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Goal:
present level set methodology, and applications to image processing (classical

stuff) and fluid-structure (more recent stuff)
try to emphasize applications to biology

Interfaces appear from different view-points
numerical tools to represent, identify structures

or
physical, material “active” elements
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First case: “virtual” interfaces
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Second case: material interfaces
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Mixing of virtual and physical interfaces geometrical and physical modeling
for image synthesis
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Outline :

lecture 1 : general definitions, geometrical properties, surface integrals
lecture 2 : image processing 1: diffusion models and curvature motion
lecture 3 : image processing 2 : contours and snakes

lecture 4 : fluid-structure interaction: membranes and biological vesicles
lecture 5 : fluid-structure interaction: general case and elastic cells
lecture 6 : dealing with stability and collisions

LABORATOIRE 9
JEAN KUNTZMANN




Interface tracking vs interface capturing

Interested in material - or lagrangian - interfaces moving with a given velocity u

X(T+AT)

X(T)

I'(T+ AT)
I(T)
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Two kinds of interface representation:

eexplicit parametrization coupled with motion of individual markers on surface :
interface tracking

eimplicit representation and solution of a PDE “everywhere”: interface capturing

interface tracking requires interpolation, “surgery” and topology decisions
level set models avoid these problems (to some extent) but are less intuitive.
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Level set method (implicit surface method):

Theorem:
if ['(t) is the level set of a smooth scalar function ® (I'(t)={ ®(-,t) =0} )and if ®

satisfies
®; + (U)o =0,
then [(t+At)= { ®(=,t+At) = 0}

Proof:
if dX/dt=u(X,t), d/dt(d(X(t),t)=0 and P(X(t),t) = 0 = P(X(t+At),t+At) =0

Consequence: material interface can be captured as time evolution of a given
level set for the solution of an advection PDE.
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Question: what kind of geometrical information can be retrieved
from & (if possible in a simpler way than a parametrization)
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First information: normal to the interface given by the gradient of the level set function
unit normal vector : N=V®/|VP|

Second information: curvature given by the divergence of the normal:

¥ (bi(bxx = 2¢x¢y¢xy r Qbi(byy
(@ + )"

Important remark: interface motion defined up to any tangential velocity:

kK= div n k(p) =

Equivalent equation for &:
®t + u.n(n-V)® =0
or

®; + v [VP| =0 : Hamilton Jacobi equation
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links with conservation laws:
consider 1-D case: &t + H(®x)=0
set u=dy

and differentiate HJ equation:

ut+ H(u)x =0

consequence: singularity in ®x (kinks) can arise.

can expect strong variations in level set slopes
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many questions involve computing surface integrals on the interface

-> how to do that with a level set representation (without using a surface explicit
parametrization) ?

simplest answer : regularize interface and rely on volume integrals

Theorem:

Let T a 1-D, even, mollifying function such that

/+Oog(aj)dx:1 /+Oox2§(x)dx<+oo

—00 —00

then: éc (?) \qu| — 5{(/5:0} dans M(Rd)

€
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Proof:

need to check that lim lg (?> \Vo|f(x)dr = / f(z)do
3 {¢

e—0 Jrd € =0}

by definition of T, ro any smooth function g : lin% éc (f) g(r)dr =
E= R

set : g(r) = /{¢: }fda

lim 1( (i)/ fdadrz/ fdo
=0JRE S RES Hg=r) {9=0}

Assume for simplicity that T has compact support in [-1,+1]. Then

Jo @) o= [ 2 (2)
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n
Lemma : / g(a:)d:r::/ / g(x)|Vo| tdody
|p(z)|<n —n J¢(z)=v

g =Ccf|Vd| gives the answer.

