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e
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n
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e
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h
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p
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volves
fi
n
e

scales,
su
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o
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h
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ts,
fast
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N
on
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refi

n
em

en
t

is
n
ot

fi
x
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t
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b
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com
p
u
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T
h
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p
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n
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p
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erical
to
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w
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B
asic

n
otation

s

-
L
eb

esgu
e

sp
aces:

L
p(Ω

)
:=
{f

;
∫

Ω
|f| p

<
∞
}

for
p
≥

1.
B

an
ach

sp
ace

w
h
en

eq
u
ip

ed
w

ith
th

e
n
orm

‖f‖
p

:=
[
∫

Ω
|f| p] 1

/
p.

-
L
∞

(Ω
)

(alm
ost

every
w

h
ere

u
n
iform

ly
b
ou

n
d
ed

fu
n
ction

s)
an

d

C
(Ω

)
(con

tin
u
ou

s
fu

n
ction

s):
B

an
ach

sp
aces

w
h
en

eq
u
ip

ed
w

ith
th

e

n
orm

‖f‖∞
:=

su
p
x∈

Ω
|f

(x
)|.

-
H

ilb
ert

sp
ace

in
th

e
case

p
=

2:‖f‖
2

=
[〈f
,f〉] 1

/
2

w
ith

〈f
,g〉

:=
∫

Ω
f
g
.

-
C

h
aracteristic

fu
n
ction

s:
χ

Ω
(x

)
=

1
if
x
∈

Ω
,
0

oth
erw

ise.

-
C

h
an

ge
of

variab
le:

f
(a·+

b)
:
x
7→
f
(a
x

+
b).

-
E

stim
ation

s:
F

(p
1 ,p

2 ,···)
<∼
G

(p
1 ,p

2 ,···)
if

th
ere

ex
ists

C
>

0

su
ch

th
at
F

(p
1 ,p

2 ,···)≤
C
G

(p
1 ,p

2 ,···)
for

all
p
1 ,p

1 ,···.
-

E
q
u
ivalen

ces:
F
∼
G

if
an

d
on

ly
if
F
<∼
G

an
d
G
<∼
F

.
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F
ou

rier
rep

resen
tation

s

-
A

n
aly

sis:
f̂
(ω

)
=

∫

+
∞

−
∞
f
(t)e −

iω
td
t.

-
S
y
n
th

esis:
f
(t)

=
(2π

) −
1
∫

+
∞

−
∞
f̂
(ω

)e
iω
td
ω
.

R
ep

resen
tation

of
f

in
term

s
of

th
e

p
u
re

w
aves

e
ω
(t)

=
e
iω
t,
ω
∈

IR
.

F
or

1-p
erio

d
ic

fu
n
ction

s:

-
A

n
aly

sis:
c
n
(f

)
=

∫

10
f
(t)e −

i2
π
n
td
t.

-
S
y
n
th

esis:
f
(t)

=
∑

n∈
ZZ
c
n
(f

)e
i2
π
n
t.

D
iscrete

F
ou

rier
tran

sform
:

(x
[k

])
k
=

0
,···

,N
−

1
an

d
(x̂

[k
])
k
=

0
,···

,N
−

1

con
n
ected

b
y

x̂
[k

]
=

1
√
N

N
−

1
∑n
=

0

x
[n

]e −
i2
π
n
k
/
N

an
d
x
[k

]
=

1
√
N

N
−

1
∑n
=

0

x̂
[n

]e
i2
π
n
k
/
N
.

Im
p
lem

en
ted

in
O

(N
log

N
)

op
eration

s
b
y

F
F
T

.
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F
ou

rier
rep

resen
tation

s
an

d
com

p
u
tation

A
p
p
rox

im
ation

of
a

(1-p
erio

d
ic)

fu
n
ction

b
y

its
p
artial

su
m

S
N
f
(t)

=
∑

Nn
=
−
N
c
n
(f

)e
i2
π
n
t.

P
rob

lem
:

fast
con

vergen
ce

?

If
f
,f
′,···

,f
(m

)
are

con
tin

u
ou

s
over

IR
,
w

e
can

ap
p
ly
n

tim
es

th
e

in
tegration

b
y

p
art

to
ob

tain

|c
n
(f

)|
=
|(i2π

n
) −

1c
n
(f
′)|

=
···|(i2π

n
) −
m
c
n
(f

(m
))|

≤
|i2π

n| −
m

∫

10
|f

(m
)|
<∼
n
−
m
.

⇒
F
ast

d
ecay

if
f

is
sm

o
oth

.

H
ow

ever,
if
f

is
sm

o
oth

every
w

h
ere

ex
cep

t
at

som
e

d
iscon

tin
u
ity

p
oin

t
x
∈

[0,1],
w

e
can

n
ot

h
op

e
b
etter

th
an
|c
n
(f

)|
<∼
n
−

1
(also

G
ib

b
s

p
h
en

om
en

on
for

S
N
f

n
ear

th
e

sin
gu

larity
).

B
etter

rep
resen

tation
s

are
n
eed

ed
for

su
ch

fu
n
ction

s.
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C
en

tral
p
rob

lem
s

in
ap

p
rox

im
ation

th
eory

-
X

n
orm

ed
sp

ace.

-
(Σ

N
)
N
≥

0 ⊂
X

ap
p
rox

im
ation

su
b
sp

aces
(g
∈

Σ
N

d
escrib

ed
b
y
N

orO
(N

)
p
aram

eters).

-
B

est
ap

p
rox

im
ation

error
σ
N

(f
)

:=
in

f
g∈

Σ
N
‖f
−
g‖
X

.

P
rob

lem
1:

ch
aracterise

th
ose

fu
n
ction

s
in
f
∈
X

h
av

in
g

a
certain

rate
of

ap
p
rox

im
ationf

∈
X
r⇔

σ
N

(f
)≤

C
N
−
r

P
rob

lem
2:

p
ractical

realization
of
f
7→
g
∈

Σ
N

su
ch

th
at

‖f
−
g‖
X
<∼
σ
N

(f
).

A
p
p
lication

s
to

n
u
m

erical
sim

u
lation

:
in

th
is

settin
g
f

is
n
ot

ex
p
licitely

given
b
u
t

is
th

e
u
n
k
n
ow

n
of

an
eq

u
ation

(e.g.
P

D
E

)

F
(u

)
=

0.
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E
x
am

p
les

L
in

ear
ap

p
rox

im
ation

:
Σ
N

sp
ace

of
d
im

en
sion

O
(N

)

-
Σ
N

:=
Π
N

p
oly

n
om

ials
of

d
egree

N
in

d
im

en
sion

1

-
Σ
N

:=
{f
∈
C
r([0,1])

;
f|[

kN
,

k
+

1

N
] ∈

Π
m
,
k

=
0,···

,N
−

1}
w

ith

0
≤
r
≤
m

fi
x
ed

,
sp

lin
es

w
ith

u
n
iform

k
n
ots.

-
Σ
N

:=
V

ect(e
1 ,···

,e
N

)
w

ith
(e
k )
k
>

0
a

fu
n
ction

al
b
asis.

N
on

lin
ear

ap
p
rox

im
ation

:
Σ
N

+
Σ
N
6=

Σ
N

-
Σ
N

:=
{
pq
,
p
,q
∈

Π
N
}

ration
al

fraction
s

-
Σ
N

:=
{f
∈
C
r([0,1])

;
f|[x

k
,x

k
+

1
] ∈

Π
m
,

0
=
x

0
<
···

<
x
N

=
1}

w
ith

0
≤
r
≤
m

fi
x
ed

,
free

k
n
ots

sp
lin

es.

-
Σ
N

:=
{
∑

λ∈
E
d
λ
ψ
λ

;
#

(E
)≤

N
}

set
of

all
N

-term
s

com
b
in

ation

of
a

b
asis

(ψ
λ
).
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A
b
asic

ex
am

p
le

A
p
p
rox

im
ation

of
f
∈
C

([0,1])
b
y

p
iecew

ise
con

stan
t

fu
n
ction

s
on

a

p
artition

I
1 ,···

,I
N

,
d
efi

n
in

g

f
N

(x
)

=
|I
k | −

1

∫

I
k

f
,

si
x
∈
I
k .

L
in

ear
case:

I
k

=
[
kN
,
k
+

1
N

]
u
n
iform

p
artition

.

f
′∈

L
∞
⇔
‖f
−
f
N
‖
L
∞
≤
C
N
−

1
(C

=
su

p|f
′|).

N
on

lin
ear

case:
I
k

free
p
artition

.
If
f
′∈

L
1,

ch
o
ose

th
e

p
artition

su
ch

th
at

∫

I
k |f

′|
=
N
−

1
∫

10
|f
′|.

f
′∈

L
1⇔

‖f
−
f
N
‖
L
∞
≤
C
N
−

1
(C

=

∫

1

0

|f
′|).

A
p
p
rox

im
ation

rate
govern

ed
b
y

d
iff

eren
ts

sm
o
oth

n
ess

sp
aces

!

1
0
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M
u
ltiscale

ap
p
rox

im
ation

:
b
asic

1D
ex

am
p
le

A
p
p
rox

im
ation

of
a

fu
n
ction

f
(t),

t∈
[0,1]

b
y

p
iecew

ise
con

stan
t

fu
n
ction

s
on

d
yad

ic
in

tervals
I
j,k

=
[2 −

jk
,2 −

j(k
+

1)[,

k
=

0,···
,2
j−

1,

P
j f

(t)
:=

a
j,k

=
2
j

∫

I
j
,k

f
(t)d

t,
t∈

I
j,k .

R
em

ark
1:
P
j

is
th

e
L

2-orth
ogon

al
p
ro

jection
on

to
th

e
sp

ace
V
j

of

p
iecew

ise
con

stan
t

fu
n
ction

s
on

th
e

in
tervals

I
j,k ,

k
=

0,···
,2
j−

1.

In
d
eed

an
orth

on
orm

al
b
asis

for
th

is
sp

ace
is

p
rov

id
ed

b
y

ϕ
j,k

=
2
j
/
2
χ
I

j
,k

=
2
j
/
2ϕ

(2
j·−

k
),

k
=

0,···
,2
j−

1,

w
ith

ϕ
=

χ
[0
,1

]
an

d
clearly

P
j f

=
∑

2
j−

1
k
=

0
〈f
,ϕ

j,k 〉ϕ
j,k .

R
em

ark
2:

th
e

sp
aces

V
j

are
n
ested

i.e.
V
j ⊂

V
j
+

1
an

d

∪
V
J
L

p

=
L
p([0,1]),

i.e.
lim

J→
+
∞
‖f
−
P
J
f‖

p
=

0
if
f
∈
L
p([0,1]).

