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Goal

Our aim: to simulate the emission of electrons in a diode, using
the Nurbs and the 2D axisymmetric geometry.
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Diode
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Vlasov-Maxwell

We solve the Vlasov-Maxwell system:



∂f
∂t + v ∂f∂x − (E + v ∧ B)∂f∂v = 0,

−∂E
∂t + rotB = J,

∂B
∂t + rotE = 0,

divE = ρ.

To solve Maxwell we have adapted a code using Splines.
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2D axisymmetric geometry

- The diode is cylindrical but symmetric in the θ direction.

- We are on a 2D axisymmetric geometry.

- We solve Vlasov with a Particle-In-Cell (PIC) method:
we consider N particles, their position xk, velocity vk and
weight ωk ,
we approach f by fN(x, v, t) =

∑
k ωkδ(x− xk(t))δ(v− vk(t)).

- We move particles (electrons) with the equations of motion in
this geometry.
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PIC method

Mesh generation
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Splines are smooth piecewise polynomial functions.
Let T = (ti )16i6N+k be a non-decreasing sequence of knots.

Definition (B-Spline)

The i-th B-Spline of order k is defined by the recurrence relation:

Nk
j = wk

j Nk−1
j + (1− wk

j+1)Nk−1
j+1

where wk
j (x) =

x − tj
tj+k−1 − tj

, N1
j (x) = χ[tj ,tj+1[(x)

Definition (NURBS)

The i-th NURBS of order k associated to the knot vector T and
the weights ω, is defined by

Rk
i =

ωiN
k
i∑N

j=1 ωjNk
j

.
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Splines and NURBS for physical domain

We use the NURBS to build the mapping between a patch and our
physical domain, then we enrich the patch by Splines.
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Equations of motion

Whatever coordinates system
(
X, Ẋ

)
we choose, we can find the

equations of motion with the help of the Euler-Lagrange equations:

d

dt

∂L
∂Ẋi

=
∂L
∂Xi

,

where L is a function of
(
X, Ẋ, t

)
called Lagrangian.
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Relativistic Lagrangian in cartesian coordinates

The Lagrangian of a special relativistic test particle in an
electromagnetic field is

L(X, Ẋ, t) =
−m c2

γ
+ e(A ·

~P

m γ
− φ),

where e,m are the charge and the mass of the particle,

A = (Ax ,Ay ,Az) corresponds to the potential vector: B = curl A,

φ is the Poisson function such that E = −∇φ− ∂
∂tA.
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Equations of motion in cartesian coordinates

With the help of the Euler-Lagrange equations we obtain the
equations of motion in this coordinates system:

Ṗ = E +
~P

m γ
× B

where the generalized momenta are P = m γ Ẋ with γ = 1√
1− Ẋ2

c2

.
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Relativistic equations of motion in axisymmetric
coordinates

In axisymmetric geometry: (r cos θ, r sin θ, z) = F (r , θ, z). The
relativistic Lagrangian is:

L(Xaxi , Ẋaxi , t) =
−m c2

γaxi
+ e(A ·

 ż
ṙ

θ̇

− φ).

The equations of motion become r Ṗz

r Ṗr − Pθ θ̇
Ṗθ

r

 = e

 r Ez

r Er
Eθ

r

+

 ż
ṙ

θ̇

×
 Bz

Br

Bθ


where the generalized momenta become

Paxi = m γaxi

(
ṙ , r 2θ̇ , ż

)
where γaxi = 1√

1− (Vaxi )2

c2

.
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Lagrangian in patch

In our problem we resolve the Maxwell’s equations in a patch so we
also need resolve the equations of motion in this domain !!!!
We change coordinates
G (ξ, η, θ) = (z(ξ, η, ), r(ξ, η, ), θ) = (z , r , θ), we recompute the
Lagrangian with the hypothesis that θ̇ = 0:

L =
−m c2

γ
+ e

A ·

 ξ̇
η̇
0

− φ
 ,

where γ is equal to 1√
1−

Mξξ̇
2+Mηη̇2+2Mξηξ̇η̇

c2

.
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Equations of motion in patch

We deduce the equations of motion in undefined coordinates using
the Euler-Lagrange equations, and we obtain:

Ṗξ = m γ
2

[(
∂
∂ξ

(
Pξ

m γ

))
ξ̇ +

(
∂
∂ξ

(
Pη

m γ

))
η̇
]

+ e [Eξ + η̇Bθ det(J)]

Ṗη = m γ
2

[(
∂
∂η

(
Pξ

m γ

))
ξ̇ +

(
∂
∂η

(
Pη

m γ

))
η̇
]

+ e
[
Eη − ξ̇Bθ det(J)

]
where the generalized momenta are

P = m γ
(

Mξ ξ̇ + Mξηη̇, Mξη ξ̇ + Mηη̇
)

,

and

Mξ =

(
∂r

∂ξ

)2

+

(
∂z

∂ξ

)2

, Mη =

(
∂r

∂η

)2

+

(
∂z

∂η

)2

Mξη =
∂r

∂ξ

∂r

∂η
+
∂z

∂ξ

∂z

∂η
.
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Numerical result for the equations of motion

Movement
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How does a diode work?

A potential drop between the anode (Va > 0) and the cathode
(Vc = 0) is imposed and it extracts electrons.

Numerically:

we create a potential drop, and every two iterations we create a
particle with a positive weight in a cell Ω if:

- Ω is on the surface of the cathode where we can inject
particles,

- the charge
∫

Ω ρdω = −
∑

k∈Ω ωk is greater than the

circulation
∫

Ω
~∇ · ~E dω =

∫
∂Ω
~E · ~ndσ.
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Our problem

We still try to program this potential drop...

Remark:

if we consider a stationary wave already inside the diode, the
electrons are extracted as expected.

We can so suppose that our condition to extract the particles is
well implemented.
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Extraction on a rectangle

Extraction on a rectangle
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Conclusions:

we have created the mesh of the physical domain,

we have resolved Maxwell’s equations and computed the
current,

we have resolved the equations of motion in axisymmetric
geometry and on the patch, in relativistic and in non
relativistic,

we have implemented the condition to extract electrons.

Perspectives:

we have to implement the physical condition on the
boundaries i.e. Silver-Muller’s condition,

and the potential drop.
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