Proof of lemma:

measure theory gives
([ st@we) == [ gvera
R glr)axr | = — [7] o
dS b>s —

set s=n then use for ¢ and -¢, integrate and sum.
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Other proof by change of variables using a transverse function Y
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To be effective, regularization requires the control of the slope |V|:

oif V| is too small, too much smearing
oif V| is too large, needs many grid quadrature points to capture interface

0
% + sen(do)(|V4| — 1) =0

0
a—¢+8gn( =

V¢

Vol - V¢ = —sgn(¢o)
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Other method:

solve |V®|=1

with upwind differencing , ‘
and propagate solution \V & (7 g1~
from the lowest values

(fast marching method)

upwind differencing

max(D u, — /)“L/Z w,0)24
max( l)_/L uw, — /)j}i{ w, 0)°+ = Fi
; \— 2 2 \ 2
max(l)if-/-k u, — 17 u, 0)

allows to propagate u form low values (0 at the interface), to larger values
(outward).
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(1) Choose smallest dark gray sphere (for example, A7) (iv) Freeae value at A, update neighboring downwind points

x =

o AT
2

| o ST

=

(v) Choose smallest dark gray sphere (for example, “D7) (vi) Freeze value at 1), update neighboring downwind points

sketch of fast marching algorithm

&
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Advantages:
distance to the interface is a nice information

makes the level set function better behaved for numerical approximations (e.g. to
compute curvature)

Drawback :
moves the level sets (volume loss)
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Other approach: observe that ®/|V®| approximates the distance function, close to
the interface

p(x—d(x)Vd) =0 = ¢(x)—d(x)Veé-Vd(x)+ o(d(x)) =0
but  Vd(z) ~ 5 (x)  because d(x-nd(x)) = 0

therefore

¢

~ va

$(z) — d(x)|Ve|(z) + O(d(z)) =0 and  d(z)

Consequence : can replace lg (?) Vo] by lg ¢
£ \E e’ \elVel
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lllustration:

computation of the length of
the interface in a spiraling
circle

solid: with reinitialization
dotted: with renormalization

(with Weno scheme)
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y* 1@\
I3 — 1 L= / —C(Z)|Vep|axay
q € €

Mesh Size Smereka 1 Renormalization Smereka 2

0.2 9.38 x 107° 1.5 x 107" 2.68 x 107°

0.1 223x10"® 207 5x1073 549 x 107% 2.29
0.05 812x107*% 146 1.3x107° 19 1.32x10~% 2.05
0.025 271 x10™* 158 3x10~* 21 290x10™° 2.18
0.0125 758 x 10> 1.83 8x 107° 19 779x107% 1.90
0.00625 3.04x107° 132 2x107° 2 1.84 x 107 2.08
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Lecture 2

Image processing 1 : filtering and restoration
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Lecture 3

Image processing 2 : active contours
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goal:

draw one or several contours, around an image or a set of points
(segmentation)

general idea:

1) curve obtained by minimization of a criterion combining smoothness, scale
parameters, and a measure of “close to image”

2) use volume integral to define and differentiate these quantities (instead o
“variational level set” based on level set function alone)
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scale parameters:

length :

area inside the curve :

smoothness:

curvature : /G
edge detector: D(¢) = /Q

where g(z)—0 when z—
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:/QH(gb)d:U or

@b

NIVSl_¢(2)dr

¢

o1 Fuo())) [V61-¢(2) do

- [ Ho)ia
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Typical functional to minimize:
E(9) = M(9) + aA(9) + 1C(¢) — dD(¢)
with positive coefficients.

Gradient computations:

< £@)b>=- [ 2e(Enle)vds

<D(9),6 >= [ o(Tuo)x(6) + V (g(Tu) -u] Z¢(%

Q

) dx

<C0). v >= [ div| -Gl G5 + g Pees (VITOIG(e(oN]) | 2¢(2
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Gradient descent method can be set as a curvature motion for ® :

In case one only keeps length and edge detector:

60 = {[\+ 89(Vuo) (9) + 07 (9(Vuo)) - m} ~¢(%)

&

Remarks:
ecurvature motion + motion along detector gradients
*“non morphological” form (but comes from intrinsic curves
energies)
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Other segmentation tools:

when image gradients are not well behaved, try to recover contours inside and
outside which the average signal will fit the original image.

