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Simulation



constraintssymmetricDomain

Complex modelBlack box modelModel

…………………………………….

heterogeneous

Substential higher-orders

Non-linear, non-
polynomial,..

Large 30, 100, 1000, …

Simulation

………………………………………………………………

homogeneousErrors

low-order (< 3)Effets 
d’interaction

Linear (coefficients)Forme  du modèle

Small or moderate
(<20)

Number of factors

Experimentation



Simulation ? Experimentation ?

• Performance measures • Responses



PropertiesProperties::

- pertinent, 
- reproducible,
- known with an acceptable precision, 

The response is a resultresult : 

wewe cannot directly act on itcannot directly act on it



How can we modify the response ?

We must act indirectly indirectly !!

We can directlydirectly act on the value of the factor



A factor can be either :

qualitative quantitative

Each factor can be set to two or more values, called
factor levels



The various levels that a factor can have



ProblemProblemInputInput OutputOutput

Factors Responses

ModelModel
MetamodelMetamodel

ExperimentationExperimentationSimulationSimulation



We must do experiments (simulations)experiments (simulations)

Which ones ?Which ones ?

Those, bringing the desired information !



Elaboration Elaboration ofof a a strategystrategy

The list of the
responsesresponses

Description Description ofof thethe problemproblem

TheThe targetstargets

ExperimentalExperimental domaindomain

The list of the
factorsfactors



To To elaborateelaborate thethe experimentalexperimental
strategystrategy

to choose an appropriateappropriate Experimental design 
in accordance with

Screening of
factors

Optimization

Quantitative study
of factors

Exploratory
research



To To elaborateelaborate thethe experimentalexperimental
strategystrategy

to choose an appropriateappropriate Experimental design 
in accordance with

To know, anywhere in the

experimental domain, the

value of the respones

To quantify the effects
of the factors and the
interaction effects

To investigate quickly, 
among a set of
potentially influential
factors, those which
are really influential

�to determine the operability 
region (range  of values for 
each factor in which the  
system can operate), 

� to investigate the domain 



no model models
metamodel



no model
models

metamodel



To To elaborateelaborate thethe experimentalexperimental
strategystrategy

to choose an appropriateappropriate Experimental design 
in accordance with

ScreeningScreening
ofof factorsfactors



�������� searching for the few really importantreally important
factorsfactors, among many potentially influential 

factors.

To know the "weightweight" of the factors

X1

X1
1

X7

X6

X5

X9

X1
2

X2
X4

X8

X3

X1
0

Xk



Strategy allowing to identify really really 
important factors (hh) among a lot of 
potentially importantpotentially important factors (kk)

h << kh << k



HYPOTHESIS : Additivity

1 kg 1 kg appleapple + 1 kg orange marmelade = 2 kg+ 1 kg orange marmelade = 2 kg

1 kg 1 kg pearpear + 1 kg + 1 kg apricotapricot jamjam = 2 kg= 2 kg



2

1

N°

y2 = b0 + b1

y1 = b0 - b1

b1 = (- y1 + y2) / 2

b0 = (+ y1 + y2) / 2 

1

- 1

X1 Y

y2

y1

y2 – y1

(y2 – y1) / 2 = b1

y1

y2

level 1 level 2

Y



y2 > y1 b1 > 0

y2 < y1 b1 < 0

y2 ≈≈≈≈ y1 b1 ≈≈≈≈ 0

Positive weight

Negative weight

Weight nul

y1

y2

level 1 level 2

y1

y2

level 1 level 2

y1

y2

level 1  level 2



level 1 level 2

Y



Facteurs qui ont une 
probabilité TRES TRES 
FAIBLEFAIBLE d’avoir une 
influence sur les 

réponses

Factors which have 
a small probabilty 
of having an 

influence on the 
responses

Factors which, 
probably, have 
an influence on 
the responses



Problem in a 
production

Robustness of an 
analytical method

Simulation 
models

The number of active factors is very small !



