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Abstract. The aim of the present study is to check, by means of ele-
mentary mathematical tools, a conjecture according to which myocardial
fibres are geodesic curves running on some surfaces. This conjecture was
first stated and experimentally checked by Streeter (1979) for the equa-
torial part of the left ventricle free wall. Quantitative polarized light
microscopy provides measurements on fibre orientation that could lead
to evidence that the conjecture remains true for the whole of the left
ventricle. Study of the right ventricle is under progress.

1 Introduction

It is commonly believed [3] that the myocardium design and structure allow max-
imal mechanical efficiency in the systole and diastole processes. The long-term
purpose of our multi-disciplinary approach is to try and propose a model for the
mechanical behaviour of the myocardium. In the long run, performance of the
complete electro-mechanical system could be analyzed. For related works, see
[1], [7] It is well known that usual mechanical models for skeletal muscles are of
no help for the myocardium. Obviously, the myocardium is not, as ordinary mus-
cles, linked at both ends to a bone. Fibre micro-structure and fibre geometrical
organization are quite different as well. We believe that the specific fibre orga-
nization in the myocardium should be taken into account in a complete model.
Numerous anatomical studies, see e.g. [8], [9], have been devoted along the years
to a description of the fibres arrangement and we refer to [5] for an extensive
bibliography. What will be sufficient to recall here is that the dissection or peel-
ing techniques are not precise enough, since apparently preferred fibre directions
can be inferred by the experimental process. Data have been improved by means
of several techniques in microscopy, such as photonic or electronic microscopy.
In the present work, we use the data provided by the polarized light microscopy
devices developed by some of the authors [4], [5].

More precisely, we intend to check the geometrical description proposed by
Streeter [9] who introduced a topological representation of the left ventricle
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as a “nested set of toroidal bodies of revolution” on which myocardial fibres
run as geodesics. This information would increase our understanding of the
biomechanical properties and propagation of electrical stimuli in the heart.

The experimental technique, which is valid for both ventricles and for the
septum, measures for a set of points located on several myocardial sections two
angles from which the fibre orientation can be deduced. In other terms, the
output of the experimental work is a discrete three-dimensional vector field.
Assuming that the left ventricle has a structure of revolution, we use the invari-
ance of Clairaut’s constant along geodesics as a first hint that the conjecture
might be true.

Work under progress is devoted to a similar description of the right ventricle.
Note however that the simple structure of revolution of the left ventricle is no
longer true for the right ventricle.
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Fig. 1. Maps of the azimuth and elevation angles obtained by means of polarized light
microscopy in a coronal section.

2 Data

The data are obtained on fetal hearts. We refer to [4] and [5] for a complete
description of the protocol. Let us just recall that the ventricles are embedded
in a transparent resin in which they can be clearly seen after polymerization.
Sections that can be transversal, sagittal or coronal can then be cut. A section
thickness is 500um, and, because of the thickness of the saw, adjacent sections
are separated by a 250um gap. The measurement technique relies on the birefrin-
gence properties of myocardial cells: in short, the velocity of the light is slower
when travelling along the long axis than along the short axis of the fibre. Results
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are given pointwise: each section is dicretized in 130um x 130um squares, and
a mean angular information is collected for each of these elementary squares.
For each voxel, the acquisition and representation processes result in two angles:
the angle of elevation ;. which is the angle between the fibre and the plane of
the section, and the azimuth angle ~,.; which is the angle between the projec-
tion of the fibre on the section plane and a fixed direction in this plane, namely
the east-west axis. A local knowledge at point (z,y, z) of these two angles which
should range from 0 to 7 for 7y,,; and —m/2 to /2 for 7. determines completely
the direction 7 of the fibre

Ty = COSYele COS Yazi
T = | Ty = COSYele SN Yazi
Ty = S Yele

A drawback of the experimental device in its present state is that it provides the
same value for 7., and —7... As a consequence and because of the averaging
technique, values closed to 0° cannot be reached. Moreover, angles between 75°
and 90° cannot be resolved. The accuracy of the method has been checked on
myocardial samples which fibres are parallel: the resolution of the measurement
method for both angles is 1°.

From a mathematical point of view, we are given a discrete sample of a
distributed vector field.

3 Geodesics

According to Streeter [9], in the equatorial part of the left ventricle free wall,
fibres are organized into surfaces on which they run as geodesics. In order to
check and extend this conjecture to the whole left ventricle, let us first recall
some elementary properties of geodesics.

Definition: A regular curve of a given surface of R3 is a geodesic if and only if
its principal normal at any point is normal to the surface.

This definition has well known consequences in terms of lengths [2].

Proposition: Any geodesic locally minimizes the arc length between two points.
Conversely, when a regular curve is the shortest path between any two of its
points, it is a geodesic.

