transfer: theory

Remark on the hypotheses: one of them reads

Vv > 0,T — o,(v,T) 1S nonincreasing, and 7' — o, (v, T)B,(T) IS
nondecreasing.

Physically, this is not relevent. But implies accretiveness of
semi-group.

More realistic results on simpler system (Bardos, Golse, Perthame,
Sentis, 1988)

Coupled system: local in time existence: Lin (2007), Zhong, Jiang
(2007).
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Diffusion approximation

« radiation almost isotropic = P1 approximation in €2

« radiation is not Planckian (M-band of gold)
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Diffusion approximation

P1 approximation in Q: I, ~ cE, + :QF,.

E, = 1][ 1,dQ, F, =][ QL,dQ.
CJ g2 S2

r dFE,
dt
 1dF,
¢ dt

+ div(F,) + o4.(cE, — B,(T)) = 0,

—|—][ QQ-VI,dQY+o,F, = 0.
So

\ - 7

"

Ey

\ ~

wla

Stationary approximation for the second equation: ¢ < 1.

dE,
dt

30,

Nonlinear diffusion equation.

~ div ( - VE,/> + 04(cE, — B,(T)) = 0.
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Diffusion approximation — boundary condition

Boundary condition on I, (x,t,$2) = boundary condition on E, (x,t)?

Ve € D, VQ/Q-n(x) <0, I, (x,t,Q)=1I"(x,tQ),

/ \Q-n\l,,(a:,t,ﬂ)dQ:/ Q- | I (2, £, Q)d = FI(x, 1),
Q2-n<0 Q2-n<0

E, :
B, \Q-n|dQ—|—i (— al )/ 12-n|QdQY = F".
47 Q-n<0 4 3 (Ua(V) + "U'Th) Q-n<0
2 E, 4 .
E, + 0 = —F".

3(0q(V)+ KTH) On ¢

Marshak boundary condition
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Diffusion approximation

Dimensional analysis:

mean free path ~ ¢, mean free time ! ~ g2,

a+- : c(oq+KTH)
Asymptotic anaIyS|s. t — e%t, v — ex (Larsen, Badham, Pomraning,
1983).

/ +Q-w,,+@(1,,—3,,(:r))
KTh 3 N2 . dQY
i 3 ( /524( I )) ( )47r

0,00 = /S/ L (,1,9) — B(T)) dv

Hilbert expansion:

I, =1 +el' + %17 + ...,

T=T"+eT! +2T% + ...,
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Diffusion approximation

E@I,/
c Ot

orders—1:

+Q-VI, + "? (I, — B,(T)) + % (I, — K(L)) = 0,

oo (I — B,(TY)) + krn (I) — K(I)) =0 = I} = B,(T").

order &9:

Q-VI®+ o, (I; - iB,’/(TO)Tl) +rmn (I — K(I) = 0.

Q- VI L Q) = Q- V (550 VID) 40 V().

Oa+KTh

1
/ Q- VI(x,t,Q)dQ = div ( w,?) .
g2 3(0q + Krn)
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Diffusion approximation

order &!:

2
101} (1)
v iQ.-vIit . 2_ S (mrYr? - S prr°
cc‘?t+ v’/+0<” A1  (17) A ,(17) 2

+ wrn [ — K(I7)]

aTO / 0 1 O(T1)2 df
/S/ aa<y——B(T)T—EB (T%)= )47rd1/.

Integrate over 2 and v, sum:

0,

ds?
12(C’TO—FCLCTO / / Q- VI'(x,t,Q)dv— =0,
c Ot 52 am

Using the expression of [ [ Q- VI,

10 . . 1
E& (C T ‘|‘CLC(T ) ) div (30_R

v [ac (TO)4D _o.
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Rosseland model

10 4 . 1 4 _
e (C’UT+ac(T) ) — div (%V (acT )) = 0.

aR1(T> B (/ooo B (T)d”> . /ooo aa<f:/7§? ——

with

Theorem: (Bardos, Golse, Perthame, 1987) Under "suitable hypothe-
ses", the solution to the radiative transfer equation converges, as
e — 0, to the solution to the Rosseland equation.