To quicklyquickly identify the fewfew factors, which

are reallyreally influential

Supersaturated
designs

Group 
screening

Sequential
bifurcation



�������� Only a few factors are really important

"parsimony principle" or " effect sparsity "

�������� There is no interaction effect between factors

� Each factor has 2 levels and we know the signs or
directions for the possible effects

�������� The effect of a group-factor is significantsignificant if and only if 
the effect of at least one of its factors is significant

�������� If a group is not influential, then all the factors in this 
group are eliminated



� The k factors are grouped in several groups,

WATSON G. S. (1961)
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Step1 :

Group-factor



� In the 1st step, each group is treated as a "factor"
(group-factor) and the "non active" groups are eliminated,

� The k factors are grouped in several groups,

WATSON G. S. (1961)
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Group-factor

Step 2 :



� In the 1st step, each group is treated as a "factor"
(group-factor) and the "non active" groups are eliminated,

� The k factors are grouped in several groups,

� The factors in the "active groups", will be studied in a 
subsequent experiment,

� individually (process in 2 steps)
� in smaller groups (process in several steps)

WATSON G. S. (1961)
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StepStep 11 ::

f1 = k / g1

k factors g1 groups of f1 factors

Design Design ofof experimentsexperiments
(g1+1) experiments, at least

level (+) ���� all factors : (+)

Experimentation r1 active groups r1f1 factors

GroupGroup--
factorfactor

level (-) ���� all factors : (-)



r2 active groups

StepStep 22 ::

f2 = r1f1 / g2

r1f1 factors g2 groups of f2 factors

StepStep CC ::

rc-1fc-1 factors gc groups of fc (=1) factors

Experimentation

................

Experimentation r2f2 factors

rrcc active active factorsfactors



11 – A factor whose the direction of the effect is not well 

known, must be placed ALONE in a group

22 – The factors which are supposed as  having  an important 

positive effect are put TOGETHER in a group

33 – The factors which are supposed as  having  a small 

positive effect are put TOGETHER in a group

44 – The factors which are supposed as  having  an possible 

positive effect are put TOGETHER in a group

After the theory, …….



Example : k = 15k = 15 factors

5 factors F1, .., F5 are supposed as  having  an important 

positive effect. They are put TOGETHER in the group G1

4 factors F6, .., F9 are supposed as  having  an possible

positive effect. They are put TOGETHER in the group G2

3 factors F10, F11, F12 are supposed as  having  a small

positive effect. They are put TOGETHER in the group G3

3 factors F13, F14, F15 whose the direction of the effect is

not well known, must be placed, each, ALONE in a group G4,

G5, G6
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ExampleExample ::

Robustness tests

To test the susceptibility of an analytical procedure 
to small changes in the experimental conditions

11stst stepstep : the selection of the factors and levels to be tested

only a small numbersmall number of significant 
effects is expected

22ndnd stepstep : the selection of the most suitable experimental design



Example :

Development of a new drug

Development of a new active 
ingredient

The process must be ""robustrobust"" !



Example :

k = 35 k = 35 factorsfactors

………………………….

45 ±±±± 5°C3535.. Drying

±±±± 5 %66.. Charge acetone

120 to 140 min55.. Addition H2O

90 to 120 min44.. Reaction time

±±±± 3°C33.. Reaction temperature

±±±± 3°C22.. Addition temperature

±±±± 5 %11.. Charge pyridine

RangeRangeFACTORSFACTORS



Example :

k = 35 k = 35 factorsfactors

Which are the influential factors ?

StepStep 11 :: 7 groups ( 5 factors by group )

Plackett and Burmann design N = 8

Y

1 active group 5 factors

P. B. design
N = 8N = 8

2 active factors !



Kleijnen J. P. C. and Bettonvil B

�������� searching for the few really importantreally important
factorsfactors, among many potentially influential 

factors.

"dichotomic" approach

Effective and efficient method !



y [j] : experimental response when : 
- the factors 1, ...., j are at their high level (+)

- the remaining factors j+1, ...., k are at their low level (-). 

