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ūj = uj −
N
∑

`=−N

d`uj+`

� � �" � �� � $ � � % �( �
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ūj +
N
∑

`=1
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`=1

d` cos(`k∆x)
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f(x0, y0) =

N
∑

j=1

Sjf(xj, yj)

0 $ $ � � � f(x, y) = ei(αx+βy+φ(α,β))

� � � � � � E2 =

∣

∣

∣

∣

∣

∣

ei(αx0+βy0+φ(α,β)) −

N
∑

j=1

Sje
i(αxj+βyj+φ(α,β))

∣

∣

∣

∣

∣

∣

2

=

∣

∣

∣

∣

∣

∣

1 −

N
∑

j=1

Sje
i(α(xj−x0)+β(yj−y0))
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∣

∣

∣

∣
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� � �� ( +� � � " �( " � � � � �� ( � �"� �

f(x, y) =

N
∑

j=1

ajφ(x, y), φ(x, y) = (1, x, x2, x3) ⊗ (1, y, y2, y3)

# ! � � $ � aj$ � # ! �! � �
N
∑

j=1

ajφ(xi, yi) = fi

� � � � � � �� � � " � � � � �� ( � �"� � �� � � �( �� � � " % $ �

f(x, y) =

3
∑

i=0

3
∑

j=0

[

3
∏

`=0,`6=i

(x − x`)

(xi − x`)

3
∏

k=0,k 6=j

(y − yk)

(yj − yk)
]f(xi, yj)

� � ' � �" � "� � % " � � � � �� ( � �"� �

∫ ∫ κ

−κ

∣

∣

∣

∣

∣

∣

1 −

N
∑

j=1

Sje
i[α∆(

xj−x0

∆
)+β∆(

yj−y0

∆
)]

∣

∣

∣

∣

∣

∣

2

d(α∆)d(β∆) = �� �� � � �
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�0 #� � � �� " $ � � � �� � " � � % " � � � �� # � � � % � � " � � �( � � �� � � � �! � % $

� � " $ #� � �" � �� � $ � �( � � . " � � " � " � � �( � � �� �  � �! � %

� �� � � % �� + �( � � �� �  � �! � %



� � � � �� � �
 � � �� � � � � �� � � � �

•0 � � % �( � � � � �"� � �

∂u

∂t
+

∂u

∂x
= 0

• & � � "�� % " $ # � � � � � � � � �"� � ��� �! � � � % � � � �

duj

dt
+

uj−2 − 8uj−1 + 8uj+1 − uj+2

12∆x
= 0

x j

u j

∆ x



� � � � �� � �
 � � �� � � � � �� � � � �

� �� � �
 � � � �� � � �
 �

• � � �

uj = û(t)eikxj

• & � � "�� % " $ # � � � � � � � � �"� � �

dû

dt
+ ik∗û = 0

- � � � � " # �( � � * �� � � 	 � � ��� �! � � % � � � �

k∗ = −
i(e−2ik∆x − 8e−ik∆x + 8eik∆x − e2ik∆x)

12∆x

=
8sin(k∆x) − sin(2k∆x)

6∆x

• - � � � � " # �( � ! � $ � $ � � � % � � $ $ � � � �� � # � �" � � " � � � � � � �"� � � �

c∗ =
k∗

k
=

8sin(k∆x) − sin(2k∆x)

6k∆x
= 1 + C0(k∆x)4 + · · ·



�
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 �� � � � � � � �� � �� � � �

•0 � � % �( � � � � �"� � �

∂u

∂t
+

∂u

∂x
= 0

• � � � �� $ "� � �
u(x, t) =

∑

j

cj(t)φj(x), φj(x) : 	 � $ " $ � �� # �"� � $

Linear Elements Quadratic Elements

• � �( � � . " � �� � � �( � �"� � �

∫

Ω

(

∂u

∂t
+

∂u

∂x

)

