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Some optimization problems in statistics

m Standard finite-dimensional linear model: Observation z =
Xb+oe = (Ci)1<i<n € R", unknown b = (ﬁj)]gjgp e RP
m Belloni et al.’s square-root lasso (2011):

minimize ||Xb — z||» + «a|/b||;
beRP
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N 1 |Xb—- 2|3
minimize ~ 1X0=2ll2 + 2 +albl;
beRP, o>0 2N o 2
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m Belloni et al.’s square-root lasso (2011):

minimize ||Xb — z||» + «a|/b||;
beRP

B Sun and Zhang'’s scaled lasso (2012):

o 1 || Xb— 2|3
minimize - X2 =2l2 +Z +allb|;
beRP, o>0 2N o 2

m Lederer&Muller TREX estimator (2015):

minimize X6 — 25

 — b
DI2S IXT (X6 — 2)l 1Ol
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Some optimization problems in statistics

m Standard finite-dimensional linear model: Observation z =
Xb+oe = (Ci)1<i<n € R", unknown b = (ﬁj)]gjgp e RP
m Belloni et al.’s square-root lasso (2011):

minimize ||Xb — z||» + «a|/b||;
beRP
B Sun and Zhang'’s scaled lasso (2012):

mMinimize M + =
beRP, o>0 2N o 2
m Lederer&Muller TREX estimator (2015):
minimize __IXb—zl;
perr [ XT(Xb —2)||w

m Owen’s penalized concomitant M-estimators (2007):
n
—_ G —(b]x) 5/
minimize no+-o > Huber(ig +pr+T Z Berhu

i=1 j=1

2 +allbly

+ allbf;
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Some optimization problems in statistics

m Problems involving the Fisher information of a multi-dimensional
density x > 0 (Fisher, 1925):

IVx(H)2
L. xh o
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m Problems involving the Fisher information of a multi-dimensional
density x > 0 (Fisher, 1925):

2
wv o X(7)
m Problems involving various notions of divergence between
x>0andy >0:
m pth order Hellinger: / IX()'/P — y(1)/P|Pat
RN
x(t

m Kullback-Leibler: /RNX(T)In (W)df

~—

Patrick L. Combettes Fonctions Perspectives et Statistique 3/31



Introduction Examples Prox Applications 2/31

Some optimization problems in statistics
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Some optimization problems in statistics

m Problems involving the Fisher information of a multi-dimensional
density x > 0 (Fisher, 1925):

2
wv o X(7)
m Problems involving various notions of divergence between
x>0andy >0:
m pth order Hellinger: / IX()'/P — y(1)/P|Pat
RN
| KuIIbock-LeibIer:/ x(1)In (&>df
RN y(t
m Rényi: / x(Hey(H)'—~dt
RN
_ 2
X(t) = y(P
RN y(1)
m What is the common structure underlying these formula-
tions?

~— | —

m Pearson:
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Perspective functions: Definition

m 7. G redl Hilbert spaces

B [((G): set of lower semicontinuous convex functions from G
to ]—o0, +oo] with dom ¢ = {x € G | ¢(x) < +o0}.

W p € To(9)

B rec p is the recession function of ¢: given z € dom ¢,

(Vv €G) (recy)(y) = sup (e(X+Y)—¢(y))

xedom ¢

m (Lower semicontinuous envelope of the) Perspective func-
fion of ¢:

ne(y/n), if n>0;
¢:Rx G — |-o00,+00]: (n,¥) — < (reco)(y), if n=0;
+o0, if n<0O.

Patrick L. Combettes Fonctions Perspectives et Statistique 4/31



Introduction Examples Prox Applications 2/31

Perspective functions: Properties

Let ¢ € T9(G). Then
mGel(RaG)
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Perspective functions: Properties

Let ¢ € Tx(G). Then
mocy(RG)
B ¢ is positively homnogeneous

mletC={(nu)eRxG | p+¢*(u)<0}. Then ¢ = oc and
(@) =tc

m LetncRandy € G. Then dg(n, y) =

{(e(y/m) =y Lu)/n,u) | uede(y/n)}, if n>0;

{(Ma u) € C | Udomw*(y) = <U| y>}7 If 77:0 Ond y7é0v
C, if n=0 and y =0;
Q, if n<O
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Perspective functions: Properties

Let ¢ € Tx(G). Then

m Let ¢ € To(G) be such that domy N domy # @, and let
A € 10, 4o00[. Then [Ap + ¥~ = Ag + ¢ € To(R @ G).