Kleijnen J. P. C. and Bettonvil B

y [0] : experimental response when all factors are at their low level (-)

y [k] : experimental response when all factors are at their high level (+)

If    y [0] = y [k]              no influential factor

Otherwise some factors are influential

y [k/2] : k/2 factors (+) et k/2 factors (-)



k = 35k = 35

y (0)
y (35)

y (0) < y (35)

ββββ1-35 > 0

y (18)

ββββ1-18 > 0 y (0) < y (18) < y (35) ββββ 19-35 > 0

ExampleExample ::

Hypothesis : 2 active factors : XX88, X, X2828

AA BB



y (9)

y (0) < y (9) ≅≅≅≅ y (18) ββββ 10-18 ≅≅≅≅ 0ββββ1-9 > 0

y (5)

ββββ1-5 ≅≅≅≅ 0 ββββ 6-9 > 0

y (0) ≅≅≅≅ y (5) < y (9)

AA

y (7)

y (5) ≅≅≅≅ y (7) < y (9)

ββββ5-7 ≅≅≅≅ 0

ββββ 8-9> 0 y (8)

y (7) < y (8) ≅≅≅≅ y (9)

ββββ8-9 ≅≅≅≅ 0ββββββββ 88



y (26)

y (18) ≅≅≅≅ y (26) < y (35) ββββ27-35> 0ββββ18-26 ≅≅≅≅ 0

y (31)

ββββ32-35 ≅≅≅≅ 0

ββββ26-31 > 0 y (26) < y (31) ≅≅≅≅ y (35)

BB

y (28)

y (26) < y (28) ≅≅≅≅ y (31)

ββββ26-27 ≅≅≅≅ 0

ββββ29-31 ≅≅≅≅
0ββββββββ 2828

y (27)

y (26) ≅≅≅≅ y (27) < y (28)



y-[j] : mirror observation of y [j]

decisiondecision ⇒⇒⇒⇒ (y[j] - y-[j]) - (y[t] - y-[t])

y-[0]  =   y [k]

y [k]   =  y -[0]

Kleijnen J. P. C. and Bettonvil B

withwith interactionsinteractions

y [j]  : experimental response when : 
- the factors 1, ...., j are at their low level (-)

- the remaining factors j+1, ...., k are at their high level (+).



Facteurs qui ont une 
probabilité TRES TRES 
FAIBLEFAIBLE d’avoir une 
influence sur les 

réponses

Factors which have 
a small probabilty 
of having an 

influence on the 
responses

Factors which, 
probably, have 
an influence on 
the responses



PlackettPlackett--BurmanBurman designsdesigns

k factors with 2 levels ( N ≤≤≤≤ 100)

N  N  ≥≥≥≥≥≥≥≥ k + 1k + 1

N N ≡≡≡≡≡≡≡≡ 0 0 (modulo 4)(modulo 4)

q q kk // N// N

Number of
factors

Number of
experiments

Number
of levels 2



N   =    4 + + -
N   =    8 + + + - + - -

N   =  12 + + - + + + - - - + -

N   =  16 + + + + - +  - + + - - + - - -

N   =  20 + + - - + + + + - + - + - - - - + + -

N   =  24 + + + + + - + - + + - - + + - - + - + - - - -

....................................................................

N   =  99 .............................................................. 

Plackett-Burman designs N = 0  (modulo 4)

PLACKETT R.L. et BURMAN J.P. 
Design of optimum multifactorial experiments.

Biometrika, 1946, 33, 305.



Postulated model : ηηηη =   Xββββ

« True » model : ηηηη =   Xββββ + X1ββββ1

 B = (X’X)-1 X’Y                  E [ B ] = ?

 E [ B ] = E [(X’X) -1 X’Y ] = E [ (X’X) -1 X’{Xββββ + X1ββββ1 + εεεε} ]

 = E [ (X’X) -1 X’Xββββ + (X’X)-1 X’X1ββββ1 + (X’X)-1 X’εεεε} ]

 = E [ β β β β + (X’X)-1 X’X1ββββ1 + (X’X)-1 X’εεεε ]

 = β β β β + E [ (X’X) -1 X’X1ββββ1] + E [ (X’X) -1 X’εεεε]

 = β β β β + E [ (X’X) -1 X’X1ββββ1] + (X’X)-1 X’ E [ εεεε]