replace the edge detector by the following energy

- / R N rerac RS / g — Caf2(1 — He(¢)) da

where

0, - Jw@H©G) dr | [u()(1 - H(@))de

[H@de = Ja_H@)

leads to the level set equation (with only length control) :

¢

60 = {s(6) = (o — C1)* + (o — C2)*} 2¢(2)
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Extension to multiple phases or multiple channels:

using n level sets functions allow to determine 2" possible states

two level set functions and four phases

20— ot (221) [ (00— 07 — 00— ") 0

+((uo = c10)* = (w0 — c00)*) (1 = H(@2))] },

and

05’;2 — dg(c'%z){/ldi\'(|§.z:|> — [((u.o —cn ) — (ug — co 1.:)2) H(o)

+((‘llo — c19)® — (ug — Coo)z) (1—-H(o :),)] }
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illustrations:

segmentation of
a set of points
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3¢

Brain MRI: 2 phases
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Brain segmentation:
2 level sets and four phases

delicate point : parameter choice
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Lectures 3 and 4: Level set methods for fluid-structure interaction

LABORATOIRE
JEAN KUNTZMANN




Motivation

Understand spontaneous deformations (or subject to external
fields: chemiotaxis) and migration of cell populations

Example of spontaneous oscillations in a fibroblast

What are the relevant parameters (fluid mechanics, rheology, and
biochemical processes) to explain such dynamics
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Possible approaches for fluid-membrane coupling

* ALE Methods:

Principle: follow geometry, mesh domain and solve flow and
structure equations with appropriate interface conditions
v'pro: accurate, explicit enforcement of interface conditions
v'con: expensive, difficult to follow large deformations (3D)

* Immersed boundary techniques:

Principle: flow everywhere, membrane as a forcing term
v'con: accuracy questionable (possible leaking)
v'pro: cheap, large deformations OK
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Immersed boundary techniques (Peskin ‘77)

Physical setting: elastic fibers moving freely in a fluid, imparting an elastic
force on fluid particles

Model:

*Fluid equations, with forcing term localized on fibers (Dirac
mass supported by a curve)

‘Fibers are tracked as Lagrangian elements

*Elastic forces obtained by explicit computation of stretching
along fibers, with elastic coefficient evolving in time to account
for contractile activity
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Fiber (or membrane) tracked as a Lagrangian element:
X(r,s,1), r being a, index (scalar for curve, vector for surfaces)

parameter, s is parameter along the fiber
and dX /dt=u(X.1)
Elastic force appears as a right hand side in flow equations:

,0<?;tl+(u-V)u>+Vp—uAu = I

where

f(x,t) = /F(r,s,t)é(x — X(r, s, t))drds

and similar formula for p

F and M are respectively the force and surface mass densities
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Elastic force density can be derived from energy principle:

By~ / E(lyy(s)) ds

where ~ = A denotes the strefching of the fiber
S
-0

4E()(6) = / & (I (s) D T ds

5 (. ; 0
F -5 (£l ) = -5 ()

Linear elasticity: &'(r) = A(r —1)

yields — T(v(s,t),t) = A[[7,(s, )| = 1)
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Practical implementation:

Spread force on nearby grid points (interpolation)
*Solve flow equations
‘Push markers on the fibers and compute new stretching and new force

Delicate point: need to insert/delete markers to avoid leak or
clustering while maintaining volume and mass; dealing with
membranes not clear

Alternative view-point: level set formulation

AAAAAAAAAAA
JEAN KUNTZMANN




Use of level set techniques based on three remarks:

*Level set functions can capture Lagrangian interfaces

*More physics can be put in the level set function -> immersed
boundary

*Can use directly the level set function (without "cosmetics™")
in the forcing term, by renormalizing the cut-off

*- cosmetics = reintialization
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Key remark:

Level set functions can be used to compute stretching (-> elastic force)
and more:

In 2D, if ¢ solution to the advection equation, then L=V X ¢
satisfies

9 | (u-V)L = (L-V)u

That is, the equation satisfied by stretching.
Consequence ||V¢| gives the amount of membrane stretching
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Extension to 3D case

TS oX X
In 3D surface stretching is given by X

s, 0§,

where (£.,5,) — X(1;£,,5,) is a parameterization of the surface

But, if ¢ is a level set function, V¢ satisfies the same equation
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"Proof”

(X& X X€2)t e [Du]Xfl X X§2 7 X§1 X [Du]X&

Pyt (Vo) + (u-V)V¢+[Du]' V¢ =0

IF A has a vanishing trace (because div u = O):

Aaxb+ax Ab=—Af(ax b)

Conclusion oX o0X
7 GE (1,8) = MEVe(X(1.8),1)

(in the sequel A=1)
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Another way to put it

Soitu : RY x [0, T] — RY de classe C' et solutionC' de p1 + u- Vi =0,
© = o avec |Vy| > a > 0 au voisinage de {p = 0}. Alors pour toute
fonction f continue a support compact,

| KOVl @dee) = [ YO0 IVl (x Do)
{ea(£)=0t}

{e(x,)=0}
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Membrane energy can thus be written as

£0) = | B(VeD¢(Da

Derivation of force from energy

w Vél o L,
Vel gé‘(g) E(Ivcbl)s—gé"(g

= — iv |E' V_¢1 ¢ i i / ? -
[ i |[B0vonTe )| v - B(ven ¢ v d

== Jyo [ Ve

£(8), b >= /E Vo)) o do

| 2@+ (B 1v0DIVel - (Vo)) ¢/ (D ds
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Energy time variation:

d

7E(9) =< E(9), ¢ >=<E'(¢), —u- Vo >

d

e = [ aiv | BV e

] ¢
Vol Vgl

Vol=¢(Cyu+ (B(VADIVS| ~ B(Vo) 3¢ (2)Vé - uda

Integration by parts + div u =0 :

[ (E(voDIvel - B(va)Y Ec@} s

= [ @ (vaivel - B(Teh)div | yu do
= [ (VEQvoNITal + B (Vo) VIVel - VIEGTaD) (s
- [ VIE(VIVel ¢ Suds
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should equal the work of the force :
dt5(¢) /QF(ZE, t) - udz

by identification of terms:

Vo

] ¢
Vol Vel

Fa,t) = { VIE(Va)] - div | B () i | o H198120(2)
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Other form that distinguishes between tangential and normal components

V¢ . Vo
Pygr(v) =v—(v- ‘V¢|)W
Fla,t) = { Pops (VIE(VOD]) - B(VoD(@) o § [99120(2)

Can also be written as a tensor term + gradient term

Fn =V { B(VeDIVel 0D} - div (B Vel 52T 20(D))

Vo| ¢

so that the full flow stress tensor becomes

V@ Vel
V| e

¢

o = —pl +n(Vu+ Vu') + E'(|Ve|) Z¢(2)
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Force can be put in conservative form:

E (Vo))
Vol

F. o, = aiv (Z 8 vssvsle ) - v (B (vaIvel)

Remarkable property: energy conservation

kinetic energy viscous dissipation elastic energy

\ | |

écé))

! 1 1
1 ! !
5 | @y [ [ valPdea+ | E(HWH);«?W

1

— 5 [ ub@de+ [ B0l (P

<Z50)

Consequence: ho dissipation induced by the regularization
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Level set model (with surface mass)

1

pe(@) = 5+ (s — ) (5|

pe(d)(uy +u-Vu) —vAu+ Vp=F.(z,t) , diva =0

¢t+u-V¢=O|

wre Fle) =F@ )20V

Remarks:

1. Assumes stretching and level set functions normalized at =0 and
interface ={x, ¢=0}

2. Mass conservation easily satisfied

3. Regularized force can be derived directly from regularized energy
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Korteweg fluid

Assume E’(r)=Ar, force becomes:

F = div(V6 @ Vo (D))