Remarks:

e Hypotheses similar to the existence theorem for radiative
transfer (accretiveness).

e Ifinitial or boundary conditions are not Planckian, boundary
layer.
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Freqguency-dependent diffusion

Rosseland approximation = planckian distribution.
Frequency-dependent diffusion:

0, L _ ¢ /OOO %a(V) (EV - 4—7TB,,(T)> dv.

Theorem: As ¢ — 0, the solution to the above system converges to
the Rosseland equation.

Radiative transfer

N

Rosseland, asec— 0

/

Frequency dependent
diffusion
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Freqguency-dependent diffusion

Another approach: 2 <1, o, <1, Kk, > 1.

—_—-
energle atomigue -« energles alternatives C 6t

+Q-VI, +¢e0, (I, — B,(T))

KTh 3 /N2 ,dQ/
BTh —(1 Q-0 1L — 0,

oT > ds2
Cvg —/52/0 oo (I, (x,t,Q) —BV(T))CZVE

Theorem: (Buet, Depsrés, 2009) As ¢ — 0, the solution to the above
system converges to the frequency dependent diffusion equation,

with a diffusion coefficient equal to .

Then,
1 1

Y
Y

KTh KTh + Oq
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Rosseland: explicit solutions

10 4 . 1 4 _
e (C,UT+CLC(T) ) — div (EV (acT )) = 0.

Simplification: C,T < acT*, or o< T~
u = acT?:

% — div (uo‘/4Vu> — 0,

up to change of variables. Porous media equation

Explicit solutions:

Front propagating at speed v =

At 1/e
T(x,t) (——xz') :

“ +
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Rosseland: explicit solutions

0 1 2
position

Temperature front travelling at speed v = 2

a L]
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Rosseland: explicit solutions

Grey case:
if Ej ( OF 1
 ——— — —div (—VE> ‘I‘U(E—CLT4) :O,
4 ot a7 30
4
\ fua =0 (E —aT ) ,

Another particular case: ¢ independent of T"and C, = o1
(physically questionable).

Then, setting v < F, v oc T4,

{ 99U _ Ay =v —u,

In dimension one, explicit solution with Laplace transform
(Pomraning, 1978, Marshak, 1958).
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Explicit solution (Olson, Su, 1996)
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Flux limitation

Recall definitions of energy F, and flux F,:

1
E, = —][ 1,dQ, F, :][ QI,d9.
CJ g2 S2
Consequence:
|F| < cE,.
But, in the diffusion approximation,
C

F,=— VE,.
3 (Ja + KJTh)

Use flux limiter:

F, 1 VE,
= X(|R,|)R,, R, =

cE, . oo(V) + kT EL
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Flux limitation

F, 1 VE,
= X(|R,\)R,, R, =
ck, (1) oo(V) + kT E,

with X (r) < %
Want to recover:

« Diffusion limit: X(r) ~ — as r — oo,
T

: . 1
e Free streaming limit: X (r) — 3 asr — 0.

Examples (Levermore, 1984, Levermore, Pomraning, 1981, ...):

1
347

« Minerbo: X(r) =

» Sharp cut-off: X(r) = min (%, %) :

Extends the validity of diffusion approximation.
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energle atomigue - energles alternatives

Flux limitation

X(r)

X(r)

0.3

0.2

0.1

Minerbo

==

5 10

| Sharp cut-off |

5 10
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Discretization: frequency

N, frequency groups Gy = |[Vk—1,vk], 1 <k < Nj.

vy =20 VN, = 00

12 1) VN,-1

Integration over group k:

where
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Discretization: frequency

o1 3 (O’a(V) + /fTh)

0L}, . ok

o

<
&

<

S

A

N~

+

Vi Vg
c/ oo (V)E,dv — 47‘(‘/ o0.(V)B,(T.)dv = 0,

k—1

Ek = E,/CZV.
Gk

Hypothesis: E, "not too far" from B, (T,)

OFE} : C
5 div <@VE1€> + ca;f (Ek: — bkan) =0,

ot group Rosseland opacity ("harmonic mean"),
ot group Planck opacity (arithmetic mean).
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Discretization: frequency

E
Q — div (LVEk> + CO‘I{: (Ek — bkan) = 0,

ot SUkR
1 Vi e BU(T.
R~ / B, (T)dv / (Te) dv,
Ok Vik—1 Vk—1 O-a(Va Te) + KTh
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(a)

1 3 4 5
10 10 10 10

E (eV)

=
3

[—
-

An example of cross section as function of frequency.