1
1
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M
u
ltiscale

d
ecom

p
osition

in
to

th
e

H
aar

b
asis

W
e

d
ecom

p
ose

P
J
f

in
to
P
J
f

=
P

0 f
+

∑

J−
1

j
=

0
Q
j f

w
ith

Q
j

=
P
j
+

1 −
P
j

th
e

orth
ogon

al
p
ro

jection
on

to
W
j ,

th
e

orth
ogon

al

com
p
lem

en
t

of
V
j

in
to
V
j
+

1 .

W
j

is
sp

an
n
ed

b
y
ψ
j,k

=
2
j
/
2ψ

(2
j·−

k
),
k

=
0,···

,2
j−

1,
w

h
ere

ψ
=

χ
[0
,1
/
2
] −

χ
[1
/
2
,1

] .
T

h
erefore

Q
j f

=
∑

2
j−

1
k
=

0
〈f
,ψ

j,k 〉ψ
j,k .

L
ettin

g

J
→

+
∞

,
w

e
ob

tain
th

e
d
ecom

p
osition

of
f

in
th

e
H

aar
sy

stem

0
1

10

−1 1

0
1

0
1

0
1

f

= 
. . . .

 = < f ,   > 
ϕ

ϕ
ϕ

ψ
ψ

+ < f ,   > 

  + < f ,    > 
ψ

ψ
ψ

 < f ,   > 
ϕ

ϕ
Σ Σ

ψ
ψ

j,k
+        < f ,     > 

j,k
+        < f ,    

j
k

+ < f ,    > 
1,0

1,0
ψ

1,1
1,1

ψ

fff

PPP2 1 0

1
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F
ast

algorith
m

s

S
tartin

g
p
oin

t:
d
iscretized

fu
n
ction

at
som

e
resolu

tion
level

J
,
i.e.

f
=

∑

2
J−

1
k
=

0
c
J
,k ϕ

J
,k
∈
V
J
.

T
w

o
p
ossib

le
situ

ation
s:

(i)
d
ata

are
d
irectly

p
rov

id
ed

in
d
iscrete

form
at
c
J

:=
(c
J
,k )

k
=

0
,···

,2
J−

1
(e.g.

in
d
igital

sign
al

or
im

age

p
ro

cessin
g)

or
(ii)

d
ata

is
a

fu
n
ction

f
w

ith
an

ex
p
licit

m
ath

em
atical

ex
p
ression

⇒
com

p
u
te
c
J
,k

=
〈f
,ϕ

J
,k 〉

ex
actly

or

ap
p
rox

im
ately.

P
rob

lem
:

fast
com

p
u
tation

of
th

e
co

effi
cien

ts
in

th
e

m
u
ltiscale

rep
resen

tation
f

:=
c
0
,0 ϕ

+
∑

J−
1

j
=

0

∑

2
j−

1
k
=

0
d
j,k ψ

j,k .

S
olu

tion
:

p
ro

cess
h
ierarch

ically,
u
sin

g
th

e
in

terscale
relation

s

c
j−

1
,k

=
2 −

(j−
1
)/

2a
j−

1
,k

=
2 −

(j−
1
)/

2(a
j,2
k

+
a
j,2
k
+

1 )/2

=
(c
j,2
k

+
c
j,2
k
+

1 )/ √
2,

an
d

sim
ilarly

d
j−

1
,k

=
(c
j,2
k −

c
j,2
k
+

1 )/ √
2.

1
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T
h
is

allow
s

th
e

iteration

c
J
→

(c
J−

1 ,d
J−

1 )→
···→

(c
0 ,d

0 ,d
1 ,···

,d
J−

1 ).

cccc
d

d
d

d
d d

J−1

J−3
J−2

J−3

JJ−1
J−2

J−1
J−2

J−1

R
econ

stru
ction

:
b
y

in
verse

form
u
lae

c
j,2
k

=
(c
j−

1
,k

+
d
j−

1
,k )/ √

2
an

d
c
j,2
k
+

1
=

(c
j−

1
,k −

d
j−

1
,k )/ √

2.

R
em

ark
:

com
p
lex

ity
of

step
j↔

j−
1

in
O

(2
j)⇒

glob
al

com
p
lex

ity
in
O

(2
J
),

i.e.O
(N

)
w

h
ere

N
is

th
e

size
of

th
e

d
ata.

1
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C
om

p
act

n
otation

s

-
S
calin

g
fu

n
ction

s
an

d
w

avelets:
ϕ
j,k

=
ϕ
λ
,
ψ
j,k

=
ψ
λ
,
λ

=
(j,k

).

-
S
cale

level:|λ|
=
j.

-
C

o
effi

cien
ts:

c
λ

=
〈f
,ϕ

λ 〉,
d
λ

=
〈f
,ψ

λ 〉.

-
P

ro
jectors:

P
j f

=
∑

|λ|=
j
c
λ
ϕ
λ

=
∑

|λ|<
j
d
λ
ψ
λ

(in
corp

orates
th

e

coarse
layer

of
fu

n
ction

s
ϕ
λ
,|λ|

=
0)

an
d
Q
j f

=
∑

|λ|=
j
d
λ
ψ
λ
.

1
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W
avelet

an
aly

sis
of

lo
cal

sm
o
oth

n
ess

-
If
f

is
b
ou

n
d
ed

on
I
j,k ,

an
ob

v
iou

s
estim

ate
is

|d
j,k |

=
|〈f
,ψ

j,k 〉|≤
su

p
t∈
I

j
,k |f

(t)|
∫

|ψ
j,k |

=
2 −

j
/
2

su
p

t∈
I

j
,k |f
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=
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∞
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) ‖ψ
j,k ‖
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=
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=
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=
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=
ψ
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=
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b
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e
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∞
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∈
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∈
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∈
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con
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b
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b
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b
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‖
∑
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=
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∞
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=
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−
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=
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p
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∈
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0 ⊂
V

1
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satisfy
a
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eq

u
ation

ϕ
(t)

=
∑

n∈
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)
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E

x
p
resses

th
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V
j ⊂

V
j
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1
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b
y

ch
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le

w
e
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tain

ϕ
j,k

=
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∑

n∈
ZZ
h
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ϕ
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k
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x
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p
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ϕ
=
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=
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] +
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=
ϕ
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+
ϕ
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1),
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0

=
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1
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oth
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B
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lin
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ord
er
N

:
h
n
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2 −
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)!
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+
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=
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an
d
h
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∑
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∑
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∑
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∑
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+
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∑
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∑
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=
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p
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−
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∈
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=
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T
h
e

fast
w

avelet
tran

sform
algorith

m

C
on

n
ect

stan
d
ard

an
d

m
u
ltiscale

rep
resen

tation
s

f
=

∑

k∈
ZZ

c
J
,k ϕ

J
,k

=
∑

k∈
ZZ

c
0
,k ϕ

0
,k

+

J−
1

∑j
=

0

∑

k∈
ZZ

d
j,k ψ

j,k ,

b
y

th
e

sam
e

h
ierarch

ical
p
ro

ced
u
re

as
for

th
e

H
aar

sy
stem

.

B
asic

step
c
j
+

1 ↔
(c
j ,d

j )
in

th
e

b
iorth

ogon
al

case:

D
ecom

p
osition

:
u
se

d
u
al

tw
o

scale
eq

u
ation

c
j,k

=
〈f
,ϕ̃

j,k 〉
=
〈f
,

1√2

∑

n∈
ZZ
h̃
n
ϕ̃
j
+

1
,2
k
+
n 〉

=
1√2

∑

n∈
ZZ
h̃
n
c
j
+

1
,2
k
+
n

=
1√2

∑

n∈
ZZ
h̃
n−

2
k c
j
+

1
,n
.

an
d

sim
ilarly

for
d
j,k .

T
h
erefore

c
j,k

=
1√2

∑

n∈
ZZ

h̃
n−

2
k c
j
+

1
,n

an
d
d
j,k

=
1√2

∑

n∈
ZZ

g̃
n−

2
k c
j
+

1
,n
.
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R
econ

stru
ction

:
u
se

p
rim

al
scale

eq
u
ation

P
j
+

1 f
=

∑

k∈
ZZ
c
j
+

1
,k ϕ

j
+

1
,k

=
∑

n∈
ZZ
c
j,n
ϕ
j,n

+
∑

n∈
ZZ
d
j,n
ψ
j,n

=
∑

n∈
ZZ
c
j,n

[
1√2

∑

k∈
ZZ
h
k−

2
n
ϕ
j
+

1
,k ]

+
∑

n∈
ZZ
d
j,n

[
1√2

∑

k∈
ZZ
g
k−

2
n
ϕ
j
+

1
,k ]

=
∑

k∈
ZZ

1√2
[
∑

n∈
ZZ
c
j,n
h
k−

2
n

+
∑

n∈
ZZ
d
j,n
g
k−

2
n
]ϕ
j
+

1
,k .

B
y

id
en

tifi
cation

of
th

e
co

ord
in

ates
in

th
e

fi
rst

an
d

last
ex

p
ression

,

w
e

ob
tain

c
j
+

1
,k

=
1√2

∑

n∈
ZZ

c
j,n
h
k−

2
n

+
1√2

∑

n∈
ZZ

d
j,n
g
k−

2
n
.

R
em

ark
:

th
ese

algorith
m

s
on

ly
u
se

th
e

co
effi

cien
ts

(h
n
,h̃
n
,g
n
,g̃
n
),

n
ot

th
e

fu
n
ction

s
(ϕ
,ψ
,ϕ̃
,ψ̃

).
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S
ign

al
p
ro

cessin
g

in
terp

retation

T
w

o
ch

an
n
el

fi
lter

b
an

k
(low

p
ass

an
d

h
igh

p
ass).

2c
**

*

2  2
22

cd

cj+
1,k

j,k

j,k

hg
*  g

~ ~
-n -n

n n
h

j+
1,k

R
em

ark
:

In
p
ractice,

d
iscretized

d
ata

h
ave

fi
n
ite

su
p
p
ort

c
J

=
(c
J
,k )

k
=

0
,···

,2
J−

1
⇒

ad
ap

tation
of

th
e

fi
lterin

g
p
ro

cess
is

n
eed

ed
n
ear

th
e

b
ou

n
d
ary.

S
im

p
lest

solu
tion

s:
ex

ten
sion

b
y

p
erio

d
ization

or
sy

m
m

etrization
of

th
e

sign
al,

or
b
ou

n
d
ary

ad
ap

ted
M

R
A

an
d

w
avelets.
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T
ow

ard
gen

eralized
w

avelets

P
rob

lem
:

ad
ap

tation
of

M
R

A
an

d
w

avelets
to

gen
eral

d
om

ain
s

Ω
∈

IR
d,

p
ossib

ly
w

ith
b
ou

n
d
ary

con
d
ition

s.
T
en

sor
p
ro

d
u
ct

strategies
are

n
ot

su
ffi

cien
t.