= β β β β + (X’X)-1 X’X1 ββββ1

 = β β β β + A ββββ1 A = (X’X)-1 X’X1

 E [ B ] = β β β β + A ββββ1

Alias Alias matrixmatrix

A : alias matrix



+++4

-+-3

--+2

+--1

X3X2X1N

++++4

-+-+3

--++2

+--+1

X3X2X1X0N

+-+4

-+-3

+--2

-++1

X2X3X1X3X1X2N

X X1

ξξξξ4Postulated model

η = ββββX = β0 + β1X1 + β2X2 + β3X3

« true » model

η = ββββX + ββββ1111X1 = β0 + β1X1 + β2X2 + β3X3 + β12X1X2+ β13X1X3+ β23X2X3



4000X3

0400X2

0040X1

0004X0

X3X2X1X0

400

004

040

000

X2X3X1X3X1X2

X’X X’X1

(X’X) -1 = ¼ I4 A = (X1’X1) /4 =

000

001

010

100



Modèle postulé : ηηηη =   Xββββ

Modèle vrai         : ηηηη =   Xββββ + X1ββββ1

 B = (X’X)-1 X’Y                  E [ B ] = ?

 E [ B ] =  β β β β + A ββββ1

PlackettPlackett --BurmanBurman design 2design 2 33//4//4

 E [ b0 ] =  ββββ0000

 E [ b1 ] =  ββββ1111 + ββββ23232323

 E [ b2 ] =  ββββ2 2 2 2 + ββββ13131313

 E [ b3 ] =  ββββ3333 + ββββ12121212



Postulated model : ηηηη =   Xββββ

«true»  model : ηηηη =   Xββββ + X1ββββ1

 B = (X’X)-1 X’Y                  E [ B ] = ?

 E [ B ] =  β β β β + A ββββ1

PlackettPlackett --BurmanBurman design 2design 2 kk//N//N

 E [ b0 ] =  ββββ0000

 E [ bi ] =  ββββιιιι ± aijββββij



PlackettPlackett--BurmanBurman designsdesigns

GeometricGeometric

N N ≡≡≡≡≡≡≡≡ 0 0 ((modmod 8) et N = 48) et N = 4
Non Non geometricgeometric

N N ≡≡≡≡≡≡≡≡ 0 0 ((modmod 8) et N = 48) et N = 4

aij = 0 

or

aij = ±1

aij = 0 

or

aij ≠ ±1



Postulated model : ηηηη =   Xββββ

«True» model : ηηηη =  Xββββ + X1ββββ1

 B          = (X’X)-1 X’Y                  E [ B ] = ?

 E [ B ] = β β β β + A ββββ1

 E [ b0 ] = ββββ0000

 E [ b1 ] = ββββ1111 – ββββ34 – ββββ26 – ββββ57
 ....................................................................
 E [ b7] = ββββ7777 – ββββ23 – ββββ15 – ββββ46

2 7//8

GeometricGeometric PlackettPlackett--BurmanBurman designsdesigns

 E [ b0 ] =  ββββ0000

 E [ b1 ] =  ββββ1111 + ββββ23232323

 E [ b2 ] =  ββββ2 2 2 2 + ββββ13131313

 E [ b3 ] =  ββββ3333 + ββββ12121212

2 3//4



Postulated model : ηηηη =   Xββββ

«true» model : ηηηη =  Xββββ + X1ββββ1

 B          = (X’X)-1 X’Y                  E [ B ] = ?

 E [ B ] = β β β β + A ββββ1

NonNon--geometricgeometric PlackettPlackett--BurmanBurman designsdesigns

 E [ b0 ] = ββββ0000

 E [ b1 ] = ββββ1111 ±±±± 0.33 ββββm,j ....  m, j ≠ 1
....................................................................
 E [ b11] = ββββ11 ±±±± 0.33 ββββm,j ... m, j ≠ 11

 E [ b0 ] = ββββ0000

 E [ bj ] = ββββj ±±±± am,j ββββm,j ....   m, j ≠≠≠≠ 1

 am,j = 0.04; 0.10; 0.20; 0.28

2 11//12

2 82//84



A design of resolution L is one in which no m-factor
effect is confounded with any other effect
containing less than L-m factors