Note that, in general, an arbitrary geodesic does not minimize globally the arc
length between two of its points. For instance, an helix on a vertical cylinder
links points on a same vertical line that can be more economically connected
through a vertical straight line. Can we expect to find geodesics on any surface?
Two answers are well known. First, local existence of a geodesic starting from
a given point and tangent to a given vector belonging to the tangent plane at
this point is an easy consequence of the fact that a geodesic on a parametrized
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surface is given by a system of two ordinary differential equations. Second, a
global existence result is available in the case of closed surfaces: there exists a
minimum geodesic joining two given points of a closed surface (particular case
of the Hopf-Rinow theorem, [6]).

In the present study, we assume that the left ventricle has a structure of
revolution. Namely, we see the outer surface as generated by rotating a meridian
curve, described by Streeter as crescent-shaped, around a vertical axis, see Figure
2. The distance between this generating curve and the axis of revolution is close
to 0, but not 0, at the apex which allows fibres to invaginate. Internal layers, if
they exist, are also seen as rotation invariant. Computer Aided Design (CAD)
approximate models using B-spline smooth surfaces have been constructed. They
are out of the scope of the present paper and are used in a parallel work as test
models for fibre reconstruction algorithms. This simplifying assumption allows
us to use a specific property of geodesics of surfaces of revolution [2].

Axis of revolution

Fig. 2. An ideal setting. Left: nested meridian curves. Right: periodic geodesics deduced
one from the other by rotations.

Clairaut’s constant: For any point on a curve on a surface of revolution, let r
be the distance from this point to the axis of revolution and let § be the angle
between the tangent to this curve and the parallel of the surface at this point.
If the curve is a geodesic, then the quantity r cosf remains invariant along the
curve. It is called the Clairaut constant.

Note that the above property is not sufficient for a curve to be a geodesic.
Along all parallels, e.g., the quantity r cos § remains constant since it is equal to
r, but only some of the parallels are geodesics.
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4 Experimental validation

As seems to be true from anatomical observations, assume that the left ventricle
fibres are organized in nested toroidal layers with the same axis of revolution
and that they are periodic geodesics of these layers, i.e., the fibres follow closed
curves with continuous tangents. Furthermore, assume that the fibres on a given
layer can be deduced one from the other by rotations around the axis of revo-
lution. Figure 2 describes an ideal setting where the geodesics have been com-
puted on the abstract CAD model (the algorithm numerically solves the system
of ordinary differential equations characterizing a geodesic). Then the Clairaut

Fig. 3. Left: isovalues of rcosf on a given coronal section. Right: Fibre trajectories
crossing traces of a given C on several coronal sections.

constant is the same for all fibres in the layer, but may vary from one layer to
another. As a consequence, if the conjecture is true, then the isovalues of r cos 8,
where 6 denotes here the angle between the vector 7 at point (z,y,2) and the
parallel at this same point, will be nested toroidal surfaces. The traces of these
surfaces on each coronal section (a section which is orthogonal to the left ventri-
cle axis) should be concentric circles. This comes from the fact that the fibres are
supposed to be organized in layers and globally rotationally invariant on each
layer. Moreover, a same constant value of r cosf should appear on two separate
concentric circles translating the fact that the fibre invaginates and, then, makes
at least one complete turn before closing back. As for the trace of each surface
of isovalues on a meridian plane, it should consist of two symmetrical closed
crescent-shaped curves.
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With this in mind, we have computed r cosé for our experimental data. In
order to use what is actually provided to us, namely the vector field 7, we have
used the obvious identity

rcosl = | —y7, + 7.

We have traced the lines of isovalues on several coronal section planes. We readily
observe that on each section they are, as anticipated, concentric circles, and that
a same constant value of r cos § appears on two separate concentric circles. In the
same time, we have developed an algorithm which follows the fibres from section
to section in the whole of the myocardium. By means of an interpolation pro-
cedure, the algorithm first transforms the given discrete data into a distributed
vector field. Then, for a given h, the iterative procedure constructs a point from
the previous one by moving with length A along its vector direction. In the left
ventricle, the obtained trajectories cross the circles that correspond to a same
Clairaut constant. In parallel, we have traced several isovalues of r cosf on two
longitudinal section planes, one orthogonal and the other parallel to the inter-
ventricular septum (namely, transversal and sagittal sections), from the apex to
the base. The result shows, as expected, a nested set of meridian curves which
is similar to the abstract model described in Figure 2.

Clearly, an arbitrary vector field 7 would not satisfay the above properties.
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Fig. 4. Traces of some values of C on longitudinal section planes parallel (left) and
orthogonal (right) to the interventricular septum.

The conclusion of this study is that checking the invariance of the Clairaut
number against experimental values backs up the geodesic conjecture, at least
for the left ventricle. In a future work, we intend to study the conjecture for the
right ventricle. We will use the fibres tracking algorithm that has already been
developed and used for the left ventricle. Simultaneously, an explanation of the
geodesic structure in terms of mechanical efficiency will be investigated.
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