CEMRACS 2010 — p. 37



Discretization: time
Explicit: stability condition At < (Az)?

Implicit discretization:

EI?+1 — Ly : ¢ n+1 P (tmn+1 n-+1\4
A7 —div | -5 VE] + coj, (BT —bra(T7™H)*) = 0.

30,

Semi-implicit with § = 1/2 = second order in At.

EN—Er 1 (c

- 5 div (2 VE;;“) +col (BT = bra(TP )Y
k

L . c o

o

At 2
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Implicit diffusion = elliptic (nonlinear) problem.

e Constraints:

Lagrangian deformed mesh
Piecewise constant unknowns.

—div (DVu) = f.
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Implicit diffusion = elliptic (nonlinear) problem.

Constraints:

€S

Lagrangian deformed mesh

Piecewise constant unknowns.

—div (DVu) = f.

_ _ =
&
=< S

7{6"’

_.,,
W__
\
M/

[ [ [ [ [
L]

7
7717

v
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Diffusion schemes

The most simple scheme: five-point scheme, D = 1.

/—Au: Vu-n:—/f.
K K K

Approximate gradient on each face: Vx € K|L, Vu(x) =~ “(T;]g:igf) |§§i§§| ,

ou _ u(xp) —u(xXkg) Xp — Xk u(xr) — u(xg)

~ ‘ng|L = cos(Ok L),
8nK|L ‘XL—XK| |XL—XK‘ ‘XL—XK|
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Five-point scheme

Klfi= Y UKL= cos(0kp).
LEN(K) XK — x|

N (K) neighbouring cells of K,
{(K|L) length of edge K|L = K N L.

1 ¢

Properties: [
0.1 e

e M-matrix: maximum :
principle. 5 001l
* not convergent if mesh is - ]
not orthogonal. 0.001 £

0.0001_ ]

1 10 100
Number of cells
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Five-point scheme

Example: (¢ = %)

ner ique « energles altematives _Au — O in D?
u = x5 ON OD.

Solution:

0.25

0.24 :

L2eror

0.23 :

0.22

I | I I I I I I I I | I
1000 2000 3000

Number of cells
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Five-point scheme

Tilted mesh:

B

h h

Fixed u, compute approximate flux:

u(xr) — u(xg) ou

X1 — XK|

8331

Compute exact flux:

Vuly) 1= £ (y)sin(e) — 5 (y) cos(io)

If © # 0, fluxes ar not consistent.

cos(Ok ) = 5—(y)sin(p) + O(h).
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Kershaw-type (sheared) mesh.
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energle atomigue - energles alternatives

Five point scheme on Kershaw mesh
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Five point scheme

Comparison five-point scheme — reference solution
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Diffusion schemes

Elliptic equation

—div(DVu) = f

on a deformed mesh. f,u piecewise constant.

The ideal scheme:

Convergent (order 2?)

Stable

Maximum principle

Symmetric matrix (if D is symmetric)

Linear (?)

Unstructured polygonal meshes

Recover 5 point scheme on orthognal meshes

CEMRACS 2010 — p. 47



Diffusion schemes on deformed meshes

o (centered) finite volume:
Kershaw &1981)
Pert (198 é
FaMe (199
Morel Dendy, Hall, Whlte61992)
Jayantha, Turner (2001, 2003, 2005)

o Mixed (hybride) finite elements:
Raviart, Thomas (1977)
Burbeau, Roche, Scheurer, Samba (1997)
Arbogast, Wheeler, Yotov (1998)

o Discrete Duality Finite Volumes (SDDFV%
Hermeliné(1998, 2000, 2003,2007,2009)
Domelevo, Omnes (2005)

o Mimetic Finite Difference (MFD): _
Shashkov, Steinberg, Morel, Lipnikov, Brezzi (1995, 1997,

1998, 2004).

o Multi- Romt flux approximation (MPFA):
avatsmark, Barkve, Boe, Mannseth (1996, 1998)
Le Potier ( 2005%)
Breil, Maire (2008)

e Scheme Using Stabilisation and Harmonic Interfaces (SUSHI):
Eymard, Gallouét, Herbin, 2010.
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Nine-point scheme

Kershaw scheme:
7T ={K =K,;, 1 <i< N} setof cells of the Lagrangian mesh

¢S
— /D u (= div(DVu)) = /D (VDVu)-(VDVu) = 3 /K (VDVu) (VD).