φndx = 0

• & � � "�� % " $ # � � � � � � � � �"� � �( " � � � � �( � � �� �$ � �

∑

j

dcj

dt

∫

Ω
φjφndx +

∑

j

∫

Ω

dφj

dx
φndx = 0



� � � � �( � � � " � � � � �( � � �� �$ � " �! � � " �� � � � � " % $

j+1

j
φ

xx jj−1 x

∫

Ω
φjφndx = ∆x
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∑

j

dcj

dt

∫

Ω
φjφndx +

∑

j

∫

Ω

dφj

dx
φndx = 0

=⇒
1

6

dcj−1

dt
+

4

6

dcj

dt
+

1

6

dcj+1

dt
+

cj+1 − cj−1

2∆x
= 0

• � � � " * �( �� � �� � � �! � � � % � � #� � � � # � $ # ! � � � �

• & � � "�� % " $ # � � � � � � � � �"� � �� � cj = ĉ(t)eikxj �

dĉ

dt
+ ik∗ĉ = 0

• - � � � � " # �( � ! � $ � $ � � � % �

c∗ =
k∗

k
=

3sin(k∆x)

k∆x[2 + cos(k∆x)]
= 1 + C0(k∆x)4 + · · ·
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�
 � �� � �
 � �� � � � � � � �� 
 � �� � � �� � �
 � �

∂u

∂t
+ ∇ ·~f(u) = 0

•0 � � � � � " � � �"� � " � �( � � �� � Ωn

	 + �� ( +� � � " �( �� � � � $ "� � �

un(x, t) =
N
∑

`=0

cn
` (t)φ`(x)

• � � � . �� � � �( � �"� � �

∫

Ωn

{

∂un

∂t
+ ∇ ·~f(un)

}

φ`(x)dΩ = 0

Ω n

• �� � � � � � �"� � 	 + � �� �$ �

∫

Ωn

∂un

∂t
φ`(x)dΩ +

∫

∂Ωn

[~f(un) · n]φ`ds −
∫

Ωn

~f(un) · ∇φ`dΩ = 0

⇑

inter − element communication
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 � �� � �
 � �� � � � � � � �� 
 � � � �� � �

• �� 	 � $ � �� � � $ " � � ! " � ! � � % � � 	 � $ " $ �� ( +� � � " �( $

• ) $ � $ � � $ �� � # � � � � % � � $ ! � $ �� � #� � �( �� � �� � � �� " � $

•� " � ! ( + #� � � � # � , �� � % �� � � �� �( ( �( " � �( � � �� � � �"� �

• �� � % " $ � � � $ "� � �� % % " $ $ " � � �"� � � � � � � $



� � � � �� � � �
 � � � �
 � �

xx nn−1

Ω n

∂u

∂t
+

∂f(u)

∂x
= 0, f(u) = Au, � " � (A) = {aj, ej}

• � � � �� $ "� � " � [xn−1, xn] �
un(x, t) =

p
∑

`=0

cn
` (t)φ`(x), p =! " � ! � $ � � � % � �

• � � � . �� � � �( � �"� � �

∫ xn

xn−1

{

∂un

∂t
+

∂f(un)

∂x

}

φ`(x)dx = 0

• �� � � � � � �"� � 	 + � �� �$ �

∫ xn

xn−1

∂un

∂t
φ`(x)dx + [f(un)φ`(x)]

xn
xn−1

−
∫ xn

xn−1

f(un)
∂φ`

dx
dx = 0



� � �� �� � � �� � �

x xx
n n+1n−1

uu
RL

•  ! �� � # � � � " $ �" #$ � $ �( " � �" � ��� � � �� � � �( � �

f(un) = Au = A+u + A−u = A+uL + A−uR

• � � � � � � " � % � " # ! � � � �� � � �( � �

f(un) =
1

2
[f(uL) + f(uR)] −

1

2
|a|max(uR − uL), a = eig(A)

• � � 	 " � � % � � � � �"� � �

f(un) = ALuL + ARuR



� � � 
 � �
 � � �� �� � � �� �
 � �

∫ xn

xn−1

∂un

∂t
φ`(x)dx +

[

ALun + ARun+1
]

φ`(xn) −
[

ALun−1 + ARun
]

φ`(xn−1) −

∫ xn

xn−1

Aun ∂φ`

dx
dx = 0

� ! � � � un(t) =
p
∑

`=0

cn
` (t)φ`(x)

• & � � "�� % " $ # � � � � � � � � �"� � �� � �! � �� � � � $ "� � #� �� # " �� �$ �

� �� � � Cn(t) = [cn
0(t), c

n
1(t), · · · · · · , c

n
p(t)]