Patrick L. Combettes Fonctions Perspectives et Statistique 6/31



Introduction Examples Prox Applications 2/31

Perspective functions: Properties

Let ¢ € Tx(G). Then
m Let ¢ € To(G) be such that domy N domy # @, and let
A € 10, 4o00[. Then [Ap + ¥~ = Ag + ¢ € To(R @ G).

m let A: H — G be linear, bounded, and such fthat ranA N
domgp # 0. Set A:R®H — R®G: (§,X) = (£ Ax). Then
[poAl™ =goAel(ReG).
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Perspective functions: Properties

Let ¢ € Tx(G). Then

m Let ¢ € To(G) be such that domy N domy # @, and let
A € 10, 4o00[. Then [Ap + ¥~ = Ag + ¢ € To(R @ G).

m let A: H — G be linear, bounded, and such fthat ranA N
domgp # 0. Set A:R®H — R®G: (§,X) = (£ Ax). Then
[poAN™=PoAeT(R®G).

m Lety € y(G) andlet C be a closed convex subset of G such
that Cndomy # @. Set

mb(y/n), if n>0 and y € n(Cndomq);
g: (n,y) — < (recy)(y), if =0 and y erecC;
400, otherwise.

Then g = [ic + Y]~ € (R & G).
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Perspective functions: Examples

m Lety € Mo(G) andlet envyp: y — infyeg(¥(X) + ||y — X||2/2) be
the Moreau envelope of . Set

2
W — servurwsm. it o>0
901D Y Ggamy () i =0;
+o0, if n<O.

Then g = [env (¢*)]~ € To(R @ G).
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Perspective functions: Examples

B Take v = 1.1y IN previous example and set

plvl=3, if lyl>n and n>0;

2
g: (n.y) — |2y_7|]| ; if |yl <n and > 0;
Iyll, if n=0;
+00, if n < 0.
Then g = [¢]~. where p =env| - || = || - [[°/2 = dfq)/2 s the

generalized Huber function.

m In computer vision, g is called the bivariate Huber function.
It also shows up in Owen’s concomitant M-estimator formu-
lation.
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Perspective functions: Examples

m Let C and D be nonempty closed convex subsets of G, and

let p € 10, +o0l.
m Set
d2
g: (n,y) = ¢ oo(¥), if n>0 and y e nC;
op(y), if n=0 and y erecC;
+o0, otherwise

m Then g =5 € Ny(R @ G), where ¢ = d2/(2p) + op.
m A special case of g appears in computer vision.

miIfG =Rand D = [-1,1], ¢ is the Berhu (reversed Huber)
function used in mechanics and in Owen’s concomitant M-
estimator formulation
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Perspective functions: Examples

m let ¢: G — [0, +o0] be a proper lower semicontinuous pos-
itively homogeneous convex function, let 6 € R, let p €
[0, +o0[, let p € [1, +o0[, and set

1 .
n+ |pnP + P[P, if n=0;

g:("’y)H{mo, if 5 <0.

Then g =[5 + |p + ¢¥P|V/P]™ e To(R & G).

B Let ¢ € I4(R) be an even function, let v € G, let § € R, and
set

no(l[yll/n) +{y | v)+dn, if n>0;
g:(my)= q(reco)(lyl)+(ylv), if n=0;
+o0, if n<O.