Set
= EZ(L) with Z(r) = [7¢3(r)dr
system becomes:

Ve +u-Vip =0
us +u - Vu— vAu+ Vp = —div(Vy ® V)
divu =0
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Existence result

Under reasonable assumption on E, and for smooth initial conditions, there exists a
smooth solution for small time

Existence time tends to zero with € !

|dea of the proof:
compactness argument on a sequence of time-delay linearized/regularized problems
Solonikov LP estimates on Stokes problem

LABORATOIRE 20
JEAN KUNTZMANN




Numerical validation against existing IBM: pressurized membrane (Lee-Levesque,

JCP '03)

equilibrium
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radii in horizontal or vertical directions

Radius in horizontal and vertical direction

N=256
0.75 . : : : : : .
— 256 x 256 (IM)]| *"° [ '
== 256 X 256 (IB) ry -oeeeees
0.7 1 07 F
0.65f 065 | :".,
0.6f 06 I |
0.55} 055 -éz
O 5 1 1 1 1 1 1 1 05 .’I‘ !
~0 5 10 15 20 25 30 35 40 ° 10

time

Original and L-L implementation of IBM
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Conservation of volume

0.01 : .
- M ——
LIBM ---%--- ]
0.001 |
S
5}
)
2
&
()
[
0.0001
o
1e_05 1 1 L 1 1 1 1 |
0.001 0.01
Grid size

&
"
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i 035 T T T T T T T

++ AR 4
++++’t,.- """ -\~,:':++++
03 e Ly

01

0.05 -

= e Fy
A

.0.05 I I 1 1 1 1 1 1 1
0 0.2 04 06 08 1 12 14 16 18

T=0.2 T=2.2

Pressure gradients at x=0 for N=64 and N=256
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If you want to play by yourself :

In 2D:
http://1jk.imag.fr/membres/Emmanuel .Maitre/Logiciels]|

In 3D:
http:/ljk.imag.fr/fCOMMA/news.html
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Application : equilibrium shapes for biological vesicles as minimal
shapes for curvature energy, with volume and area constraints

function of T = € [0,1]

I

iy

where V is the volume, A the area.

D sto D

expected shapes O ©© e B @ O

0.05 03 0.591 0.592 (.651 0.652 0.8 0.95
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Level set approach to shape optimization:

Ei(0) = [Gtstoniveloc (2)

€

6 = we) = v (22

2 Vol
curvature driven energy and flow: dgc = /Fc ‘u
o, V¢ 1 ' L. ¢
. = V- {60 L5 + 1o oot (VVOIG (@) 1<(£)v6

gradient based method replaced by incompressible
(to maintain volumes) flow solver with
RHS= Fc + stiff elastic force (to maintain area)

ooooooooooo
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Other application in biological vesicles: tumbling and tank-trading in shear flows ,
depending on viscosity ratio

O 0 0 00 0 O 00O
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In 2D: tank treading vs tumbling
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In 3D :tank treading (viscosity ratio = 1)

1

o

a
|«
1

$ <

= a

A 9

b P

b o4 5

ression v=0
peeasica =0

prosuicn y=0.5
T,
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Fluid-structure with general incompressible elastic bodies

conservation of momentum  w; +u-Vu—divyo = f

Consider general strain/stress relationship:

o(z) = o”(§,(VXVX®)(t€,0)

ol (¢, B) = Bo(&,18)T + B1(&,t5)B + B2(&,15) B

where X are the forward characteristics and € are the Lagrange
coordinates.
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If one considers the backward characteristics (x,t) — X (0;x,t)
then VX(t,&0VX(0;z,t) =14

and Cauchy-Green tensor can be written as

B = FF? where F(z,t) = (VX)(t; X(0;x,1),0) = (VX)~10; x, t)

important remark:

because detF = 1, F=cofVX'=| X,, x X,
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why consider backward flow?

1) it is a function of eulerian coordinate

2) it satisfies a transport equation {Xt gl VR =
0 =i

this allows to write a general level-set formulation of elasticity.

