
Numerical Simulation of 2D Fluid 
Membranes
George Biros

University of Pennsylvania



Collaborators/Support

• Shravan K. Veerapaneni
o University of Pennsylvania

• Scott Diamond
o University of Pennsylvania

• Denis Zorin, Denis Gueyffier
o New York University

• NSF (DMS,OCI), DOE

http://images.google.com/imgres?imgurl=http://www.seas.upenn.edu/cbe/s_diamond_2.jpg&imgrefurl=http://www.seas.upenn.edu/cbe/diamond.html&h=1800&w=1206&sz=238&hl=en&start=1&um=1&tbnid=hp8uzQt9YQjDJM:&tbnh=150&tbnw=101&prev=/images?q=scott.diamond&svnum=100&um=1&hl=en&rls=com.microsoft:en-US


Overview

• Motivation
• Vesicles and fluid membranes

o Formulation
o Numerics
o Analytic solution
o Simulations



Stokesian particulate flows



Algorithmic challenges

• Moving interfaces, nonlinearity, complex geometries
• Algorithmic/Parallel scalability

o Implicit time-stepping, Fast elliptic solvers

• High-order schemes
o Faster running times for a few digits of accuracy
o Long-time simulations




Problem: complex geometries

• Unstructured mesh generation
o Sequential in 3D
o Parallelizability
o Preconditioners

Geometric coarsening algorithms
Algebraic multilevel methods

Do not work well for indefinite operators (Stokes, Helmholtz)
Large constants



Cartesian grids 

• Geometrically conforming grids
o Expensive for moving boundaries

• Cartesian grids
o Different stencils around the interface – typically modified 

finite volumes 

• Regular grids
o No modification on the regular grid operator, additional 

equations to satisfy jump conditions 

• Advantages of regular grids
o Fast solvers, phase field, level-set type problems 



Interfacial flows/Integral equations for Re<<1

• Linear integral equation for exterior
• Linear integral equation for interior
• Nonlinear interface conditions

o Force balance
o Velocity continuity

• Nonlinearity on the interface only
• Can solve interfacial problem with a 

nonlinear system of equations on the 
interface



Vesicles

• Aqueous solution enclosed by lipid bilayer membrane
• Vanishing  shear modulus; nearly inextensible

Image credit: Seifert’ 98



A vesicle suspended in shear flow: experiment

Image: Kanstler & Steinberg’05



A vesicle suspended in shear flow: simulation




Freely suspended vesicle




Related work



Problem definition



Jumps related to tension and bending



Integral equations



Discretization

• Time/space discretization
o Existing implementations are RK4 explicit in time, and low-

order accurate in space (discretization and quadratures)
o Severe restrictions on time-step due to stiffness
o long-time simulations, conservation of area/length are 

problematic

• Ill-conditioning and stability
o No analysis of the operator

• Fast summation



Spatial discretization

• Arc-length equispaced
• FFT for derivatives
• Corrected quadratures

o Alpert’99

• Nystrom for integral equation
• FMM for fast summation



Time-stepping scheme



Time-stepping scheme (details)



Spectral analysis

• Consider a single vesicle, the unit circle
• Write analytic expression for  integral and differential 

operators
• ‘Diagonalize’ analytically

o Pseudo-differential operators

• Example:



Single-layer potential and inextensibility 
operator



Spectral properties



Inextensibility operator (inner iteration)



Time-marching scheme



Algorithm for tension



Algorithms for integrals and differentiation



Time marching stability

Veerapaneni,Geuyffier,Zorin,B.’08



Preconditioning

Veerapaneni, Geuyffier, Zorin, B.’08

Bending

Tension



Suboptimal accuracy in time



Reduced Area Determines Equilibrium Shape

Eyeball validation with Seifert’97



Analytical solutions, minimization approach



Evolution/Multiple minima (analytic solutions)

Using a variational formulation, can construct semi-analytic solutions for zero shear
Veerapaneni, Ritwik, B., Purohit’08 



3- and 4-lobed vesicles



Shear flow

• Length scale
• Time scale
• Shear

Kraus et al,’96



Shear validation with experimental results



One vesicle—streamlines




Multiple particles in shear flow 




144 vesicles, relaxation (no incompressibility)



Vesicles in parabolic flow and in confined flows





Summary

• Particulate flows
• Integral equation formulation for fluid membranes

o Bending and tension

• IMEX scheme, 3rd order in time, spectral in space
o Spectral analysis for unit circle
o Lagrangian, no-reparametrization



Limitations

• Piecewise-constant coefficients
• Only smooth surfaces
• No adaptivity (space or time)
• Need for preconditioning 
• CFL time-step restrictions
• Arbitrary boundary conditions a challenge

o Walls, arteries, periodic BCs

• Difficult to develop and maintain
• Concentrated suspensions

o singularities



3D Simulations
• Stokes + rigid body dynamics
• Double-layer formulation
• Spectral algorithm for singularities
• Partition of unity/ manifold repres.
• Fast summation
• O(N3/2), 4th order

B. & Ying & Zorin, JCP’06
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