F
irst

ap
p
roach

(C
an

u
to,

T
ab

acco,
U

rb
an

,
D

ah
m

en
,
S
ch

n
eid

er):

ex
p
ort

th
e

ten
sor

p
ro

d
u
ct

strategy
th

rou
gh

d
om

ain
d
ecom

p
osition

:

Ω
p
artition

ed
in

to
con

form
in

g
p
aram

etric
p
atch

es
Ω
i
=
κ
i ([0,1] d).

F
rom

ten
sor

p
ro

d
u
ct

w
avelets

in
referen

ce
d
om

ain
,
d
efi

n
e

w
avelets

in
sid

e
each

p
atch

es
as
ψ
iλ (·)

:=
ψ
λ
(κ
−

1
i
·).

A
t

th
e

in
terfaces,

d
efi

n
e

w
avelets

b
y

p
rop

er
“glu

ein
g”

of
fu

n
ction

s
from

b
oth

sid
e

en
su

rin
g

at
least

con
tin

u
ity.
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S
econ

d
ap

p
roach

:
h
ierarch

ical
fi
n
ite

elem
en

ts

S
tart

from
n
ested

trian
gu

lation
sT

j
d
erived

from
a

coarse

trian
gu

lation
T

0
of

Ω
b
y

iterative
m

i-p
oin

t
refi

n
em

en
t.

D
efi

n
e

asso
ciated

fi
n
ite

elem
en

t
sp

aces
V
j .

N
ot

alw
ay

s
n
ested

b
u
t

n
ested

n
ess

h
old

s
e.g.

for
P
m

L
agran

ge
elem

en
ts

(n
o
d
al

d
egrees

of

freed
om

Γ
j

are
n
ested

).

N
o
d
al

b
asis

(ϕ
γ
)
γ∈

Γ
j

an
d

in
terp

olation
p
ro

jector

P
j f

=
∑

γ∈
Γ

j

f
(γ

)ϕ
γ
.
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F
in

ite
elem

en
t

w
avelets

H
ierarch

ical
b
asis:

P
j
+

1 f
−
P
j f

van
ish

es
on

Γ
j ⇒

can
b
e

ex
p
ressed

as
∑

λ∈
∇

j
d
λ
ψ
λ
,
w

h
ere

∇
j

=
Γ
j
+

1 \
Γ
j

an
d
ψ
λ

is
th

e
n
o
d
al

fu
n
ction

ϕ
λ

of
V
j
+

1 .
T

h
is

lead
s

to
th

e
h
ierarch

ical
b
asis

d
ecom

p
osition

of

f
∈
V
J

f
=

∑

γ∈
Γ

0

c
γ
ϕ
γ

+
J−

1
∑j
=

0

∑

λ∈
∇

j

d
λ
ψ
λ
.

D
raw

b
ack

:
in

trin
sic

lack
of
L

2
stab

ility
d
u
e

to
th

e
u
se

of
th

e

in
terp

olation
p
ro

jector.

S
olu

tion
:

fi
n
ite

elem
en

t
w

avelets
b
u
ilt

b
y

lo
cal

correction
of

th
e
ψ
λ
,

λ
∈
∇
j ,

w
ith

com
b
in

ation
s

of
th

e
fu

n
ction

s
(ϕ

γ
)
γ∈

Γ
j
+

1
lo

calized

arou
n
d

th
e

su
p
p
ort

of
ψ
λ

(O
sw

ald
,
L
oren

tz,
D

ah
m

en
,
S
teven

son
).
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L
in

ear
ap

p
rox

im
ation

resu
lts

-
V
h
:

fi
n
ite

elem
en

t
sp

ace
d
iscretizin

g
a

d
om

ain
Ω
⊂

IR
d.

-
N

:=
d
im

(V
h
)∼

vol(Ω
)h
−
d

-
W

s
,p

:=
{f
∈
L
p(Ω

)
s.t.

D
α
f
∈
L
p(Ω

),|α|≤
s}

C
lassical

fi
n
ite

elem
en

t
ap

p
rox

im
ation

th
eory

(B
ram

b
le-H

ilb
ert,

C
iarlet-R

av
iart,

S
tran

g-F
ix

):
p
rov

id
es

w
ith

th
e

classical
estim

ate

f
∈
W

s
+
t,p⇒

in
f

g∈
V

h ‖f
−
g‖
W

s
,p
≤
C
h
t∼

C
N
−
t/
d,

assu
m

in
g

th
at
V
h

h
as

en
ou

gh
p
oly

n
om

ial
rep

ro
d
u
ction

an
d

is

con
tain

ed
in
W

sp .
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W
avelet

ch
aracterization

s
of

fu
n
ction

s
sp

aces

L
et
f

=
∑

d
λ
ψ
λ
,
d
λ

=
〈f
,ψ̃

λ 〉.
-
L

2
ch

aracterized
b
y
‖f‖

22 ∼
‖P

0 f‖
22

+
∑

j≥
0 ‖Q

j f‖
22 ∼

∑

|d
λ | 2.

-
S
ob

olev
sp

ace
H
s

=
W

s
,2

ch
aracterized

b
y

‖f‖
2H

s ∼
‖P

0 f‖
22
+

∑j≥
0

2
2
s
j‖Q

j f‖
22 ∼

∑

2
2
s|λ||d

λ | 2∼
∑

‖d
λ
ψ
λ ‖

2H
s .

-
B

esov
-S

ob
olev

sp
ace

B
sp
,p

ch
aracterized

b
y

‖f‖
pB

sp
,p

∼
‖P

0 f‖
pp

+
∑

j≥
0
2
p
s
j‖Q

j f‖
pp ∼

∑

2
p
s|λ|‖d

λ
ψ
λ ‖
pp

∼
∑

2
p
s|λ|2

p
d
(1
/
2−

1
/
p
)|λ||d

λ | p∼
∑

‖d
λ
ψ
λ ‖
pB

sp
,p .

R
em

ark
:
B
sp
,p

=
W

s
,p

if
s
/∈

IN
or
p

=
2

an
d
B
s∞
,∞

=
C
s

if
s
/∈

IN
.

A
ll

th
is

h
old

s
p
rov

id
ed

th
at
ψ
λ

h
as

en
ou

gh
sm

o
oth

n
ess

4
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M
easu

rin
g

sp
arsity

in
a

rep
resen

tation
f

=
∑

f
λ
ψ
λ

In
tu

ition
:

th
e

n
u
m

b
er

of
co

effi
cien

ts
ab

ove
a

th
resh

old
η

sh
ou

ld
n
ot

grow
to

o
fast

as
η
→

0.

W
eak

sp
aces:

(f
λ
)∈

w
`
p

if
an

d
on

ly
if

C
ard{λ

s.t.|f
λ |
>
η}
≤
C
η
−
p,

or
eq

u
ivalen

tly,
th

e
d
ecreasin

g
rearran

gem
en

t
(f
∗n )
n
>

0
of

(|f
λ |)

satisfi
es

f
∗n ≤

C
n
−

1
/
p.

T
h
e

rep
resen

tation
is

sp
arser

as
p
→

0.
If
p
<

2
an

d
(ψ

λ
)

is
an

orth
on

orm
al

b
asis,

an
eq

u
ivalen

t
statem

en
t

is
in

term
s

of
b
est

N
-term

ap
p
rox

im
ation

:
if
f
N

:=
∑

N
la

rg
e
st
|f

λ | f
λ
ψ
λ
,
th

en

‖f
−
f
N
‖
L

2
=

[
∑

n≥
N

|f
∗n | 2] 1

/
2
<∼
N
−
s,

1/p
=
s

+
1/2.

4
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N
on

lin
ear

ap
p
rox

im
ation

resu
lts

N
-term

s
ap

p
rox

im
ation

s:
Σ
N

:=
{
∑

λ∈
Λ
d
λ
ψ
λ

;
#

(Λ
)≤

N
}.

-
R

ate
of

d
ecay

govern
ed

b
y

w
eaker

sm
o
oth

n
ess

con
d
ition

s

(D
eV

ore):
w

ith
1/q

=
1/p

+
t/d

f
∈
B
s
+
t

q
,q
⇒

in
f

g∈
Σ

N

‖f
−
g‖
W

s
,p
≤
C
N
−
t/
d,

-
F
or

m
ost

error
n
orm

X
(e.g.

L
p,
W

s
,p,

B
sp
,q ),

a
n
ear

op
tim

al

ap
p
rox

im
ation

is
ob

tain
ed

b
y

th
resh

old
in

g
:

if
f

=
∑

λ
d
λ
ψ
λ
,
an

d

f
N

:=
∑

N
la

rg
e
st
‖
d

λ
ψ

λ ‖
X
d
λ
ψ
λ
,
w

e
th

en
h
ave

‖f
−
f
N
‖
X
≤
C

in
f

g∈
Σ

N

‖f
−
g‖
X

w
ith

C
in

d
ep

en
d
en

t
of
f

an
d
N

.

-
R

em
ark

:
a

sim
ilar

th
eory

for
p
iecew

ise
p
oly

n
om

ial
ap

p
rox

im
ation

on
N

ad
ap

tive
trian

gles
is

still
to

b
e

com
p
leted

.
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P
ictorial

in
terp

retation
of

ap
p
rox

im
ation

resu
lts

1/p
1/q=

1/p+
t/d

s

s+
t

O
(N

O
(N

-t/d

L
inear

N
onlinear

(Slope d
)

p 
L

 spaces

X
 : m

easurem
ent of the error

p
(s derivatives in L

  )

s
C

   spaces

E
m

bedding

in X

N
o em

bedding 

in X

  )
  )

-t/d
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M
o
d
elin

g
real

im
ages

b
y

fu
n
ction

s
of

b
ou

n
d
ed

variation

I
∈
B
V

if
an

d
on

ly
if
I
∈
L

1
an

d
∇
I

is
a

fi
n
ite

m
easu

re

P
rototy

p
e:

χ
Ω

w
h
ere

∂
Ω

h
as

fi
n
ite

len
gth

.

In
tu

ition
:

Im
ages

are
“p

iecew
ise

sm
o
oth

”
an

d
th

eir
sin

gu
larities

(ed
ges)

h
ave

fi
n
ite

total
len

gth
.

T
h
eorem

(1998):f
∈
B
V

([0,1] 2)⇒
(d
λ
)∈

w
`
1

i.e.
d
n
≤
C
/n

.

-
B
V

is
“alm

ost
ch

aracterized
”

sin
ce

(d
λ
)∈

`
1⇒

f
∈
B
V

([0,1] 2).

-
O

p
tim

al
estim

ate
for

w
avelets:

if
f

=
χ

Ω
th

en
d
n
≥
c/n

.