Theng=[go|l-[|+( [V)+4]” € To(R&G).
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Perspective functions: Examples

m The divergences between x > 0 and y > 0 discussed earlier
are of the form

where

|tV/P — 1P, if t>0;
+o00, otherwise
&ing, if £€>0;

+oo, otherwise

£, if £>0;

+o00, oOtherwise

m Pearson: o(¢) = |¢€ — 1/

m pth order Hellinger: ¢(&) = {
m Kullback-Leibler: ¢(£) = {

B Rényi: ¢(¢§) =
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Composite perspective functions

m let L: H — G be linear and bounded, let ¢ € I4(G). letre G,
let u e H.let p € R, and set

(1t =)o g ) 1 Xl >
F:X= 9 (rec o) (Lx — 1), if (x| U) = p;
+o00, if (x|u)<p.

Suppose that there exists z € H such that
[zer+((z|u)y—p)dome and (z|u) >0,

andset A: H - R®G: X — ({(X|U) —p,Lx —r1). Then f =
poAeTly(H).
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Composite perspective functions: Examples

m Let [: H — G be linear and bounded, let ||| - ||| be a norm on
G such that, forsome x € 10, +ool. ||| - ||| = x|| - ||. let r € G, let
ueHt,letpeR, andlet gand sbein]l, +oo[. Set
[I1Lx = rffl%

(x| u) — pl|(@=Ds"

0, if x=r and (x| u)=p;

+o00, otherwise.

Then h € To(H).

if (x| u)>p;
h: x —
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Composite perspective functions: Examples

m Let [: H — G be linear and bounded, let ||| - ||| be a norm on
G such that, forsome x € 10, +ool. ||| - ||| = x|| - ||. let r € G, let
ueHt,letpeR, andlet gand sbein]l, +oo[. Set

[[1Ex — rl]%®
[ 6) = pf@
0, if x=r and (x| u)=p;
+o00, otherwise.

Then h € To(H).

m Let (Q,7,P) be a probability space, let H = [2(Q,F,P), let
p€]1,2],and let gand sbein |1, +oo[. Set
Eas/P|X|P

if (x| u)>p;
h: x —

A0, if X=0as,;
+o00, otherwise.

Then h € To(H).
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Composite perspective functions: Examples

Let (2,3, 1) be a measure space, let G be a separable real
Hilbert space, and let ¢ € To(G). Set H = [?((Q,F, u); R) and
g—B«Q?u)G)omnmmmemmu()<+wowx>ﬂ®:0.
For every x € H, set Qp(x) = {w e Q | x(w) =0} and Q,(x) =
{we Q| x(w) >0}. Deﬂne

O HDG — |—o0,+00]: (X,Y) —

w w w M w
/  eep) (eu(a) + / Pl )w(x(w)>u(d )

_ [x=0ae
T4 (rec o) (¥) g + Xe(y/X) 0, € L' (R, F, )i R);

400, otherwise.

Then ¢ e Ny(H & G).
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Composite perspective functions: Examples

Corollary: Let Q be a nonempty open subset of RV and let H be
the Sobolev space H1( ) e, H = {XE [2(Q) | Vx e (L2(Q)N}.
Foreveryer se’rQ —{fe§2|x < 0}, Qo(x —{feQ|

=0}, and Q. (x {TeQ | x(t) > 0}. Let ¢ € I'o(RN) be such
’rho’r v > ¢(0) =0, ond define

frH — ]—o0,+o0]

P /Qo(x)(recw) (Vx(f))df+/ﬂ+(x)x(f)go< X0 )df, if x>0

+00, else

Then f € I'o(H).

Patrick L. Combettes Fonctions Perspectives et Statistique 15/31
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Composite perspective functions: Examples

m The Fisher information
f: H'(Q) — ]—o0,+o0]
IV X(H)]2 _[x=0ae.
———=df, if
X = o, X(1) [x=0 = Vx=0]a.e,;
+00, otherwise
is in Fo(H'(Q)).
m For (x,y) e R?N, set fp(x,y) = {ie | | & =0and 5 < 0} and
Z -+ Z m}/p_d/p‘ﬁ if _(X)Ub(x,y)=29;

As(X,y) = Qieh(x) el (x)
400, otherwise.