KeT

Split each cell in subcells:

K =|JK,, sverticesof K

/D u(—div(DVu)) = Y ) /K (VDVu) - (VDVu).

KeT seK
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Nine point scheme

In K,

VDVu =~ AriL(uL — ug)ng|L

A (Unr — ur )N s

and flux continuity:

N 2 [Tk — YKL N o~y 7
KIL = ¢(K|L) Dx Dr |
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Nine-point scheme

Kershaw scheme induces coupling with cells sharing a node.

Kershaw, J. Comp. Phys. 39, p 375, 1981.
e Consistent of order 2, stable
e Does not satisfy the maximum principle
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Nine-point scheme

/606

Comparison nine-point scheme — five-point scheme
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Lapln scheme (V. Siess)

ldea : use the Voronoimesh of the cell centers
7T ={K =K,;, 1 <i< N} setof cells of the Lagrangian mesh

VK € T, xzx center of mass of K.

Step 1. Compute the Voronoimesh 7 if the points z :

VK €T, K={xeDVL#K,|x—xg|<|x—xz|}.

__TK,

TK,
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Lapln scheme (V. Siess)

Step 2. Use "five-point" scheme on 7 :

K

(—Au)(xf{)%/~ ~Au = —/~Vu-n:—z ~ Vu-n

K
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Lapln scheme (V. Siess)

Step 3. Symmetrize the matrix :

K| ((K|L) 1 <\K\ IL\) ((K|L)
VK L, A — = ’ B — — — = + =
7 TR xk —xo] TP T 2GR L Ixk — x1

Step 4. Modify diagonal terms tos that the sum of each line

vanishes:
- 1 (K| IL\) ((K|L)
B — — — 1+ — :
re ;2<|K| L]/ [xx — xt]

The matrix C = ~I + B Is an M-matrice, for any v > 0
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Lapln scheme (V. Siess)

{ —Autu=1g, <o iNQ=(=1,1)2,
Vu-n=20 on of).
&0

Explicit solution:

)
- cosh(xy + 1) if o, < 0.

(x T )_ < 2COSh(1)
AL 22) =3 cosh(zq + 1) PR
. 2cosh(1) b=
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Lapln scheme (V. Siess)

14

12

1

0.8

0.6

041

0.2

% 08 06 04 w02 0 02 04 06 o8 1 10 -0.8 -06 -04 -02 00 02 04 06 08 10

Lapln scheme is:

e Linear.

e Symmetric.

e Convergent of order 1.

e Satisfies the maximum principle.

e Five-point scheme on orthogonal meshes.
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P1 model

Use P1 approximation: I, = =FE, +Q - F,.

4—”B,,(Ta) 0,

C

( OF,
ot

10F, ¢
L ¢ Ot 3 (70 (v) + Frn)

+ div(F,) + cou (V) (EV —

Hyperbolic system:

e Define convergent scheme on deformed mesh.
e Recover diffusion limit (asymptotic preserving scheme).

See Buet, Després, Franck (2010), Jin, Levermore (1993), Gosse,
Toscani (2004).
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PN model (1D)

Assume that I, is a polynomial of degree N in €.

N
I(x,t,n) = Z Jn(x, t, )Py (1).

n=0

P, = n'" Legendre polynomials.

10J, O <n+1 n

c ot T am \ a1t T Iy 1']”—1) o)

— O-a(V)By(Te>5nO + /iThénOJOa

with the conventionthat J_; = Jy11 = 0.

Scheme on deformed mesh...
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M1 model

1 1
Set B, — —][ 1,dQ, F, — ][ QOL,dQ, P, = —][ QO ® QI,do.
S2 S2 S2

C C
System

(
% L div(E,) + cou(v) <E _

1 OF, ,
——— +cdiv(P,) + (04(v) + kTn) F, = 0.
\ ¢ Ot

413,,@)) 0,

C

Closure relation
P, = ]—"(E,,,F,,).

P, = :E,Id: P1 model.