Plackett-Burman designs                    R III

RL

Rechtschaffner designs                    R V

Roman number



PlackettPlackett--BurmanBurman designs R designs R IIIIII

k factors with 2 levels ( N ≤≤≤≤ 100)

N  N  ≥≥≥≥≥≥≥≥ k + 1k + 1

N N ≡≡≡≡≡≡≡≡ 0 0 (modulo 4)(modulo 4)

PlackettPlackett--BurmanBurman designs R designs R IVIV

N  N  ≥≥≥≥≥≥≥≥ 2 (k + 1)2 (k + 1)

N N ≡≡≡≡≡≡≡≡ 0 0 (modulo 4)(modulo 4)



SymetricalSymetrical or or asymetricalasymetrical designsdesigns

k factors with qj levels ( N ≤≤≤≤ 100)

N  N  ≥≥≥≥≥≥≥≥ 1 + 1 + ΣΣΣΣΣΣΣΣ ((qqjj –– 1)1)

q q kk // N// Nq 22aa 33bb …….6.6ff // N// N



Facteurs qui ont une 
probabilité TRES TRES 
FAIBLEFAIBLE d’avoir une 
influence sur les 

réponses

Factors which have 
a small probabilty 
of having an 

influence on the 
responses

Factors which, 
probably, have 
an influence on 
the responses

Factors which have a 
VERY small probabilty 
of having an influence 
on the responses



k >>>>>>>> N

SATTERTHWAITESATTERTHWAITE (1959) :

For each factor :

�� the levels of the factors are balanced,

�� the distribution of the levels is obtained by random

Random procedure

22kk////NN

somesome effectseffects are are predominantpredominant, , 

thethe interactions are interactions are insignificantinsignificant



SATTERTHWAITESATTERTHWAITE

-

-

-

-

-

-

-

-

-

-

-

-

-

211 37 49 58 65 // 1213-2-1-2512

22-3-3-5311

E 11  two-level  factors11-4-5-4210

11-1-4-369

D 7   three-level factors12-3-5-158

21-2-4-247

C 9   four-level factors23-1-2-136

23-3-2-665

B 8   five-level  factors22-4-4-544

12-1-1-323

A 5   six-level  factors11-2-5-612

23-4-3-411

E12D6-C2-B1-A2A1N



k k >>>>>>>>>>>>>>>> hh

kk : : the number of potentially influential factors isthe number of potentially influential factors is
very importantvery important

hh : : the number of factors  actually influential is the number of factors  actually influential is 
probably very smallprobably very small

TheThe interaction interaction effectseffects are are probablyprobably veryvery smallsmall

NI = 1 + ∑ (NI = 1 + ∑ (qqjj –– 1)1)

qqjj : : numbernumber ofof levelslevels ofof factorfactor jj

TheThe numbernumber ofof experimentsexperiments NN isis lowerlower thanthan

thethe numbernumber ofof requiredrequired informationsinformations NINI



k k >>>>>>>>>>>>>>>> hh

The most used supersaturated designs, The most used supersaturated designs, currentlycurrently, , 
are those which all the factors have 2 levelsare those which all the factors have 2 levels

N < NI = 1 + 2kN < NI = 1 + 2k

q q kk // N// N

Number of
factors

Number of
experiments

Number
of levels 2



BOOTH et COXBOOTH et COX (1962) :

7 supersaturated designs

216//12 220//12 224//12 224//18

230//18 236//18 230//24



BOOTH BOOTH andand COXCOX (1962) :

<<<< di,dj >>>> : cross product between columns di and dj

di : column of the factor i, with the levels ± 1

E(s2) : is a measure of the non-orthogonality.