-
O

p
tim

al
estim

ate
am

on
g

all
b
ases

4
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S
p
arse

rep
resen

tation
s

an
d

geom
etry

Im
age:

I
=

χ
Ω
,
w

ith
∂
Ω

sm
o
oth

.

I
N

=
ap

p
rox

im
ation

b
y
N

largest

w
avelet

co
effi

cien
ts

⇒
‖I−

I
N
‖
L

2∼
N
−

1
/
2

P
rob

lem
:

im
p
oses

isotrop
ic

refi
n
em

en
t

I
N

=
p
iecew

ise
con

stan
t

ap
p
rox

im
ation

on
N

op
tim

ally
selected

trian
gles

⇒
‖I−

I
N
‖
L

2∼
N
−

1

P
rob

lem
:

fast
h
ierarch

ical
algorith

m
?

4
6



'&

$%

O
th

er
recen

t
ap

p
roach

es
for

sp
arse

rep
resen

tation
of

geom
etry

-
D

on
oh

o
an

d
C

an
d
es:

sp
arse

rep
resen

tation
b
ased

on

rid
glets/cu

rvelets
b
ases

(sim
ilar

to
w

avelets
w

ith
ad

d
ition

al

d
irection

al
selectiv

ity
).

A
llow

s
to

recover‖I−
I
N
‖
L

2∼
N
−

1
w

ith
a

th
resh

old
in

g
algorith

m
.

-
M

allat:
sp

arse
rep

resen
tation

b
ased

on
b
an

d
lets

(selection
of

a

b
asis

ad
ap

ted
to

th
e

ed
ges

of
th

e
im

age).

-
A

ran
d
iga,

D
on

at,
A

.C
.:

sp
arse

rep
resen

tation
b
ased

on
n
on

lin
ear

m
u
ltiscale

d
ecom

p
osition

s
(u

ses
sh

o
ck

cap
tu

rin
g

tech
n
iq

u
es

in
tro

d
u
ced

b
y

H
arten

an
d

O
sh

er).4
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R
ev

isitin
g

regu
larity

th
eory

for
P

D
E

’s

S
olu

tion
s

of
certain

P
D

E
’s

m
igh

t
h
ave

su
b
stan

tially
h
igh

er

regu
larity

in
th

e
scale

govern
in

g
n
on

lin
ear

ap
p
rox

im
ation

th
an

in

th
e

scale
govern

in
g

lin
ear

ap
p
rox

im
ation

.

E
x
am

p
le:

1D
n
on

lin
ear

con
servation

law

∂
t u

+
∂
x
F

(u
)
=

0,
u
(x
,0)

=
u

0 (x
),

w
ith

F
sm

o
oth

an
d

strictly
con

vex
(e.g.

B
u
rger

F
(u

)
=
u

2/2).

-
S
m

o
oth

n
ess

for
lin

ear
ap

p
rox

im
ation

in
L

1:
for

large
t,

u
(·,t)∈

B
V

b
u
t

n
ot

sm
o
oth

er.

-
S
m

o
oth

n
ess

for
n
on

lin
ear

ap
p
rox

im
ation

(D
eV

ore
&

L
u
cier,

1987):
for

all
s
>

0
an

d
1/p

=
1

+
s,

if
u

0 ∈
B
sp
,p

th
en

u
(·,t)∈

B
sp
,p

for
all

t
>

0.

S
im

ilar
resu

lts
are

availab
le

for
ellip

tic
P

D
E

’s
on

corn
er

d
om

ain
s

(D
eV

ore
&

D
ah

lke)
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P
ictorial

in
terp

retation

1
1/p

1 s

C
lassical

th
eory

:
s
<

1/p
for

s≤
1

D
eV

ore-L
u
cier

:
s
<

1/p−
1

for
all

s
>

0

In
terp

olation
:
s
<

1/p
for

all
s
>

0

4
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U
se

of
ad

ap
tive

w
avelet

m
eth

o
d
s

for
d
iscretizin

g
P

D
E

’s
?

B
en

ch
m

ark
for

ad
ap

tive
m

eth
o
d
s

:
an

op
tim

al
ad

ap
tive

strategy

sh
ou

ld
p
ro

d
u
ce

ap
p
rox

im
ate

solu
tion

s
u
N
∈

Σ
N

su
ch

th
at‖u

−
u
N
‖

b
eh

aves
asy

m
p
totically

as
go

o
d

as
in

f
v∈

Σ
N
‖u
−
v‖,

for
som

e
n
orm

‖·‖
of

in
terest,

w
ith

ou
t

th
e

fu
ll

k
n
ow

led
ge

of
th

e
largest

w
avelet

co
effi

cien
ts

of
u
,
an

d
w

ith
O

(N
)

com
p
u
tation

al
cost.

F
irst

ap
p
roach

:
sp

ace
refi

n
em

en
t

tech
n
iq

u
es

to
access

th
e

ap
p
rop

riate
d
iscretization

{ψ
λ }
λ∈

Λ
n

(B
ertolu

zza,
P
errier,

L
ian

d
rat,

D
ah

lke,
C

an
u
to,

S
teven

son
,
U

rb
an

,
M

asson
,
D

ah
m

en
,
D

eV
ore,

A
C

).
In

th
e

case
of

station
ary

p
rob

lem
s

F
(u

)
=

0,

en
joy

in
g

a
su

itab
le

variation
al

form
u
lation

,
th

is
ap

p
roach

h
as

led
to

op
tim

al
strategies

in
th

e
ab

ove
sen

se.

5
0
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T
h
is

ap
p
roach

m
igh

t
b
e

d
iffi

cu
lt

to
op

erate
for

certain
ty

p
es

of

p
rob

lem
s

for
w

h
ich

certain
d
iscretization

are
d
o
om

ed
to

fail.

S
econ

d
ap

p
roach

:
M

u
ltiresolu

tion
A

d
ap

tive
P
ost-p

ro
cessin

g,
i.e.

start
from

a
classical

an
d

reliab
le

sch
em

e
on

a
u
n
iform

grid
an

d
u
se

a
d
iscrete

m
u
ltiresolu

tion
d
ecom

p
osition

in
ord

er
to

com
p
ress

com
p
u
tation

al
tim

e
an

d
m

em
ory

size ,
w

h
ile

p
reserv

in
g

th
e

accu
racy

of
th

e
in

itial
sch

em
e

(H
arten

,
A

b
grall,

A
ran

d
iga,

C
h
iavassa,

D
on

at,
D

ah
m

en
,
M

u
eller,

G
ottsch

lich
-M

u
eller,

K
ab

er,

P
ostel,

A
C

).
T

y
p
ically

ap
p
lied

to
evolu

tion
p
rob

lem
s

∂
t u

=
E
(u

),

w
ith

go
o
d

p
ractical

resu
lts,

b
u
t

u
n
com

p
lete

con
vergen

ce
an

aly
sis.

5
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G
en

eral
variation

al
p
rob

lem
s

H
H

ilb
ert

sp
ace,F

:
H
→
H
′
con

tin
u
ou

s
m

ap
p
in

g,
u

n
on

sin
gu

lar

solu
tion

ofF
(u

)
=

0,
i.e.

D
F

(u
)

is
an

isom
orp

h
ism

from
H

to
H
′.

V
ariation

al
form

u
lation

:
fi
n
d
u
∈
H

su
ch

th
at

〈F
(u

),v〉
=

0

for
all

v
∈
H

.

S
im

p
le

lin
ear

ex
am

p
les:F

(u
)

=
A
u
−
f

-
L
ap

lace:A
:=
−

∆
an

d
H

:=
H

10

-
S
tokes:A

(u
,p

)
:=

(−
∆
u

+
∇
p
,−

D
iv
u
)

an
d
H

:=
(H

10
)
3×

L
20 .

-
S
in

gle
layer

p
oten

tialA
u
(x

)
:=

∫

Γ
u
(y

)
4
π|x−

y| d
y

an
d
H

:=
H
−

1
/
2.

5
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S
tan

d
ard

(F
E

M
)

ap
p
roach

to
d
iscretisation

1.
W

ell
p
osed

p
rob

lem
in

in
fi
n
ite

d
im

en
sion

F
(u

)
=

0.

2.
F
in

ite
d
im

en
sion

al
d
iscretization

H
→
V
h

b
y

a
P
etrov

-G
alerk

in

ty
p
e

m
eth

o
d

(〈F
(u
h
),v

h 〉
=

0
for

all
v
h
∈
W
h
).

D
iffi

cu
lties:

n
ot

alw
ay

s
w

ell-p
osed

(com
p
atib

ility
con

d
ition

s,
e.g.

L
B

B
for

S
tokes

:
in

f
p

h ∈
P

h
su

p
u

h ∈
U

h

∫

p
h
D

iv
u

h

‖
p

h ‖
L

2 ‖
u

h ‖
H

1
≥
β
h
>

0).

3.
Iterative

solver
u

0h
→
u

1h ···→
u
h
.

D
iffi

cu
lties:

ill-con
d
ition

n
in

g
an

d
d
en

se
m

atrices

4.
A

d
ap

tiv
ity

:
d
erive

lo
cal

error
in

d
icators

b
y

a-p
osteriori

an
aly

sis

of
resid

u
alF

(u
h
),

an
d

ap
p
ly

lo
cal

m
esh

refi
n
em

en
t

b
ased

on
th

ese

in
d
icators

V
h

=
V

0r →
V

1r →
···,

u
h

=
u

0r →
u

1r →
···

D
iffi

cu
lties:

h
an

gin
g

n
o
d
es,

con
vergen

ce
an

aly
sis

of
su

ch
refi

n
em

en
t

strategies
(D

örfl
er

1996,
M

orin
-N

o
cetto-S

ieb
ert

2000).
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W
avelet

ad
ap

tive
d
iscretization

s:
n
ew

p
arad

igm

1.
W

ell
p
osed

p
rob

lem
in

in
fi
n
ite

d
im

en
sion

F
(u

)
=

0.

2.
E

q
u
ivalen

t
d
iscrete

p
rob

lem
in

in
fi
n
ite

d
im

en
sion

b
y

w
avelet-G

alerk
in

:
fi
n
d
U

=
(u
λ
)
λ∈
∇

su
ch

th
at

F
(U

)
:=

(〈F
(
∑

u
λ
ψ
λ
),ψ

µ 〉)
µ∈
∇

=
0.

W
ell-p

osed
:
F

:
`
2→

`
2

if
(ψ
λ
)
λ∈
∇

is
a

R
iesz

b
asis

forH
after

ren
orm

alization
,
i.e.‖u‖

2H
∼

∑

|u
λ | 2

an
d
‖u‖

2H
′ ∼

∑

|〈u
,ψ

λ 〉| 2.
3.