For a fluid-structure system, need one more level-set function P to track
the interface.

Full model: (W, + (u- V)u) — div o(¢, Du, X, VX) + Vp = 0
where

o(y,Du, X, VX) = (X, VX'VX) + H(¢/e) (6" (Du) — 6°(X, VX' VX))
(H is a regularized heavyside function)
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How to take into account anisotropic elasticity ?

Let C= VeX! VeX the (right) Cauchy-Green tensor and T a preferred direction.
Constitutive equations should involve 2 additional invariants:
l4= T C T (stretching in direction T) and Is=TtC2Torls = TtC' T

To represent T we introduce an (additional) level set o and set T=Vg

If is the advected level set function we can write, using backward trajectories:

|4 = V(PO VXX't VxX -1 VCPO = VCP VxX -1 VxX‘t VxX -1 VxX‘t V(po = | B VCP |2
Similarly:

ls= | Ve |2
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Application: dynamics of a single heart tissue cell (cardiomyocyte)
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Gauche : Copyright T.R. Shannon, LNM 1867, Springer p. 65. Droite : Image issue d’'une séquence de

vidéo-microscopie de cardiomyocyte isolé de rat
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coupling of active stress and calcium concentration in an
elastic incompressible medium
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spontaneous contraction is related to propagation of calcium waves:

Experiments by Usson and Lacampagne
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pm deformation |/ L

10

measure of deformation

. LABORATOIRE
JEAN KUNTZMANN

L.

. 2%

S e ¢

H-m b

* nh

Lt LI LL LI Lan
Hﬂf}ll‘ttﬂ.:."“':‘”—m”*

§1l~0-:rlg ﬁ“i.!z

iu,.;-..m'ﬁf'-'f"“""'f

39

TIMC




mathematical modeling : incompressible elastic medium
with preferred direction along the filaments
(isotropic transverse model (Ogden, Mourad, ..))

results in the following constitutive law:

0 = —p+ 20;B + 205((B)B — B?) + 2a,Fr @ F1 + ...

B = FF! where F(z,t) = (VX)(t; X(0;x,1),0) = (VX)1(0;x, 1)

AAAAAAAAAAA
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coupling with calcium concentration

Assumption (Dupont, Goldbeter, Stephanou, Tracqui):

*calcium concentration acts on o° through coefficient o4
*calcium concentration in the cell Z and in the reticulum Y satisfy a
reaction-diffusion model

O = n(Z) (Y. 2) ~ kyY

0/

= =+ —u(Z)+ (Y, Z) + kY —kZ+V - (DVZ)
Z(r,tg) = Zy; Y(r,tg) =Yy

v Ak v ym™ YA
Vy = Va —
2 Mo Kgb + Zn 3 Ms K}? _|_ Ym KZ + Zp
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> aN

Parameter Value  Unit
) 0.45 M s 1
k 2.2 s7!
V1 4 puM.s!
Vs 65 puM.s7!
Vs 500  pM.s7!
Ko 1.2 M
K4 0.92 M
Kp 3.5 M
Yo 0.1 [LAI
Zg 10 M
Z50 2.5 uM
1) 0.05 -
Dy 300  pm?s7!
Doo 150  pm?s~!
D33 150  pm?2s—!
To 5.5 kPa
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Implementation

*Finite-difference weno scheme

*MAC-type grid

*One cycle of contraction (2s of physical time) on a 100° grid
takes 3 hours of CPU on AMD 64b processeur

*To be compared to Okada et al : 34 hrs for 1s of physical
Time
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Propagation of deformation in a cylinder
(calculation by E. Maitre)
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Calcium wave in a
cardiomyocyte

(C., Maitre & Milcent
ECCOMAS CFD Conf., 2006)
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Last lecture:

*how to deal with contact/collision using level set methods

*a few things about stability issues in level set methods for fluid-
structure interactions
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Usual way to deal with contacts of solid:

egeometry based methods :detect collision or penetration, then “eject” the

overlapping
*solid mechanics: translate “no penetration” through a Lagrange multpilier (in ALE

variational framework) or assume central repelling forces between objects

LABORATOIRE
JEAN KUNTZMANN




dealing with contacts with level set methods

idea:

¥ start form 1D dynamical system with following properties
*short range
*energy preserving
‘parameter free (as much as possible)

¥ then "spread it" on the surface of the bodies using level set functions
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1D contact model : =" exp(—x/e).
X

5 x/e
Hamiltonian system with energy E(x) = / g exp(—s/e), ds= / )—’j exp(—y)dy
1 1/e
Consider a point initially located at x(0)=1 with negative initial velocity vo and set
/e 1 +o0 1

F.(x) = / Sexp(-)dy, F) = / S exp(—y) dy

If x” denotes contact point, by conservation of energy : k F(x"/€ )= vo?

x* = eG(vg/2x) ~ eG(v]/2x) for e < 1

consequence.

1) rebound on a width ~ €

2) k should be scaled as v? where v is the velocity before contact
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K

¥ = —exp(—x/e)

How to spread this force on a rigid body ?
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0.2 : 04 L h
) 0.16 - 1 - 02hb -
Energy conservation £ 012 1% I
‘s 0.08 | o _ |
and contact scale ~ € 2 008 £-02 S\
0.04 - —04 ||
0, Bt g¥o gV oy 06 (I N VY B
0 1 2 3 4 5 6 0 1 2 3 4 5 6
time time

Illustration of contact force

difference with central force:
able to production rotation
if contact “off-center”

Ny
>
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disk hitting a wall

B 6

51 : 5

2D disk sedimentation 4~ 4
3t | I

2 2

1 ' ) 1

\—_ i
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1F 4l 4
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A1k -14 1 14 , X , . X . R . i
1 02 04 06 08 1 12 14 16 18 2 0 005 0.1 015 0.2 025 0.3 0.35 0.4 04505 0 00501 01502 0.25 0.3 0.35 0.4 045 0.5
X Time
free fall: comparison with Glowinski et al. 2001 (left pictures: flow
vertical velocity for 2 grid sizes model, Lagrange multiplier for rigidity constraint) :
vertical velocity (top) and location (bottom) for 2 grid
sizes.
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kissing and tumbling of spheres
comparisons with

Patankar and Glowinski
(density ratio=1000)

20

horizontal velocity and position —

Vertical velocity (cm/s)

Horizontal position (cm)

-~ Glowinski et al., 2001

—— Sharma et Patankar, 2005

== Our method

0.6

0.5

vertical
velocities

03 04

Horizontal velocity (cm/s)

\

0.3 0.4

Time (s)

0.1

0.2 0.3 0.4 0.5

Time (s)

0.7
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Stability issues in fluid-structure interaction

whatever method, difficult problem (mathematically and numerically
in general no clear-cut criteria
explicit methods require small time-steps

fully implicit methods time consuming (poor convergence for fixed point iterations
in non-linear part of algorithm)

here we try to give a tentative numerical analysis of the membrane/fluid
interaction toy problem (1D !)
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Problem under consideration (2D)

(0 (us +u.Vu) + Vp — pAu = F,

- [(:(quvm) T8) - T8 - mvensto ot | e (2)

\th—i-u-V(b:O

o

Particular case F'(r) = 1,  leads to

1
Gl + u.Vu — pAu + Vp = —vk(¢)Vop—( <?> ;
875 g &
divu = 0,
O _

1D version :

ot Tl Ha2 T Veazarcc \:
%—Fu@—o.