Then d € H(R?N). We recover the Kolmogorov variational
divergence for p = 1 and the Hellinger divergence for p = 2.
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Perspective functions: Proximity operator

m The Moreau proximity operator of g € I'y(G) is

, 1
Proxg: G — G: X — orgmm(g(y) 4 §||X = Y||2).
yeg

m It is an essential tool in the design of splitting algorithms to
solve a variety of convex minimization problems, especially
in data science over the past dodecade

m PLC and V. R. Wajs, Signal recovery by proximal forward-
backward splitting, Mulfiscale Model. Simul., vol. 4, 2005
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Proximity operators

m Many common convex functions in data processing (statis-
tics, machine learning, image recovery, data denoising,
support vector machine, signal processing) have explicit
proximity operators:

£7 norm

Shatten norm
nuclear norm
Huber’s function
Berhu function
elastic net regularizer
hinge loss

Fisher information
distance function
Vapnik's e-insensitive loss
Burg’s entropy

etfc.
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Proximity operators

m Basic properties:

B D = PIOX:X & X — p € Of(P)

B Prox; + proxs = Id (Moreau’s decomposition)
B For f =.y, V aclosed vector subspace: Py + P,. =Id
B Prox,. = Id — prox,.,- = d - B, ,; = soft,

B (ProXex, X — ProxsX) = (ProxsX, proxXs.Xx) € gra of

m Fix prox; = Argmin f

B [proxex — proxgy|| < |[Ix |

Patrick L. Combettes Fonctions Perspectives et Statistique 19/31
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Proximity operators

m Basic properties:

B D = PIOX:X & X — p € Of(P)

B Prox; + proxs = Id (Moreau’s decomposition)
B For f =.y, V aclosed vector subspace: Py + P,. =Id
B Prox,. = Id — prox,.,- = d - B, ,; = soft,

B (ProXex, X — ProxsX) = (ProxsX, proxXs.Xx) € gra of

m Fix prox; = Argmin f

B [|prox:x — proxgy||? < [Ix — || - [Iproxs. x — proxs. y||?

m The last two properties suggest the conceptual algorithm
Xni1 = ProXeXn

to minimize f, which is at the root of proximal splitting algo-
rithms.
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Proximal splitting methods in convex optimization

B eTg(H), ok € To(Gk). bk € To(Gk) strongly convex, Ly: H —
Gx linear bounded, ||L«|| = 1. h: H — R convex and smooth:

je)
m|r;|£|ze f(x +; ok O 4) (Lex — rie) + h(x)

where: ¢ O4c: X — infyey (or(¥) + (X —y))

m Example: multiview total variation image recovery from ob-
servations r, = L X + wy:

p—1
mirxwiemize %¢k(<x|9k>)+;ak g% (Lex = ne) + BlIVX[h 2

e Ol

m A splitting algorithm activates each function and each lin-
ear operator individually

Patrick L. Combettes Fonctions Perspectives et Statistique 20/31
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Proximal splitting methods in convex optimization

m Algorithm:
forn=0,1,...
Yin=Xn— (Vh(Xn) + 371 LiVin)
P1,n = PIroXsY1,n
Fork=1,...,p
Y2.k,n = Vion + (LeXn — V0 (Vin))
p2,k,n = DI’OXQ; (y2,k,n - rk)
Q2,k,n = P2,k,n + (Lkan - V«‘Z (p2,k,n))
Vi,nt1 = Vien — Yo.kon + Q2 kon
q1,n = p],n - (Vh(phn) + ZT:] sz2,k,n)
L Xn+1 = Xn — V1N + an

B (Xh)neny CcONverges weakly to a solution

B PLC, Systems of structured monotone inclusions: Duality, al-
gorithms, and applications, SIAM J. Opfim., vol. 23, 2013
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Perspective functions: Proximity operator

Let ¢ € I4(G). let v € |0, +oo[. letn e R,and let y € G.
m Suppose that n +y¢*(y/v) < 0. Then prox, ;(n, y) = (0,0).

m Suppose that dom ¢* is open and that n + vo*(y/v) > 0.
Then

prox,z(n, y) = (n +v¢*(P), ¥ —P),
where p is the unique solution to the inclusion

y € o+ (n+v¢*(P)) 09" (P)-
If o* is differentiable at p, then pis characterized by

y =P+ (n+v2"(P))Ve*(P).