C
on

vergin
g

iteration
in

in
fi
n
ite

d
im

en
sion

U
0→

U
1→

···→
U

.

4.
A

d
ap

tive
ap

p
rox

im
ation

of
th

is
iteration

u
p

to
p
rescrib

ed

toleran
ces

in
fi
n
ite

d
im

en
sion

:
U
n

su
p
p
orted

b
y

fi
n
ite

w
avelet

set

Λ
n
⊂
∇

.

⇒
allow

s
to

estab
lish

op
tim

al
accu

racy
an

d
com

p
lex

ity
resu

lts
in

th
e

en
ergy

‖u‖H
∼
‖U
‖

n
orm

.
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T
h
e

lin
ear

ellip
tic

case

A
ssu

m
e
A

is
an
H

-ellip
tic

op
erator.

E
q
u
ivalen

t
p
rob

lem
:

A
U

=
F

w
h
ere

A
is
`
2-ellip

tic.
F
or

a
su

itab
le
κ

th
e

iteration
,

U
n
+

1
=
U
n

+
κ
[F
−
A
U
n
],

con
verges

w
ith

fi
x
ed

error
red

u
ction

rate
ρ
<

1.

A
p
p
rox

im
ate

iteration
w

ith
p
rescrib

ed
toleran

ce
ε
>

0,

U
n
+

1
=
U
n

+
κ
[A

P
P

R
O

X
(F
,ε)−

A
P

P
R

O
X

(A
U
n
,ε)],

w
ith

‖A
P

P
R

O
X

(A
U
n
,ε)−

A
U
‖
≤
ε

an
d
‖A

P
P

R
O

X
(F
,ε)−

F
‖
≤
ε.

con
verges

w
ith

red
u
ction

rate
ρ

u
n
til

error
is

of
ord

er
ε.

T
h
e

p
ro

ced
u
re

A
P

P
R

O
X

(F
,ε)

am
ou

n
ts

in
th

resold
in

g
F

in
`
2,

or

eq
u
ivalen

tly
th

e
d
ata

f
in

th
e
H
′
n
orm

.
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M
atrix

-vector
ap

p
rox

im
ation

T
h
e

p
ro

ced
u
re

A
P

P
R

O
X

(A
U
n
,ε)

is
m

ad
e

p
ossib

le
b
y

m
atrix

com
p
ression

:
on

e
can

b
u
ild

A
N

w
ith

N
co

effi
cien

ts
p
er

row
s

an
d

colu
m

s
su

ch
th

at ‖A
−
A
N
‖
<∼
N
−
r

  (W
 ,W

 )
  (W

 ,W
 )

  (W
 ,W

 )

  (W
 ,W

 )
  (W

 ,W
 )

  (W
 ,W

 )
  (W

 ,W
 )

  (W
 ,W

 )

  (W
 ,W

 )

  (V
 ,W

 )

  (V
 ,W

 )

  (V
 ,W

 )

  (V
 ,V

 )
  (W

 ,V
 )

  (W
 ,V

 )
  (W

 ,V
 )

3

  2

3
3

 2
  2

2
2

 1  1  1
1  1

1
 1  1

1

 1 1

  1
  1

1
 1

 2
 3

 3

 3

 3

  1

 2 2
  1

A
n
aly

sis
:

b
ased

on
th

e
S
ch

u
r

lem
m

a,
u
sin

g
esim

ates
of

th
e

ty
p
e

|〈A
ψ
λ
,ψ

µ 〉|
<∼

[1
+

d
ist(λ

,µ
)] −

β
2 −

γ||λ|−
|µ||,

d
erived

from
th

e
sm

o
oth

n
ess

an
d

van
ish

in
g

m
om

en
ts

of
th

e
ψ
λ
.
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T
h
e

role
of

th
resh

old
in

g

L
em

m
a

:
if
U

is
su

ch
th

at‖U
−
U
N
‖
≤
C
N
−
s

an
d
V

is
su

ch
th

at

‖V
−
U
‖
≤
ε.

F
or
a
>

1
d
efi

n
e
W

th
e

sm
allest

su
b
vector

of
V

su
ch

th
at‖V

−
W
‖
≤
a
ε.

T
h
en

,
w

e
h
ave

‖U
−
W
‖
≤

(1
+
a
)ε

an
d

|S
u
p
p
(W

)|≤
C
ε −

1
/
s,

i.e.‖U
−
W
‖
≤
C
|S

u
p
p
(W

)| −
s

T
h
resh

old
in

g

en
su

res

op
tim

ality

lo
g
(e

rro
r)

Λ
 ))

n
lo

g
(N

), lo
g

(#
(

 ||U
−

U
n || 

||U
−

U
Λ

lo
g

( )ε
|| 

n
Λ

||U
−

U
   || o

p
tim

a
l

N

P
rob

lem
:

in
term

ed
iate

m
em

ory
size

an
d

com
p
u
tation

al
tim

e

sh
ou

ld
also

b
e

op
tim

al,
i.e.O

(ε −
1
/
s).
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G
eom

etric
toleran

ces

Id
ea:

d
ecrease

toleran
ces

ε
0

=
1,

ε
1

=
12
,···

,ε
j

=
2 −

j

lo
g
(e

rro
r)

Λ
 ))

n
lo

g
(N

), lo
g

(#
(

 
Λ

 o
p

tim
a
l

||U
−

U
   ||n

−
2

−
3

−
5

−
6

−
4

−
1

F
ix

ed
n
u
m

b
er

of
iteration

at
each

step
j→


+

1
in

volv
in

g
sp

arse

m
atrix

-vector
p
ro

d
u
ct:

W
=

A
P

P
R

O
X

(A
V
,ε)

ob
tain

ed
b
y

d
ecom

p
osin

g
V

=
V

1
+

[V
2 −

V
1 ]+

[V
4 −

V
2 ]+

···,
an

d
tak

in
g

W
:=

A
2

J
V

1
+
A

2
J
−

1[V
2 −

V
1 ]

+
···+

A
1 [V

2
J
−
V

2
J
−

1]

w
ith

J
large

en
ou

gh
su

ch
th

at

‖W
−
A
V
‖
≤
‖A‖‖V

−
V

2
J‖

+
∑

Jj
=

1 ‖A
−
A

2
J
−

j‖‖V
2

j−
V

2
j
−

1‖
≤
ε.
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R
esu

lts

T
h
eorem

(D
ah

m
en

,
D

eV
ore,

A
C

-
M

ath
.

C
om

p
.

2000)
:

if
V

is

su
ch

th
at‖V

−
V
N
‖
≤
C
N
−
s,

an
d

if‖A
−
A
N
‖
<∼
N
−
r

w
ith

r
>
s,

th
en
|S

u
p
p
(W

)|
<∼
ε −

1
/
s

an
d

th
erefore

‖W
−
A
U
‖
<∼
|S

u
p
p
(W

)| −
s.

T
h
eorem

(D
ah

m
en

,
D

eV
ore,

A
C

-
F
oC

M
2002)

:
T

h
e

gen
eral

strategy
for

lin
ear

op
erator

eq
u
ation

s
b
ased

on
th

e
ab

ove

in
gred

ien
ts

(th
resh

old
in

g,
ad

ap
tive

m
atrix

vector
m

u
ltip

lication
)

ach
ieves

th
e

u
ltim

ate
goal,

n
am

ely
p
ro

d
u
ction

of
U
n

an
d

Λ
n

=
S
u
p
p
(U

n
),

su
ch

th
at

if‖U
−
U
N
‖
≤
C
N
−
s,

th
en

‖U
−
U
n‖

<∼
#

(Λ
n
) −
s,

w
ith

O
(#

(Λ
n
))

com
p
u
tation

al
cost.
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R
em

ark
s

on
p
ractical

asp
ects

A
ll

w
avelet

p
rop

erties
are

ex
p
loited

:
S
ob

olev
n
orm

eq
u
ivalen

ces,

sm
o
oth

n
ess

( n
ot

alw
ay

s
availab

le)
an

d
van

ish
in

g
m

om
en

ts.

C
oarsen

in
g

is
n
ot

n
eed

ed
in

all
p
ractical

cases
stu

d
ied

so
far,

yet

seem
s

n
ecessary

in
th

e
p
ro

of
of

th
e

op
tim

ality
th

eorem
!

S
im

ilar

op
tim

ality
resu

lts
recen

tly
ob

tain
ed

for
ad

ap
tive

F
E

M
b
y

B
in

ev
,

D
ah

m
en

an
d

D
eV

ore,
u
sin

g
th

e
M

orin
-N

o
cetto-S

ieb
ert

algorith
m

com
b
in

ed
w

ith
coarsen

in
g.

C
om

p
lex

ity
is

d
om

in
ated

b
y

assem
b
lin

g
m

atrix
elem

en
ts,

n
u
m

erical

q
u
ad

ratu
res,

ad
d
ressin

g
th

e
in

d
ices

in
Λ
n

(key
role

of
effi

cien
t

d
ata

stru
ctu

res).
P

ractical
com

p
arison

b
etw

een
ad

ap
tive

F
E

M
an

d

w
avelets

b
ased

on
th

e
sam

e
F
E

sp
aces

:
for

a
given

error,
w

avelets

m
ay

w
in

for
N

d
.o
.f.

b
u
t

lose
(b

y
a

factor
>

4)
for

com
p
u
tation

al

cost.

6
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E
x
ten

sion
to

m
ore

gen
eral

p
rob

lem
s

S
ad

d
le

p
oin

t
p
rob

lem
s
A
U

+
B
T
P

=
F

an
d
B
U

=
G

,
e.g.

b
ased

on
ad

ap
tive

ap
p
rox

im
ation

of
th

e
U

zaw
a

iteration
(D

ah
lke,

H
o
ch

m
u
th

an
d

U
rb

an
1999)

:

A
U
n

=
F
−
B
T
P
n−

1
an

d
P
n

=
P
n−

1
+
κ
(B
U
n
−
G

)

N
o

L
B

B
is

n
eed

ed
h
ere,

ad
ap

tiv
ity

stab
ilizes

S
im

ilar
resu

lt
for

ad
ap

tive
F
E

M
algorith

m
:

N
o
cetto

2002.
Q

u
estion

:
d
o

th
e

sam
e

con
cep

ts
ap

p
ly

to
con

vection
d
om

in
ated

p
rob

lem
s,

su
ch

as

−
ε∆
u

+
a
.∇
u

=
0

w
ith

con
vergen

ce
rate

in
d
ep

en
d
en

t
of
ε

?

E
x
ten

sion
to

n
on

lin
ear

p
rob

lem
s

:
D

eV
ore,

D
ah

m
en

,
A

.C
.
2002

(n
eed

sp
ecifi

c
ad

ap
tation

of
fast

evalu
ation

of
F

(U
)),

n
o

availab
le

n
u
m

erical
resu

lts
yet.

