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IR Motivation

Motivation

o In magnetosphere, satellites are surrounded by a plasma : interaction
between charged particles of the plasma (ion and electrons) and the
spacecraft.

o Jons and electrons of the plasma modify the electrostatic charge of the
external surfaces of the spacecraft.

o This leads to charging phenomena. An excessive charging induces the
formation of electric arching which can destroy the experimental devices.

= For the numerical simulation of the spacecraft charging, we need a
complete description of the boundary conditions at the interface between the
plasma and the spacecraft.
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IR Motivation

Motivation

o F, = F,.(t,z,v) and F; the densities functions of electrons and ions
respectively.

o Boltzmann-Poisson system (for 5 € {i,e}) :

OF;

ot +uv- V F —7v (I)g VF[}—QQ(F“F@)

—divg (e0V4V3) = qini + geNe,

o Boundary conditions on F, and F; at the boundary I" of the satellite :

" Fg = R(y*“ Fg) + S for v-n(z) <0, x €l

-+ Boundary conditions on Vg

o Initial conditions on V3 and Fj.

v
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IR Motivation

Motivation

o LEO (Low Earth Orbit) : plasma is dense

= the use of hydrodynamical models is relevant.
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Motivation

o LEO (Low Earth Orbit) : plasma is dense
= the use of hydrodynamical models is relevant.

o Hydrodynamic limit of Boltzmann-Poisson equations : Euler equation on
(ng,ug, 8g) defined by

ng = /ngv

ngug = /vFg(v)dv

nguj + Nngg = / [v|* Fj3(v)dv.

HYDROMELC ( ) CEMRACS’10 25 aont 2010 5 / 30



IR Motivation

Motivation

o LEO (Low Earth Orbit) : plasma is dense
= the use of hydrodynamical models is relevant.

o Hydrodynamic limit of Boltzmann-Poisson equations : Euler equation on
(ng,ug, 8g) defined by

ng = /ngv

ngug = /vFg(v)dv

nguj + Nngg = / [v|* Fj3(v)dv.

o What are the boundary conditions to impose for ng, ug, and 6g?
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IR Motivation

Motivation

o LEO (Low Earth Orbit) : plasma is dense
= the use of hydrodynamical models is relevant.

o Hydrodynamic limit of Boltzmann-Poisson equations : Euler equation on
(ng,ug, 8g) defined by

ng = /ngv

ngug = /vFg(v)dv

nguj + Nngg = / [v|* Fj3(v)dv.
o What are the boundary conditions to impose for ng, ug, and 6g?
o Difficulties :

imposing only the incoming flux,
taking into account the Knudsen layer.
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©Pjeotivefoffthelstudy
Objective of the study

Hypothesis
o N=1, Q = [~w,w]
o Ounly one specie (ions or electrons)
o BGK operator :

Q(F) = M[F]— F, with MI[F|(v) = M,y = —o— exp (_ v — uz)

BGK-Poisson model

OF | L F — g0, 00, F = L (M[F) - F)
T

ot
03V =q(p-1), qe{-1,1}
V(-w)=VEt V(w)=VE
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JCTPEEBEIICI Y Objective of the study

FCR(t —w,v) = REYCUE(t,—w,-))(v) + ¢ L (¢t v) for v > 0
YR (t,w,v) ROYCUF(t,w,-))(v) + ¢ (t v) for v < 0

o Diffuse reflexion (for the boundary =z = —w)

Mw(”)

ROTE(t ~w, ) () = a—2-

/ [V |7 F(t, —w,v") dv’ for v > 0,
v/ <0
where o € [0,1] and
My (v) = P7w67|u|2/(29w)7 Zy = / v My, (v) dv.
V210, v>0

o Specular reflexion (for the boundary z = —w)

ROUF(t —w,)(0) = ay™ F(t, —w, —v) forv>0. (1)
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Linearized BGK equation and Euler system [RETEISTEIIEY

Linearized BGK equation

We set F' = M, (1+0f), with M, := M,_,, o.), and we obtain

0uf +v0uf = ~L.(1),

with L.(f) =11f — f :

P U= Uk v — uy)? ] - -
Hf = Z + TU + (9* — 1) =: m(ﬁ,me),

where (p, u, 6) are such that

p 1
Py + pii = / v f(y - v)Mi(v) do.
'l R

We have Ker(L,) = Span {1,v,|v|?*}.
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Eisesgisetion
Linearized Euler system

o Substituting f by the infinitesimal Maxwellian ™ (5.6 leads to the
linearized Euler system :

AN
ol u |+ Z—: ue 119, u | =0 (2)
0 0 20, wu. 0

o Eigenvalues : {u. — v/30., us, us + /304 }.
o Entropy flux :

Q: p,u9b—>/v|m |Mdv
o We can split Ker(L,) according to the sign of the quadratic form Q

Ker(L,) = At & A~ @ A",
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BeunderyjconditionsjforitholBulerlsysterm
Half space problem

o Ansatz for f :

f(t,l’,?)) = m(ﬁﬁ7§) +GL (t, x—:w) +GR <t, 1’;(4)) +0(7’).

o G and G* stand for boundary layers and are solution of the half space

problem
v0,G = L,G, z>0,veR 3)
G(0,v) = T4t for o> 0.
° : There exists a unique G' € L>(0, c0; L?(R, M, (v) dv)) solution

of (3) and a linear mapping (generalized Chandrasekhar functional)
Co: L*R,(1+ |v))Mi(v)dv) — AT @A
Tdata

— mOO7

where mqy, = lim,_, o, G(2).
o For = —w : G¥ is defined by (3) with Ydate = incf(. ) — M5 55
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| BETERS P = 1e) [qECTTELI TR e o RS IT W Boundary conditions for the Euler system