E(s2) = ΣΣΣΣ [sij2 ] / (k! /[2! (k-2) !] : i < j   : 1, ...., k 

sij2 = ΣΣΣΣ (d’i,dj)
2

∑ 
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+
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6-222-2-22-2-2-20X10

6-2-22-22-2-220X9

6-2-2-2-2-2220X8

622-2-2-2-20X7

6-2-2-22-20X6

6-22-220X5

62-2-20X4

62-20X3

6-20X2

60X1

6X0

X10X9X8X7X6X5X4X3X2X1X0

Symmetry
X’XX’X



1-aaa-a-aa-a-a-a0X10

1-a-aa-aa-a-aa0X9

1-a-a-a-a-aaa0X8

1aa-a-a-a-a0X7

1-a-a-aa-a0X1

1-aa-aa0X5

1a-a-a0X4

1a-a0X3

1-a0Xa

10X1

1X0

X10X9X8X7X1X5X4X3XaX1X0

Symmetry

a = 0.3333

MM

AA

TT

RR

II

XX

CC

OO

RR

RR

EE

LL

AA

TT

II

OO

NN



�������� LIN LIN (1991, 1993, 1995, .... )

�������� WU WU (1993, ...)

�������� NGUYENNGUYEN (1996) 

�������� YAMADAYAMADA (1997, ...) 

�������� CHENGCHENG (1997) 

�������� DENG, LINDENG, LIN et WANG et WANG (1999, ...)

�������� LIULIU et et ZHANG ZHANG (2000, ...)

�������� CELA CELA (2000)



Construction methodsConstruction methods

�������� LinLin (1991, 1995)       (1991, 1995)       : algorithm

�������� LinLin (1993)               (1993)               : from Plackett-Burman designs non

geometrics

�������� WuWu (1993)              : (1993)              : from Plackett-Burman designs non

geometrics

�������� Deng,LinDeng,Lin etWang (1994): etWang (1994): from Plackett-Burman designs 

�������� LiuLiu et et ZhangZhang

�������� NguyenNguyen (1996)          : (1996)          : from BBID

�������� YamadaYamada et Lin (1997)  : et Lin (1997)  : from OA

�������� ChengCheng (1997)           (1997)           :: algorithm 

�������� CelaCela (1998)             (1998)             :: genetic genetic algorithm



LINLIN (1993) :

�� Half fractions of Plackett-Burman designs

(N-2) factors in N/2 runs



Plackett-Burman design 211//12
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Plackett-Burman design 211//12
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--+++-++-+-9
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CriteriaCriteria of qualityof quality

�������� E (sE (s22) ) minmin E (sE (s22))

��|r max| (r   : |r max| (r   : nonnon--diagonal correlation matrix elements)diagonal correlation matrix elements)

minmin |r max||r max|

��max |max |ssijij| (| (ssijij : : nonnon--diagonal information matrix elements)diagonal information matrix elements)

minmin max |max |ssijij||

��FrequencyFrequency max |max |ssijij||

�� ..........................................................................



�������� Ridge regression

�������� Step-Wise regression

�������� AllAll--subset regressionsubset regression

�������� genetic algorithm

�������� Approach bayesian



Modélisation de la photochimie du méthane dans l’at mosphère de 
Titan et des planètes géantes.

CH4 + hν → CH + H2 + H   q1 = 0.51      J1
CH4 + hν → CH3 + H          q2 = 0.49     J2

CH3 + CH3 + M → C2H6 + M        k1
C2H6 + hν → CH4 + CH2              J3
CH2 + H2 → CH3 +H                    k2
CH + H2 → CH2 +H                      k3
CH3 + H + M → CH4 + M              k4

M. Dobrijevic, M. Claes-Bruno, M. Sergent, R. Phan-Tan-Luu



d CH4[ ]
dt

= J3 C2H6[ ]− J1 + J2( ) CH4[ ]+ k4 H[ ] CH3[ ] M[ ]
d C2H6[ ]

dt
= k1 CH3[ ]2

M[ ]− J3 C2H6[ ]
d CH[ ]

dt
= J1 CH4[ ]− k3 H2[ ] CH[ ]

d CH3[ ]
dt

= J2 CH4[ ]+ k2 H2[ ] CH2[ ]− k1 CH3[ ]2
M[ ]− k4 H[ ] CH3[ ] M[ ]

d CH2[ ]
dt

= k3 H2[ ] CH[ ]+ J3 C2H6[ ]− k2 H2[ ] CH2[ ]
d H[ ]

dt
= J1 + J2( ) CH4[ ]+ k3 H2[ ] CH[ ]+ k2 H2[ ] CH2[ ]− k4 H[ ] CH3[ ] M[ ]

d H2[ ]
dt

= J1 CH4[ ]− k3 H2[ ] CH[ ]− k2 H2[ ] CH2[ ]