T

Q
∂Cn

j

∂t
+ (1 + γ)B−1C

n−1
j + B0C

n
j + (1 − γ)B1C

n+1
j = 0

• �( � � � � � � � � � � � γ �

γ =
|aj|

aj
= ±1 ⇐= # ! �� � # � � � " $ �" #$ � $ �( " � �" � �

γ =
|amax|

aj
⇐= � � � � � � " � % � " # !
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 �� �
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Q = {q`′`}(p+1)×(p+1) q`′` =
∫ 1

−1
φ`(ξ)φ`′(ξ)dξ

B1 = {φ`′(1)φ`(−1)}(p+1)×(p+1)

B−1 = −{φ`′(−1)φ`(1)}(p+1)×(p+1)



�� � �
 � � � �� � � �
 �

Q
∂Cn

∂t
+ (1 + γ)B−1C

n−1 + B0C
n + (1 − γ)B1C

n+1 = 0

• � � * � �� � � �

Cn(t) = e−iωteikxnC̃, xn = nh

• � " � �� * �( � � �� � 	( � � �

−iωQC̃ + (1 + γ)e−ikhB−1C̃ + B0C̃ + (1 − γ)eikhB1C̃ = 0

|−iωQ + (1 + γ)e−ikhB−1 + B0 + (1 − γ)eikhB1| = 0



� � �� � � 
 �� � � � γ = 1 �� � � � � �� � �� � �� �
 � �
 � � � � ��
 � �
 � � �

|−iωQ + 2e−ikhB−1 + B0| = 0

• p = 1 �

[

1 −
2

3
(iΩ) +

1

6
(iΩ)2

]

−

[

1 +
1

3
iΩ

]

e−iK = 0, Ω =
ωh

aj
, K = kh

• p = 2 �

[

1−
3

5
(iΩ) +

3

20
(iΩ)2 −

1

60
(iΩ)3

]

−

[

1 +
2

5
(iΩ) +

1

20
(iΩ)2

]

e−iK = 0

• p = 3 �

[

1 −
4

7
(iΩ) +

1

7
(iΩ)2 −

2

105
(iΩ)3 +

1

840
(iΩ)4

]

−

[

1 +
3

7
(iΩ) +

1

24
(iΩ)2 +

1

200
(iΩ)3

]

e−iK = 0

• • •

f(iΩ) − g(iΩ)e−iK = 0

=⇒ eiK =
g(iΩ)

f(iΩ)
= eiΩ + O

(

(iΩ)2p+2
)

⇐= 	 � �� � 	 	 � � � � � � � � � � �� eiΩ

=⇒ K = Ω + O
(

Ω2p+2
)



� � �� � � 
 �� � � � γ 6= 1

|−iωQ + (1 + γ)e−ikhB−1 + B0 + (1 − γ)eikhB1| = 0

• � � � � � � " � �� � �

f(iΩ) + (1 − γ)g1(iΩ)eiK + (1 + γ)g2(iΩ)e−iK = 0

( � � � % � � �" # � � � � �"� � �� � eiK, ! � * " � � � �� � � � �$ )

• � ! + $ " # �( � � % � �

eiK = eiΩ + C1(iΩ)2p+2 + ...

• -� � � � ! + $ " # �( $ � � � "� � $ � � % � �

eiK = D0
g(−iΩ)

g(iΩ)
e−iΩ + D1(iΩ)2p+2 + ...
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(a) p = 1, (b) p = 2, (c) p = 3, (d) p = 4
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(a) p = 1, (b) p = 2, (c) p = 3, (d) p = 4



� � � � �
 �� � � � � � �	� �

∂u

∂t
+ M

∂u

∂x
+

∂p

∂x
= 0 � � �

∂p

∂t
+ M

∂p

∂x
+

∂u

∂x
= 0 � � �

� � � � � � � � 
 � � � � � � � � � � � 
 � � � � � 
 �� � � � x = 0 �

[

uin

pin

]

= sin[ω0(x − t)]

[

1
1

]

E =

√

∫ λ0

0
|ph(x, t) − ph(x + 20λ0, t)|2 dx



� � �� ��  � � � � � � �� � �� � �

γ = 1 γ = 0.5

p h � � � �� E � � � � � � � � � � E �� �� �

1 1.74054 � 1.79386 �

1 0.5 1.09166 0.6730 1.46813 0.2890

0.25 0.197915 2.4635 0.344971 2.0894

0.125 0.0261657 2.9191 0.0506057 2.7691

1 0.27629 � 0.286715 �

2 0.5 0.010116 4.7714 0.00634575 5.4976
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