P
rob

lem
d
ep

en
d
en

t
tu

n
in

g
seem

s
u
n
avoid

ab
le

in
ord

er
to

op
tim

ize

th
is

ty
p
e

of
algorith

m
s.
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G
en

eral
evolu

tion
p
rob

lem
s

W
e

are
in

terested
in

in
itial

valu
e

p
rob

lem
s

∂
t u

=
E
(u

),

w
h
ich

d
evelop

sin
gu

larities
in

fi
n
ite

tim
e,

e.g.
h
y
p
erb

olic
sy

stem
s

of

con
servation

law
s

∂
t u

+
D

iv
x
F

(u
)
=

0,
u
(x
,0)

=
u

0 (x
).

1.
T

h
eoretical

d
iffi

cu
lties:

w
eak

solu
tion

s,
en

trop
y

con
d
ition

s,
...

2.
N

u
m

erical
d
iffi

cu
lties:

on
ly

few
sch

em
es

are
p
roved

to
con

verge

an
d

th
eir

con
vergen

ce
rate

is
lim

ited
d
u
e

to
th

e
p
resen

ce
of

sin
gu

larities

S
olu

tion
to

th
e

last
d
iffi

cu
lty

:
ad

ap
tativ

ity
b
y

lo
cal

m
esh

refi
n
em

en
t

?

D
raw

b
ack

:
im

p
lem

en
tation

(sin
gu

larities
are

m
ov

in
g
⇒

lo
cal

refi
n
em

en
t

evolves
w

ith
tim

e)
an

d
con

vergen
ce

an
aly

sis.
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M
u
ltiresolu

tion
can

h
elp

!

S
om

e
im

p
ortan

t
con

trib
u
tion

s
(80-90):

-
A

u
tom

atic
M

esh
R

efi
n
em

en
t

(B
erger

&
O

liger):
u
se

h
ierarch

ical

m
esh

es
an

d
lo

cally
select

th
e

scale
of

resolu
tion

b
y

ad
-h

o
c

criterion
s

or
error

in
d
icators.

-
M

u
ltiresolu

tion
ad

ap
tive

fl
u
x

com
p
u
tation

s
(H

arten
&

A
b
grall):

u
se

d
iscrete

m
u
ltiresolu

tion
d
ecom

p
osition

to
accelerate

th
e

n
u
m

erical
fl
u
x

com
p
u
tation

s,
yet

evolu
tion

takes
p
lace

on
th

e

u
n
iform

fi
n
est

m
esh

.

S
in

ce
90:

attem
p
ts

to
u
se

w
avelet

d
iscretization

s
for

th
e

m
u
ltiresolu

tion
ad

ap
tive

solu
tion

of
P

D
E

’s,
m

otivated
b
y

th
eir

ab
ility

for
d
ata

com
p
ression

.
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A
d
iscrete

m
u
ltiresolu

tion
fram

ew
ork

-
Γ
j ,
j

=
0,···

,J
:

seq
u
en

ce
of

d
iscretisation

s
at

scales
2 −

j.

-
U
j

=
(U

j (γ
))
γ∈

Γ
j

d
iscretisation

of
a

fon
ction

u
on

Γ
j ,

i.e.
vector

ofV
j

:=
IR

Γ
j.

-
R

estriction
op

erator
P
jj−

1
from

V
j

on
to
V
j−

1 :
com

p
u
tes

coarser

d
iscretization

U
j−

1
=
P
jj−

1 U
j

from
th

e
n
ex

t
fi
n
er.

B
asic

ex
am

p
le

1:
p
oin

t
valu

es
on

n
ested

grid
s

Γ
j−

1 ⊂
Γ
j ,

i.e.

U
j−

1 (γ
)

=
U
j (γ

)
for

γ
∈

Γ
j−

1 .

B
asic

ex
am

p
le

2:
cell

averages
on

n
ested

p
artition

s,
i.e.

U
j−

1 (γ
)
=

vol(γ
) −

1
∑

µ∈
Γ

j
,µ⊂

γ
vol(µ

)U
j (µ

)

6
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-
P

red
iction

op
erator

P
j−

1
j

from
V
j−

1
in

to
V
j :

recon
stru

cts
an

ap
p
rox

im
ation

Û
j

=
P
j−

1
j

U
j−

1
of
U
j .

-
C

on
sistan

cy
assu

m
p
tion

:
P
jj−

1 P
j−

1
j

=
I

P
oin

t
valu

e
ex

am
p
le:

Û
j (γ

)
=
U
j−

1 (γ
)

for
γ
∈

Γ
j−

1 ,
an

d
Û
j (γ

)

ob
tain

ed
p
ar

lo
cal

in
terp

olation
for

γ
∈

Γ
j \

Γ
j−

1 .

C
ell

avergage
ex

am
p
le:

Û
j (γ

)
ob

tain
ed

b
y

“in
terp

olatin
g”

th
e

averages
in

a
con

sistan
t

w
ay,

e.g.
v
ia

p
oly

n
om

ial
recon

stru
ction

.
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M
u
ltiscale

d
ecom

p
osition

P
red

iction
error

E
j

:=
U
j −

Û
j ∈

W
j−

1
=

K
er(P

jj−
1 ).

D
etail

vector

D
j−

1 :
co

ord
in

ates
of
E
j

in
a

b
asis

ofW
j−

1 .

P
oin

t
valu

e
ex

am
p
le:

D
j−

1 (λ
)

=
E
j (λ

),
γ
∈

Γ
j \

Γ
j−

1
in

terp
olation

error
at

in
term

ed
iate

p
oin

t.
C

ell
average

ex
am

p
le:

on
each

coarse

cell
of

Γ
j−

1
th

e
p
red

iction
error

E
j

h
as

n
u
ll

average
⇒

d
efi

n
e
D
j

b
y

rem
ov

in
g

for
each

coarse
cell

γ
on

e
fi
n
e

cell
µ
⊂
γ
.

U
J

⇔
(U

J−
1 ,D

J−
1 )⇔

(U
J−

2 ,D
J−

2 ,D
J−

1 )⇔
···

⇔
(U

0 ,D
0 ,···

,D
J−

1 )
=
M
U
J

=
(d
λ
)
λ∈
∇

J

P
h
y
sical

grid
Γ
J

M
u
ltiscale

grid
(p

oin
t

valu
es)

∇
J

C
om

p
lex

ity
ofM

an
d
M

−
1:O

(C
ard

(Γ
J
))

6
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C
om

p
ression

T
h
resh

old
in

g:
given

a
level

d
ep

en
d
en

t
th

resh
old

η
=

(η
0 ,···

,η
J−

1 )

set
to

zero
all

co
effi

cien
ts|d

λ |≤
η|λ| ⇔

ap
p
rox

im
ation

of
U
J

b
y

T
η U

J
=
T

Λ
U
J

=
M

−
1R

Λ M
U
J
,

R
Λ
:

restriction
of∇

J
to

Λ
=

Λ
(η

)
=
{λ
∈
∇
J

t.q
.
|d
λ |≥

η|λ| }.

A
d
ap

tive
m

esh
Γ
(Λ

)

A
d
ap

tive
set

Λ

C
om

p
ressed

rep
resen

tation
(d
λ
)
λ∈

Λ
to

th
e

d
ata

of
p
oin

t
valu

es
or

cell
averages

U
J
(γ

)
on

an
ad

ap
tive

p
h
y
sical

m
esh

Γ
(Λ

)
asso

ciated
to

Λ
,
(n

eed
to

im
p
ose

th
at

Λ
h
as

a
tree

stru
ctu

re
u
p

to
en

largin
g

it).

C
om

p
lex

ity
of

ad
ap

tive
d
ecom

p
osition

an
d

recon
stru

ction

algorith
m

s: O
(C

ard
(Λ

))
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P
rescrip

tion
s

-
P

red
iction

op
erator

sh
ou

ld
h
ave

h
igh

ord
er

accu
ray

:
d
etails

are

very
sm

all
in

th
e

region
s

w
h
ere

f
is

sm
o
oth

(|d
λ |≤

2 −
s|λ|

if

f
∈
C
s).

-
M

u
ltiscale

recon
stru

ction
sh

ou
ld

b
e

stab
le:‖U

J
−
T

Λ
U
J ‖

sh
ou

ld

b
e

u
n
d
er

con
trol

for
som

e
p
rescrib

ed
n
orm

s‖·‖.
A

m
ou

n
ts

in

an
aly

zin
g

asy
m

p
totic

b
eh

av
iou

r
or
P
j−

1
j

P
j−

2
j−

1 ···P
01

as
j→

∞
in

term
s

of
u
n
d
erly

in
g

con
tin

u
ou

s
w

avelet
sy

stem
s

(ψ
λ
)

‖U
J
−
T

Λ
U
J ‖
≤

∑

|λ|≤
J
,λ
/∈
Λ ‖d

λ
ψ
λ ‖

H
ere

ψ
λ

is
n
orm

alized
in
L
∞

.
F
or

th
e

con
trol

of
th

e
L

1
error,

th
e

level
d
ep

en
d
en

t
th

resh
old

sh
ou

ld
b
e
η
j

:=
2
djη

0
in
d

d
im

en
sion

s.

F
or

th
e
L
∞

n
orm

η
j

:=
η
0 .

F
or

th
e
B
V

n
orm

η
j

:=
2
(d−

1
)jη

0 .
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A
d
ap

tive
m

u
ltiresolu

tion
p
ro

cessin
g

R
eferen

ce
sch

em
e

on
Γ
J
:

ap
p
rox

im
ation

of
u
(x
,n

∆
t)

b
y

U
nJ

=
(U

nJ
(γ

))
γ∈

Γ
J

w
ith

U
n
+

1
J

=
E
J
U
nJ

U
n
+

1
J

(γ
)

=
U
nJ
(γ

)
+
F

(U
nJ
(µ

)
;
µ
∈
S

(γ
)).

S
(γ

):
lo

cal
sten

cil
(ex

clu
d
es

im
p
licit

sch
em

es).

In
th

e
case

of
F
V

con
servative

sch
em

es,
F

h
as

th
e

form
of

a

b
alan

ce
over

th
e

ed
ges

su
rrou

n
d
in

g
th

e
cell

γ

U
n
+

1
J

(γ
)

=
U
nJ
(γ

)
+

∑

µ
s.t.

|Γ
γ

,µ |6=
0

F
nγ,µ

w
h
ere

F
nγ,µ

=
−
F
nµ,γ

is
a

fu
n
ction

of
th

e
U
nJ
(ν

)
for

ν
in

a
lo

cal

sten
cil

su
rrou

n
d
in

g
γ

an
d
µ
.
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A
d
ap

tive
algorith

m

G
oal:

com
p
u
te

ap
p
rox

im
ation

s
of
u
(x
,n

∆
t)

b
y

(V
nJ
,Λ

nη
),

w
h
ere

V
nJ

=
(V

nJ
(γ

))
γ∈

Γ
J

is
rep

resen
ted

b
y

its
co

effi
cien

ts
(d
nλ
)
λ∈

Λ
nη

or
its

p
h
y
sical

valu
es

(p
oin

t
valu

es
or

cell
averages)

on
th

e
ad

ap
tive

m
esh

(V
nJ
(γ

))
γ∈

Γ
(Λ

nη
)

(w
e

alw
ay

s
im

p
ose

th
e

grad
ed

tree
stru

ctu
re

on

Λ
nη
).