82 Factors with 2 levels

(constantes de réaction)

15 reponses

(Concentration de 15 composés)

M. Dobrijevic, J.L. Ollivier, F. Billebaud, J. Brillet, J.P. Parisot. 
Effect of chemical kinetics uncertainties on photochemical
modeling results: application to Saturn's atmosphere. 
Astronomy and Astrophysics. Vol. 398, 335-344, 2003.



Facteurs qui ont une 
probabilité TRES TRES 
FAIBLEFAIBLE d’avoir une 
influence sur les 

réponses

Factors which have 
a small probabilty 
of having an 

influence on the 
responses

Factors which, 
probably, have 
an influence on 
the responses



Sequential bifurcation

Group Screening

Supersaturated designs

VERY SMALLVERY SMALL

Plackett-Burman designs R III
SMALL SMALL 

((nono interaction interaction effectseffects) ) 

SMALL SMALL 

(interaction (interaction effectseffects possible) possible) 
Plackett-Burman designs R IV



SupersaturatedSupersaturated design design 

2 2 8282//42//42

PlackettPlackett--BurmanBurman design R design R IIIIII

2 2 8282//84//84

PlackettPlackett--BurmanBurman design R design R IVIV

2 2 8282//168//168

½ Plackett-Burman design 

(Branching column 83)
Fold Over design 



We take into account the possibility of
interactioninteraction effects between the factors

TheThe effecteffect ofof a a factorfactor cancan bebe differentdifferent
accordingaccording to to thethe value value ofof anotheranother factorfactor



k factors with 2 levels
All main effects (ββββj) and all interaction effects (ββββij)     

N = 1 + k (k-1)/2 

+1+1….….-1-1-1-1

….….….….….….….…./2

-1-1….….-1+1-1+1(k-1)

-1-1….….-1-1+1+1k*

+1+1….….+1+1+1-1k

-1-1….….-1-1-1-11

XkXk-1….….X4X3X2X1

Rechtschaffner designs                    R V



To To elaborateelaborate thethe experimentalexperimental
strategystrategy

to choose an appropriateappropriate Experimental design 
in accordance with

Optimization
To know, anywhere in the

experimental domain, the

value of the respones



To To knowknow, in , in everyevery point point ofof thethe domaindomain, , thethe

value value ofof thethe responseresponse(s)(s)

To look for the optimum of one or more 

responses in the experimental domain of interest



♦ Latin Hypercubes
♦ Uniform designs

♦ Hammersley, Halton,..

♦ …

Small domain

Metamodel possible

Large domain

Metamodel not possible

♦Doehlert designs

♦ Hybrid designs
♦ Composite designs,

♦ …



CUBICAL  DOMAIN



R = √√√√ k
SPHERICAL DOMAIN



CONSTRAINT DOMAIN



CONSTRAINT DOMAIN



What do we want ? 

To know, anywhere in the domain of

interest, the value of the responses

To find, if  it exists, the domain where all 
the experimental responses respect the constraints

imposed by the specifications

zone of acceptable compromise



We must do experiments

Which ones ?

Those, bringing the desired information !

InfinityInfinity ofof experimentsexperiments
(or simulations) !(or simulations) !



145,0 °C

140,0 °C

150,0 °C

90 min80 min 100 min U1

U2

X1

X2

Y = 55 + 12 X1 - 8 X2 - 6 X1
2 + 9 X2

2 + 16 X1X2

ηηηη = ββββ0 + ββββ1X1 + ββββ2X2 + ββββ11X1
2 + ββββ22X2

2 + ββββ12 X1X2



We must do experiments

Which ones ?

Those, bringing the desired information !

Design Design ofof experimentsexperimentsInfinityInfinity ofof experimentsexperiments
(or simulations) !(or simulations) !