Flux at the boundary (example of z = —w)

o Decomposition of m ;- 5 (t, —w,v) € Ker(L.) = ATOA DA
M) = M+ F M=
with my = lim, ., GL(2)(= me).

e m_ € A~ : outcoming flux
— given by the fluid.

m_(v) = Z arlk, where (&)per- is a basis of A™.
kel—

o my € AT ® A% : incoming flux
— to be imposed as a boundary condition on the Euler system.
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| BETERS P = 1e) [qECTTELI TR e o RS IT W Boundary conditions for the Euler system

o Determination of m4 : by integration of (3), we get

d 1
— [v] v G(z,v)M.(v)dv =0
dz R |U‘2

o Maxwell approximation : v°*“*G(0,v) = G(oc0,v).

o We obtain :
1 | 1
/ v| v ['ymc(f) — m,] M,dv = / v| v my M,dv
v>0 |v|2 v>0 |v|?
with
. 1
7)) = 57 o) RO (fM)(t, —w, ) (v) + T4 (¢, v) for v > 0.
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Linearized BGK equation and Euler system [EINETTTISTEY REPEEY) EF

Numerical examples

We compare
o (7,1, 0) given by
0 1
= / v fM, dv.
R

Py + Pyl )=
ﬁ(ui + 9*) + 2/)*“*6 + p.0 |U|2

where f is the solution of the BGK equation :

0uf +v0f = ZL.(f) (+B.O)

o and (p, u, d) solution of the linearized Euler system :

p U px 0 p
h| u |+ ﬁ—; uwe 110, @ | =0 (+B.C).
0 0 20, wu. 0
25 aonit 2010 16 / 30
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Linearized BGK equation and Euler system [EINETTSTISTEY REPEEY) EF

0 (pu,us,0,) = (1,-0.1,1)
— signature of @ : (1,2)

o specular reflexion
o a=0.1

04 L L L L L L L
-0 -04 -03 -02 -01 0 01 02 03 04 06

Density at t=0.1 s
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Linearized BGK equation and Euler system [EINETTSTISTEY REPEEY) EF

06 T T T T T T T
fluide
— — —cinetique
B 04 B
f
B 02r 1

8
-05 -04 -03 -02 -041 0 01 0.2 03 04 05 -05 -04 -03 02 01 0 01 02 03 04 05

Temperature at t=0.1s Macroscopic velocity at t=0.1 s
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Linearized BGK equation and Euler system [EINETTSTISTEY REPEEY) EF

16 T T T T T T T T T

— — ~fluide
15 — cinetigue
14

(4]

(P*a Uses 9*) = (13 07 1)
— signature of Q : (1,1)

o diffuse reflexion

(pwaa’w) = (17 1)
o a=0.28 O R

(]

Density at t=0.1s
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Linearized BGK equation and Euler system [EINETTSTISTEY REPEEY) EF

a1 L L L L L L
-05 -04 -03 -02 -0 0 01

Temperature at t=0.1 s
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Linearized Euler-Poisson system [ERGEETSTTIFET0

Linearization

o We set for equilibrium state :
where V. € C%(—w,w) is the (unique) solution of the problem

e_qV* (x) /0«
[ e gy ) )
Vi(—w) =Vt V.(w)=VE

o The linearization F = M, (1+4f) and V = V, + 6V lead to the linearized
Boltzmann-Poisson problem :

~ 1
Ouf + 00, f — q0u Va0 f + qeiazv =-L.f,
* T

—92V = q/ fM,dv, V(—w)=V(w)=0.
R
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Linearized Euler-Poisson system [ERGEETSTTIFET0

Linearized Euler-Poisson system

Substituting f by the infinitesimal Maxwellian ™ (5.5.6) leads to :

p 0 po O p % /0
dfu)+ (% 0 1]ofu)=gdV.| L |-gdV |1
0 0 20, 0 0 0 0
with
~ emaVe(@)/b. - -
—0;V =4qp (~w)=V(w)=0

ffw e—qV*(y)/Q* dy7
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(TR PIYC B OfTY Vo SIS EREEP M Tl N umerical examples

Numerical examples

— =~ fluid
kingtic

©

(p*7 Uscs 9*) = (15 07 05)
Source term at the left

boundary :
d)data,L

©

= M(pL 0,0%), With

(p5.65) = (2/1.2,1.2/2)
Boundary condition at the

right side :
d)data,L

©

— s . . . . . . . . .
_m(P*,O,G*) -0.5  -D4  -03 -0 -0 0 01 0z 03 04 05
0 qg=-1

o VE=1VLl=1. Density at t=0.1 s
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(TR PIYC B OfTY Vo SIS EREEP Ml Numerical examples
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(TR PIYC B OfTY Vo SIS EREEP Ml Numerical examples

o (ps,us,0,) = (1,0,0.5)

o specular reflexion

o a=04

0o g=1

o VE=0, VLl =1. e

Density at t=0.1 s
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(TR PIYC B OfTY Vo SIS EREEP Ml Numerical examples
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(TR PIYC B OfTY Vo SIS EREEP Ml Numerical examples

Potential V' at t=0.1 s
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Conclusion and futur prospects

Conclusion
o Comparison between linearized BGK-Poisson equation and linearized
Euler system.

o In most of situation, comparisons are quite good !

o Successful addition of the Poisson potential.

Work in progress
o Improvment of the case with diffuse reflexion and « close to 1.

o Implementation of the full Euler-Poisson system and comparison with the
BGK-Poisson equation.

Perspectives

o The full ions-electrons system.
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