B
en

ch
m

ark
:

an
id

eal
ch

oice
w

ou
ld

b
e

Λ
nη

th
e

sm
allest

grad
ed

tree

con
tain

in
g
{λ
,
|d
λ
(U

nJ
)|≥

η|λ| }
b
u
t

it
is

n
ot

b
e

accessib
le.

T
h
e

ad
ap

tive
solu

tion
V
nJ

sh
ou

ld
still

b
e

com
p
arab

le
to
T
η U

nJ
,
i.e.

th
e

corresp
on

d
in

g
th

resold
in

g
op

erator
ap

p
lied

to
th

e
ex

act
referen

ce

solu
tion

.

In
itialization

:
d
efi

n
e

Λ
0η

th
e

sm
allest

grad
ed

tree
con

tain
in

g

{λ
,
|d
λ
(U

0J )|≥
η|λ| }

an
d

set
V

0J
:=
T
η U

0J ,

7
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D
erivation

of
(V

n
+

1
J

,Λ
n
+

1 )
from

(V
nJ
,Λ

n
)

T
h
ree

b
asic

step
s:

-
R

efi
n
em

en
t:

p
red

ict
a

su
p
erset

Λ
nη
⊂

Λ̃
n
+

1
η

ad
ap

ted
to

d
escrib

e

th
e

solu
tion

at
tim

e
n

+
1

(id
eally

su
ch

th
at|d

λ
(E

J
V
nJ
)|
<
η|λ|

if

λ
/∈

Λ̃
n
+

1
η

)
an

d
ex

ten
d

b
y
d
nλ

=
0

for
λ
∈

Λ̃
n
+

1
η

\
Λ
nη
.

-
E

volu
tion

:
com

p
u
te

th
e

n
ew

valu
e
V
n
+

1
J

(γ
),

for
γ
∈

Γ
(Λ̃

n
+

1
η

)

(id
eally

V
n
+

1
J

=
T

Λ̃
n
+

1
η

E
J
V
nJ
).

-
C

oarsen
in

g:
ap

p
ly

level
d
ep

en
d
en

t
th

resh
old

in
g

op
erator

to
th

e

com
p
u
ted

vector
(d
nλ
)
λ∈

Λ̃
n
+

1
η

⇒
n
ew

set
Λ
n
+

1
η

⊂
Λ̃
n
+

1
η

an
d
V
n
+

1
J

.
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R
em

ark
1:

loss
of

accu
racy

w
ith

resp
ect

to
th

e
referen

ce
sch

em
e

is

m
on

itored
b
y

th
e

th
resh

old
η

(if
η

=
0

th
e

ad
ap

tive
sch

em
e

coin
cid

es
w

ith
th

e
referen

ce
sch

em
e).

T
h
is

th
resh

old
sh

ou
ld

b
e

ch
osen

in
ord

er
to

rem
ain

w
ith

in
th

e
sam

e
accu

racy
w

h
ile

red
u
cin

g

th
e

C
P

U
tim

e
an

d
m

em
ory

sp
ace.

R
em

ark
2:

th
e

d
iscretization

of
th

e
referen

ce
sch

em
e

an
d

of
th

e

m
u
ltiresolu

tion
ap

p
rox

im
ation

are
d
ecou

p
led

:

-
O

n
e

can
ap

p
ly

p
oin

t
valu

e
m

u
ltiresolu

tion
on

a
fi
n
ite

volu
m

e

sch
em

e
b
ased

on
cell-averages

d
iscretization

s
(h

ow
ever

con
servativ

ity
is

v
iolated

).

-
O

n
e

can
ap

p
ly

m
u
ltiresolu

tion
w

ith
h
igh

ord
er

p
red

iction
on

a
low

ord
er

sch
em

e.
T

h
e

resu
ltin

g
ad

ap
tive

sch
em

e
sh

ou
ld

in
h
erit

th
e

h
igh

ord
er

accu
racy

of
th

e
com

p
ression

p
ro

cess
(u

p
to

th
e

accu
racy

of
th

e
referen

ce
sch

em
e).
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R
em

ark
3:

loss
of

accu
racy

w
ith

resp
ect

to
th

e
referen

ce
sch

em
e

d
ep

en
d
s

on
each

of
th

e
th

ree
step

s.

-
C

oarsen
in

g:
accu

racy
is

con
troled

b
y

th
e

level
of

th
e

th
resh

old
η

an
d

th
e

stab
ility

p
rop

erties
of

th
e

m
u
ltiscale

recon
stru

ction

(ex
isten

ce
of

u
n
d
erly

in
g

con
tin

u
ou

s
w

avelet
sy

stem
s).

-
R

efi
n
em

en
t:

accu
racy

is
con

troled
b
y

an
aly

zin
g

th
e

action
of

th
e

d
iscrete

evolu
tion

op
erator

E
J

on
th

e
size

of
th

e
co

effi
cien

ts
in

th
e

m
u
ltiscale

d
ecom

p
osition

.

-
E

volu
tion

:
n
eed

an
accu

rate
evolu

tion
step

in
th

e
com

p
ressed

form
.

T
w

o
p
ossib

le
ap

p
roach

es:

(i)
d
irect

ap
p
lication

of
th

e
n
u
m

erical
sch

em
e

on
th

e
ad

ap
tive

grid

Γ
(Λ̃

n
+

1
η

)
(u

su
al

A
M

R
ap

p
roach

)

(ii)
ex

act
com

p
u
tation

ofT
Λ̃

n
+

1
η

E
J
V
nJ

b
y

lo
cal

ad
ap

tive

recon
stru

ction
.
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E
volu

tion
b
y

d
irect

ap
p
lication

L
o
cally

th
e

ad
ap

tive
d
iscretization

is
u
n
iform

,
or

can
b
e

m
ad

e

lo
cally

u
n
iform

b
y

u
sin

g
th

e
p
red

iction
op

erator.

T
h
is

allow
s

to
com

p
u
te
V
n
+

1
J

(γ
),

for
γ
∈

Γ
( Λ̃

n
+

1
η

),
b
y

d
irect

ap
p
lication

of
th

e
n
u
m

erical
sch

em
e
E
j

at
th

e
lo

cal
scale

2 −
j,

th
erefore

w
ith

com
p
lex

ity
O

(#
(Λ̃

n
+

1
η

)).

T
h
is

ap
p
roach

gives
go

o
d

resu
lts

if
th

e
referen

ce
sch

em
e

h
as

h
igh

ord
er

accu
racy

com
p
arab

le
to

th
e

p
red

iction
op

erator.
F
or

a
low

ord
er

referen
ce

sch
em

e,
it

gives
sign

ifi
can

t
loss

of
accu

racy
in

th
e

region
s

w
h
ere

Γ
(Λ̃

n
+

1
η

)
is

coarse.
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E
volu

tion
b
y

lo
cal

recon
stru

ction

O
n
ly

recon
stru

ct
V
nJ
(µ

)
for

th
ose

µ
∈

Γ
J

w
h
ich

are
n
eed

ed
to

com
p
u
te

ex
actly

E
J
V
nJ

on
th

e
ad

ap
tive

grid
Γ
(Λ̃

n
+

1
η

).
T

h
is

gives

m
ore

accu
rate

resu
lts,

yet
w

ith
ad

d
ition

al
com

p
u
tation

al
tim

e.

F
or

cell
averages

in
d
im

en
sion

1
an

d
for

p
oin

t
valu

es
in

an
y

d
im

en
sion

d
,
th

e
com

p
lex

ity
rem

ain
s

in
O

(#
(Λ̃

n
+

1
η

)).
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N
u
m

erical
illu

stration

In
1D

:
com

p
arison

of
A

M
R

an
d

lo
cal

recon
stru

ction
on

S
o
d

tu
b
e

test.
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0
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1
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rho

L

x

eps=
10E

-4

ref
M

R
level

F
or

a
low

ord
er

referen
ce

sch
em

e,
on

ly
lo

cal
recon

stru
ction

p
reserves

th
e

accu
racy

w
ith

a
su

b
stan

tial
red

u
ction

of
C

P
U

tim
e

an
d

m
em

ory
sp

ace
(1/20

at
b
est).7
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In
2D

:
B

u
rgers

eq
u
an

tion
(trian

gle
cell-average

m
u
ltiresolu

tion
).

−
2

−
1

0
1

2
−

2

−
1 0 1 2

n=
0 t=

0

X
−

A
xis

Y−Axis

eps=
0.02   3040 triangles

−
2

−
1

0
1

2
−
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−
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−
2

−
1

0
1

2
−

2

−
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X
−

A
xis

Y−Axis

eps=
0.02   6707 triangles

−
2

−
1

0
1

2
−

2

−
1 0 1 2

C
om

p
ression

of
solu

tion
b
y

a
factor

40
w

ith
ou

t
loss

of
accu

racy

(sm
aller

C
P

U
sav

in
g).
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C
u
rse

of
d
im

en
sion

ality
for

cell-averages

F
or

cell-averages
in

d
im

en
sion

d
,
com

p
lex

ity
grow

s
like

O
(
J

∑j
=

1

2
(d−

1
)(J−

j
)#

(Λ̃
n
+

1
η

∩
∇
j ))

still
less

th
an
O

(#
(Γ
J
)).
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E
rror

A
n
aly

sis

R
em

ark
:

ad
ap

tive
evolu

tion
w

ith
lo

cal
recon

stru
ction

is
given

b
y

V
n
+

1
J

=
T

Λ
n
+

1
η
T

Λ̃
n
+

1
η

E
J
V
nJ
.