To know, anywhere in the domain of

interest, the value of the responses

To To postulatepostulate a a modelmodel

The model must well represent the phenomenon in the

domain of interest

It must predict the response, anywhere in the

domain, with a good predictive quality

Which are the qualities of the model ? 



145,0 °C

140,0 °C

150,0 °C

90 min80 min 100 min U1

U2

X1

X2

AVar (y calc ,A ) = dA σσσσ2

It must predict the response, anywhere in the

domain, with a good predictive quality



xx’’AA : {1, xA1, xA1, xA12, xA22, xA1xA2}
y calc,A = xx’’AA BB

var (y calc,A) = var (xx’’AA BB) 

= xx’’AAvar (B) xxAA = xx’’A A (X(X’’X)X)
--11 xxAAσσσσ2 

=  dAσσσσ2

dA : variance function

ηηηηA = ββββ0 + ββββ1xA1 + ββββ2xA2 + ββββ11xA1
2 + ββββ22xA2

2 + ββββ12 xA1xA2



145,0 °C

140,0 °C

150,0 °C

90 min80 min 100 min U1

U2

X1

X2

AVar (y calc ,A ) = dA σσσσ2

Var (y exp ,A ) = σσσσ2

dA ≅≅≅≅1

It must predict the response, anywhere in the

domain, with a good predictive quality



If the model is proved, it should allow to predict, in 

any point of this experimental domain, the value of 

the experimental response with the same quality we 

would have had if we made the experiment in the 

same point.

What do we want ? 

d Max ≅≅≅≅ 1



To know, anywhere in the domain of

interest, the value of the responses

To To postulatepostulate a a modelmodel

Validation of the
model

Construction Construction ofof thethe
experimentalexperimental strategystrategy



To postulate a model

Full quadratic model

ηηηη = ββββ0 + ∑∑∑∑i ββββi xi + ∑∑∑∑ii ββββii xi
2 +  ∑∑∑∑i<j ββββij xi xj

ηηηη = ββββ0 + ββββ1 x1 + ββββ2 x2 + ββββ11 x1
2+ ββββ22 x2

2+ ββββ12 x1 x2

To know, anywhere in the domain of

interest, the value of the responses



All the models are false, All the models are false, 

but some of them are  more useful than others.but some of them are  more useful than others.



To know, anywhere in the domain of

interest, the value of the responses

To To postulatepostulate a a modelmodel

Validation of the model

Construction Construction ofof thethe
experimentalexperimental strategystrategy

RSM designs

Response Surface Methodology

Validation design



Full quadratic model

Spherical domain :

� composite (k < 12) 

� Doehlert uniform shell

� hybrid designs (k < 7)

� Box- Benhken designs (k < 8) 



Full quadratic model

Cubical domain :

� composite designs (k < 11) 

� Hoke designs (k < 6)



Full quadratic model

Constraint domain :

� generation of designs



0.866- 0,5007

- 0.8660,5006

- 0.866- 0,5005

0,000- 1,0004

0,8660,5003

0,0001,0002

0,0000,0001

X2X1N

0,816- 0,5770,00013

0,8160,289- 0,50012

- 0,8160,5770,00011

- 0,816- 0,2890,50010

- 0,816- 0,289- 0,5009

0,8160,2890,5008

0,000

0,000

0,000

0,000

0,000

0,000

0,000

X3



44

42

40

38

36

34

32

30

28

∆∆∆∆N

507

463

421

381

343

307

273

241

211

183

N

276

253

231

210

190

171

153

136

120

105

p

22

21

20

19

18

17

16

15

14

13

k

241337811

221116610

2091559

1873458

1657367

1443286

1231215

1021154

813103

6762

∆∆∆∆NNpk

N k = k2 + k + 1  =  N k-1 + 2k 



Test points 
uniformly scattered

Experimental design



RSM design

Test points



WhenWhen oneone types types oneselfoneself on on thethe
fingersfingers

ItIt isis nevernever thethe faultfault ofof thethe
hammerhammer !!!!!!

= = ″″″″″″″″HammerHammer ″″″″″″″″
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