{8u ou *u @&blg (?)
ot or
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Linearized problem around

ou  ou  oMu_ 0% <1+@5> i <5+5>7

ot “or Mowr T o2 oz | € £
9 06

on 0% Po1. (9 -
a_z — Ma—;; = —VS@EC (g) +O(u7¢)7

ot
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Additional assumption: focus on level set 0, and assume

{cm —1if || <

)

DN | —

¢(r) =0 else

leads to

Remark: can rewrite as

_9¢
ot

u =
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s 2 2
ou O°u v, 0%¢ 0,7] x R

é‘“aﬂ e 0a?
E—I—u:Oon 0, 7] x R

\u(O,:[j) s f(l‘), ¢(0’$) - g(a:) on R

P6 06w

a2~ Potorr T 2 922

(wave equation)
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3 natural time-stepping schemes

fully explicit (FE)

semi-implicit (Sl)

fully implicit (F1)

LABORATOIRE
JEAN KUNTZMANN

[ u?“ — uy u;ljfll — 2u”+1 + u"+1
¢n+1At y b (A:c)
L LA

\u] = fj, &) = g;

u;”“l u}l u?jfll 2u n+1 +u”+1
¢”+1At 5 (A:U)
n
+u"tt =0

u?“ — uy u?jfll — 2u”’+1 + u”Jrl
y +1At y p: (Ax) B
n n
+u"tt =0

ve $i41 — 207 + ¢

£ (Ax)?

Ve Piy1 = 267 + 9y

e (Az)?

v, qsgli—ll 2¢n—|—1 _’_¢n+1

B (Az)?
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Result:

Fl is unconditionally stable

: = LLE
FE is stable under condition AR 5
Sl is stable under condition A (ne + max(ue, \/VeEAx))

Ve

Remark: Sl better than FE except if large viscosity

For zero viscosity, Sl reduces to

n+1 n n—1 n n n
¢j+ - 2¢j +¢j Ve %41 2¢j +¢j—1

(AL)? - (Az)? =0
09 = g5, ¢; = g; — Atf;
VEAX

and stability condition At <

as expected for wave equation

N
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In practice € = Ax so the conditions become:

LA

(FE) At <

Ve

pAzr + max(p, Ve Azr)Ax
(SI) At < A

For small viscosity, get for (Sl)
Ax3

Ve

At <

condition often seen (but not proved) for curvature motion (surface tension)
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Numerical validations: 2D version of (SI)

2 un—i—l —un
| u™.Vu™ — pAu™tt + Vptl — F(¢") = 0
y V2rVgn ¥ x (pn) V x ¢
F(o™) = || E"(|Vo"
= |(rver el ) 9

—E'(|Ve™|)k(e")Ve"] =¢

7\

e’ \ e|Von|
divu™t! =0
¢n+1 o ¢n n+1 n __
| N +u" Vo™ =0

(1 + max(p, Ve Ax))Ax

Ve

Sl scheme with At < Aty, Aty =C
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Increasing stiffness : compare time step limitation of (Sl) and (FE) and

curvature motion time step

ve | Aty with C' = 0.2

Atv with C' = 0.2

Atp

1 1.25 x 1072 6.25 x 1073 C x 5.52427 x 1073
102 | 1.72985 x 10~ 6.25 x 107° C x 5.52427 x 10™4
104 | 1.16735 x 107° 6.25 x 10~7 C x 5.52427 x 107°
10° 1.1111 x 1076 6.25 x 10~ C x 5.52427 x 1076
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0.6
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Figure 1: The time evolution of the membrane axes for v, = 1 (left) and v, = 102
(right), p =1, M = 64.
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horizontal axis ------- hofizontal idxis
0.6113 -------- 0.6§131-Ht---
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0.63 | 0.68 HIE

0.62 fift 0.6P H

061 fHN o T

0.6 [fi (3
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Figure 2: The time evolution of the membrane axes for
ve = 109 (right), u =1, M = 64.
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Time steps for various grid sizes, p=v=1

M | Aty with C =0.2 | Aty with C =0.2 Atg

64 1.25 x 1072 6.25 x 1073 C x 1.10485 x 1073

128 6.25 x 1073 e C x 3.90625 x 104

256 3.125 x 1073 1.5625 x 1073 C x 1.38107 x 1074
Sl FE curvature motion
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Open problem: define an unconditionnally stable scheme based on FI discretization of
linearized (wave equation like) model
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