C
om

p
are

U
n
+

1
J

=
E
J
U
nJ

w
ith

V
n
+

1
J

=
T

Λ
n
+

1 T
Λ̃

n
+

1 E
J
V
nJ
.

C
u
m

u
lative

error
an

aly
sis

b
etw

een
b
oth

solu
tion

s:

‖U
n
+

1
J

−
V
n
+

1
J

‖
≤
‖E

J
U
nJ
−
E
J
V
nJ ‖

+
d
n
,

w
ith

d
n

=
‖V

n
+

1
J

−
E
J
V
nJ ‖
≤
t
n

+
c
n

w
h
ere

t
n

:=
‖T

Λ
n
+

1 T
Λ̃

n
+

1 E
J
V
nJ −
T

Λ̃
n
+

1 E
J
V
nJ ‖,

c
n

:=
‖T

Λ̃
n
+

1 E
J
V
nJ −

E
J
V
nJ ‖,

d
en

ote
th

e
th

resh
old

in
g

an
d

refi
n
em

en
t

errors.
T

h
e

an
aly

sis
of

refi
n
em

en
t

an
d

th
resh

old
in

g
strategies

sh
ou

ld
allow

to
con

trol
b
oth

term
s

w
ith

a
p
rescrib

ed
p
recision

ε.
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C
on

trolin
g

th
e

th
resh

old
in

g
error

A
n
aly

sis
b
ased

on
u
n
d
erly

in
g

con
tin

u
ou

s
w

avelet
sy

stem
(ψ

λ
):

‖U
J
−
T

Λ
U
J ‖
≤

∑

λ
/∈
Λ ‖d

λ
ψ
λ ‖.

F
or

th
e
L

1
n
orm

,
th

is
gives‖U

J
−
T

Λ
U
J ‖
≤
C

∑

λ
/∈
Λ

2 −
d|λ||d

λ |,
an

d

th
erefore

w
ith

η
j

=
2
djη

0 ,

‖U
J
−
T
η U

J ‖
≤
C

∑

2
−

d
|λ
||d

λ |<
η
0

2 −
d|λ||d

λ |

-
C

ru
d
est

estim
ate:

η
0 #

(∇
J
)∼

η
0 2
d
J
⇒

take
η
0

=
ε2 −

d
J
.

-
B

etter
estim

ate:
η
0 #

(Λ̃
n
+

1)⇒
take

η
0

=
ε/#

(Λ̃
n
+

1).

-
E

ven
b
etter:

take
largest

η
0

s.t.
∑

2
−

d
|λ
||d

λ |<
η
0
2 −

d|λ||d
λ |≤

ε.
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C
on

trolin
g

th
e

refi
n
em

en
t

error

H
arten

’s
refi

n
em

en
t

ru
le

for
h
y
p
erb

olic
eq

u
ation

s
(assu

m
in

g
C

F
L

con
d
ition

for
th

e
referen

ce
sch

em
e

∆
t≤

C
2 −

J
):

-
If|d

λ |
>
η|λ|

in
clu

d
e

in
Λ̃
n
+

1
η

th
e

n
eigh

b
ors

of
λ

at
th

e
sam

e
level.

-
If|d

λ |
>

2
r−

1η|λ|
also

in
clu

d
e

th
e

ch
ild

ren
s

of
λ

at
th

e
fi
n
er

level.

H
ere

r
rep

resen
ts

th
e

ord
er

of
accu

racy
of

th
e

p
red

iction
op

erator.

N
ot

su
ffi

cien
t

to
p
rove

th
at|d

λ
(E

J
V
nJ
)|
<
η|λ|

if
λ
/∈

Λ̃
n
+

1
η

.

T
h
is

can
b
e

p
roved

b
y

a
m

ore
severe

refi
n
em

en
t

ru
le:

refi
n
e

of
n

level
if

2
n
(s−

1
)η|λ| ≤

|d
λ |
<

2
(n

+
1
)(s−

1
)η|λ| ,

w
ith

s
th

e
H

öld
er

sm
o
oth

n
ess

of
th

e
u
n
d
erly

in
g

w
avelet

sy
stem

.

In
p
ractice,

h
ow

ever,
w

e
ob

serve
th

at
H

arten
’s

ru
le

is
su

ffi
cien

t
an

d

th
at

th
e

th
resold

in
g

error
d
om

in
ates

th
e

refi
n
em

en
t

error.
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A
cru

d
e

error
estim

ate

A
ssu

m
in

g
stab

ility
in

th
e

p
rescrib

ed
n
orm

‖·‖
for

th
e

referen
ce

sch
em

e
in

th
e

sen
se

th
at‖E

J
U
−
E
J
V
‖
≤

(1
+
c∆
t)‖U

−
V
‖,

th
is

y
ield

s
th

e
cu

m
u
lative

(to
o

p
essim

istic)
estim

ate

‖U
n
+

1
J

−
V
n
+

1
J

‖
≤

(1
+
c∆
t)‖U

nJ
−
V
nJ ‖

+
ε≤

···≤
C

(T
)n
ε∼

ε∆
x

F
or

con
servation

law
s,

a
n
atu

ral
ch

oice
is

th
e
L

1
n
orm

.
In

m
ost

p
ractical

cases,
w

e
ob

serve
th

at
th

resh
old

in
g

an
d

refi
n
em

en
t

error

d
o
es

n
ot

accu
m

u
late

lin
early.

M
oreover,

n
o

error
b
ou

n
d

is
availab

le
in

term
s

of
th

e
n
u
m

b
er
N

.
of

w
avelet

co
effi

cien
ts

w
h
ich

is
u
sed

to
rep

resen
t

th
e

ad
ap

tive

solu
tion

,
alth

ou
gh

w
e

can
ex

p
ect

ε∼
N
−
s,

s
=

m
in{s(ψ

),s(u
0 )}

an
d

th
erefore

w
h
en

eq
u
ilib

ratin
g

w
ith

th
e

error
estim

ate
(∆
x
)
α

for

th
e

referen
ce

sch
em

e,
w

e
w

ou
ld

ob
tain

th
e

glob
al
L

1
error

e
n
<∼

N
−
s

∆
x
∼

(∆
x
)
α
∼
N
−
s

α
α
+

1
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T
h
e

role
of

oscillation
s

A
sim

p
le

ex
am

p
le

:
u
p
w

in
d

sch
em

e
for

th
e

1D
lin

ear
ad

vection

eq
u
ation

∂
t u

+
a
∂
x
u

=
0

w
ith

a
>

0
:

u
nk

=
(1−

ν
)u
n−

1
k

+
ν
u
n−

1
k−

1

w
ith

ν
=
a

∆
t

∆
x
∈

]0,1[.
C

on
sistan

cy
error

c
k

p
rop

agated
accord

in
g

to

c
mk

=
(1−

ν
)c
m
−

1
k

+
ν
c
m
−

1
k−

1
=
···

=
m

∑p
=

0 (
mp

)ν
p(1−

ν
)
m
−
pc
k−

p .

A
ssu

m
in

g
th

at
c
k

=
c̃

k −
c̃

k
−

1

∆
x

an
d

th
at

w
e

h
ave

a
con

trol
on

∆
x

∑

k |c̃
k |

=
‖con

sist‖
L
ip
′,

w
e

ob
tain

c
mk

=
(∆
x
) −

1
m

∑

p
=
−

1 [(
mp

)ν
p(1−

ν
)
m
−
p−

(
mp
+

1 )ν
p
+

1(1−
ν
)
m
−
p−

1]c̃
k−

p ,
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an
d

th
erefore

‖c
m
‖
L

1
=

∆
x

∑

k |c
mk
|

≤
∑

mp
=
−

1 |(
mp

)ν
p(1−

ν
)
m
−
p−

(
mp
+

1 )ν
p
+

1(1−
ν
)
m
−
p−

1|
∑

k |c̃
k |

≤
2

su
p
mp
=
−

1 |(
mp

)ν
p(1−

ν
)
m
−
p|

∑

k |c̃
k |∼

1
√
m

∑

k |c̃
k |.

It
follow

s
th

at
at

tim
e
T
∼
n
∆
x

th
e
L

1
error

is
con

trolled
b
y

√
n

∑

k

|c̃
k |∼

(∆
x
) −

3
/
2‖con

sist‖
L
ip
′

T
h
is

an
aly

sis
allow

s
to

recover
th

e
classical

(∆
x
)
1
/
2

estim
ate

for

u
n
iform

sch
em

es
(‖con

sist‖
L
ip
′∼

(∆
x
)
2

assu
m

in
g
B
V

sm
o
oth

n
ess).

W
e

can
ap

p
ly

it
to

th
e

ad
ap

tive
sch

em
e

w
ith

n
ow

a
L
ip
′

th
resh

old
in

g
strategy

η
j ∼

η
0 2

2
j

en
su

rin
g
‖V

n
+

1
J

−
E
J
V
nJ ‖

L
ip
′≤

ε,

w
h
ich

lead
s

to
an

L
1

error
estim

ate

‖U
n
+

1
J

−
V
n
+

1
J

‖
L

1≤
(∆
x
) −

3
/
2ε
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W
e

n
ow

ex
p
ect

ε∼
N
−

(s
+

1
),

s
=

m
in{s(ψ

),s(u
0 )}

an
d

th
erefore

w
h
en

eq
u
ilib

ratin
g

w
ith

th
e

error
estim

ate
(∆
x
)
α

for
th

e
referen

ce

sch
em

e,
w

e
w

ou
ld

ob
tain

th
e

glob
al
L

1
error

e
n
<∼

(∆
x
) −

3
/
2N

−
s∼

(∆
x
)
α
∼
N
−
s

α
α
+

3
/
2

A
th

ird
p
ossib

ility
is

to
ap

p
ly
B
V

th
resold

in
g
η
j ∼

η
0

en
su

rin
g

‖V
n
+

1
J

−
E
J
V
nJ ‖
B
V
≤
ε,

for
w

h
ich

w
e

n
ow

ex
p
ect

an
L

1
error

estim
ate

in

‖U
n
+

1
J

−
V
n
+

1
J

‖
L

1≤
ε∼

N
−

(s−
1
)

an
d

th
erefore

a
sim

ilar
estim

ate
for

e
n
.

N
o

clear
w

in
n
er

b
etw

een
th

e
th

ree
strategies

!
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S
everal

rem
ain

in
g

issu
es

•
A

u
tom

atic
tu

n
in

g
of

th
e

th
resh

old
in

g
p
aram

eter

•
E

ffi
cien

t
im

p
lem

en
tation

of
tree-stru

ctu
red

rep
resen

tation

•
P

rob
lem

ad
ap

ted
refi

n
em

en
t

ru
les

•
A

rb
itrarily

h
igh

resolu
tion

an
d

tim
e

ad
ap

tiv
ity

•
P

red
iction

op
erators

on
u
n
stru

ctu
red

grid
s

•
N

on
lin

ear
p
red

iction
op

erators

•
B

reak
in

g
th

e
cu

rse
of

d
im

en
sion

ality

•
M

ore
gen

eral
tim

e-freq
u
en

cy
b
ases

•
A

d
ap

tation
of

th
is

ap
p
roach

to
n
on

-lo
cal

im
p
licit

sch
em

es

•
C

om
p
arison

to
n
on

lin
ear

ap
p
rox

im
ation

b
en

ch
m

ark
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