Definition of F: entropy minimization. Dubroca, Feugeas (1999),
Coulombel, Golse, Goudon (2005), Hauck, Levermore, Tits (2008),
Levermore (1997), Morel (2009).
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Boundary conditions (continued)

If the boundary condition of radiative transfer is
Ve € 0D, VQ/Q-n(x) <0, I,(x,t,Q)=1I"x,1Q),

with 7¢* independent of €, then idem for diffusion.

If not, need a boundary layer analysis:

I,(z,Q) = JS(:E,? Q)—l—aJl(az—Q)—l—a J2( ) e

T(zx) = SO( ”;)Jresl(x %)+5252( ?1)+

Incoming flux

——)

n=e
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Boundary conditions (continued)

E@I,,
c Ot

+Q-VI, +eo, (I, — B,(T))

KTh 3 2 L dQY
- II/_ — 1 Q'Q II/Q — 9
i 3 ( /524< I >> ( )47'(' !

I(z,Q) = J (:1:, %,Q) +eJ} (x, %,Q) +e2J? (x, E,Q) + ...

Milne problem for Jy = J¥(x,s,u), p = Q- e;:

,LL@SJB + KTh (JB — /C(JB)) =0 s > 0,
70 ((0, @2, 25), 0, 1, ] =][ 190(Q)d% > 0.
Sl

Boundary condition for 19 : | IV = J%(z, oo, p)

v
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Boundary conditions (continued)

,LL(?SJS + KTh (JS — /C(JB)) =0 s > 0,
70 [(0, 2, 3), 0, 1, 1] — ][ F,(QdQr  u>0.
Sl

Theorem: (Dautray-Lions 1988, Chandrasekhar 1950, Case-Zweifel
1967, Williams 1971) The Milne problem is well-posed, and its solu-
tion J? satisfies the convergence

IO (s, 1) — 4 ISH(Q)dRY.

§—00 J g1

Remark: Here, use that £ is self-adjoint, and that 1 is a simple

Isolated eigenvalue, with constant eigenvector.

Boundary condition: | E, = { I¢*(Q)dQ
SQ
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Boundary conditions (continued)

In the Rosseland approximation, boundary layer:

e 01,

SR o U v @(IV — B,(T))
c Ot

KTh 3 2 . dQY
T ( /524(+( )> )%

sc— /S/ %9 (I (x,t,Q) — B(T))dy%

Milne problem J? = J9(x, s, p):

( pdsJ,) + (04 + krn) (J,) — Bu(SY)) = s > 0,
—|—oo
/ ][ oo (J,) — Bu(S")) dudv =0 s >0,

J91(0, 29, 73), 0, 11, v ]_][ Q) Ay > 0.
Sl

/\\
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Boundary conditions (continued)

Milne problem J° = J9(x, s, p):

(1105 JY + (04 + KTh) (JO (SO)) = s> 0,
—|—oo
/ ][ oo (J,) — B,(S")) dudv =0 s> 0,

1(0,22,22). 00 = I (@ >0
Sl

N\

Theorem: (Golse 1987, Sentis 1987, Clouet-Sentis, 2009) The above
Milne problem has a unique solution, which satisfies

lim SY(s) =T%*, lim J)(s,u,v) = B,(T%).

S§— 0O S— 00

T* is the boundary data for 7 in Rosseland model.
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Boundary conditions (continued)

Rosseland approximation for the non-equilibrium diffusion model:
boundary layer

Milne problem Ey = Ej(z, s, 1):

( 1
( 8E0> +0, (E)— B,(5%) =0 s>0,
Ua + K/Th)

/ ][ oo (E) — B, (SY)) dudv = 0 s >0,

(0, 22, 23), 0, 1, 1] — ][ 195 (Q) dy >0,
Sl

/\\
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Boundary conditions (continued)

Milne problem Ey = Ejf(z, s, 1):

( 1
( 8E0) +o0, (E)—B,(S”) =0 s>0,
HTh)
4 / ][ oo (E) — By (SY)) dudv = 0 s >0,
(0,02,22).0, 0] = I () dr 5> 0
\ g1

Theorem: The above Milne problem has a unique solution, which
satisfies

lim SO(S) - T(:Tiffa Sli{lolo Jo(S,,LL, V) - BV(T(;H)

S— 00

T« is the boundary data for 79 in Rosseland model.

Question: how to ensure T* = T7,47
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