
High-order local time-stepping for Discontinuous Galerkin
methods

Marie HOUILLON, IRMA, Inria Tonus

Philippe HELLUY, IRMA, Inria Tonus

The Discontinuous Galerkin (DG) method is a general finite element method for approximating systems
of conservation laws of the form

∂tw +

D∑
k=1

∂kfk(w) = g. (1)

The unknown is the vector of conservative variables w(x, t) ∈ Rm depending on the space variable
x = (x1, . . . , xD) ∈ RD and on time t. The source term g(x, t) is given.
Let n = (n1, . . . , nD) ∈ RD be a spatial direction, the flux in direction n is defined by

f(w) · n =

D∑
k=1

nkfk(w).

For instance, in this work we consider the numerical simulation of an electromagnetic wave. In this
particular case, the conservative variables are

w = (ET ,HT )T ∈ Rm, m = 6.

where E ∈ R3 is the electric field, H ∈ R3 is the magnetic field. The flux is given by

f(w) · n =

(
−n×H
n×E

)
.

The Discontinuous Galerkin (DG, see [2], for instance) is a general high order numerical method for
solving system of the form (1).
The time integration is often done in a explicit way. Several approaches have been proposed to achieve
high order in time (see for instance [1]). The scheme is then constrained by a CFL stability condition,
which can be very costly for unstructured meshes with very different cell sizes.
We construct a new low-storage and high-order time integrator for the system of conservation laws
(1). The method is based on methods of geometric numerical integration [3] and a graph colouring. It
can handle meshes with large variations of cell sizes thanks to local time stepping. It is well adapted to
Discontinuous Galerkin (DG) approximations. Several numerical experiments are presented for Maxwell’s
equations.
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