Patrick L. Combettes Fonctions Perspectives et Statistique 22/31
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Perspective functions: Proximity operator

Let ve g.let§ e R, and let ¢ € I'h(R) be an even function such
that ¢* is differentiable on R. Define

ne(llyll/n) +dn+{y|v), if n>0;
g: (n,y) = <0, if y=0 and n=0;
400, otherwise.

Lety € ]0,4+o0[.letn € R, let y € G, and set
P: S (¢*(s) i % —5)¢*’(s) +s.

Then 4 is invertible. Moreover, if n + y¢*(||y/y — V||) > 74, set

t=v ' (|ly/y-v|) and p:V'FW(Y—VV)'
Then
S+ ()= 8),y —p), if n+y¢*(ly/y— V) > s
ProXol ) = {(0,0), f 0+ 76"/ = vI) < 5.
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Perspective functions: Proximity operator

letved letdeR, letac |0,+o0] let ge]l,+oo[, and consider
the function

” i (v v, if >0

g: (n,y) = 0 if y=0andn=0;
+o0, otherwise.

Lety € ]0,+o0[, set g* = g/(g—1).set 0 = (a(1—-1/g*))9 ~', and
take n e Rand y € G. If gy ~'n + o||ly||T > 4. let t € [0, +oo[
be the unigque solution to the equation
T2q*71 + q*(n_ﬁyé) fq*f] + Q_*f_ q*”y_"/\/” -0
Yo 0 v0?
andset p = v+ f(y —yv)/|ly —VI. Then prox, 4(n, y) =

(n+~(et9 =0)/q*,y —p), if g*vT n+ |yl > ~6;
(0,0), it g*v9 ~'n+o|lyl|9 <o
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Infroduction Examples Prox Applications

Perspective functions: Proximity operator

Let (2,3, 1) be a measure space, let G be a separable real
Hiloert space, and let ¢ € H(G). Set H = [2((Q,F,1);R) and
G = [%((Q,7,1); G), and suppose that u(Q) < oo or ¢ > »(0) = 0.
For every x € H, set Qp(x) = {we Q | X(w) =0} and Q;(x) =
{we Q| x(w) > 0}. Deﬂne

& HBG— |—o0,+00]: (X,¥) —
/ | (ece) (e + / +(X)X(w)¢<x(w)>’ (clw),

_ x>0 a.e
19 (rec @) () 1ag) + X2 (¥/X) a9y € L' (2, F, )i R);

+o00, otherwise.

Now let x € H and y € G, and set, for u-almost every w € Q,
(P(w), q(w)) = Proxg(x(w), y(w)). Then proxe(x, y) = (P, q).
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Perspective functions: Proximity operator

m We can also handle cases when dom ¢* is not open.
m Consider the perspective function

d[—sn,sn](y)7 if n = 0;

5: R? = :
?: R = ] o0, +od] (n’y)H{+oo, if <0

of the Vapnik loss function ¢ = max{| - | — ¢, 0}.
Wt =cl |+
m Letn e R, lety € R, and set (x, q) = prox,;(n, ¥). Then
m Ifp+elyl<Oandy| <7, (x,9) = (0,0).
m Ifn < —yeandly| >, (x,q) = 0,y —ysign(y)).
mIfp>—yeand|y| >en+ (1 +£2),
(x,q) = (n+ e,y — ysign(y)).
mIf|ly| > —n/eanden < |y| <en+4(1+€2).
(. a) = ((n +elyl)/(1 +€%),e(n + elyDsign(y) /(1 +€%)).
mifnp>0and|y|<en (x,q) = (n,Y)
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Applications in high-dimensional stafistics

m Linear data model: z= Xb + ce
m Penalized concomitant M-estimators:

o€R, TER, bERP

n P
minimize Bilo. Xib—G)+ > (7, o b).
] =1

m This model unifies various robust regression procedures

m Can be solved efficiently by the block-iterative proximal
splitting method of
B PLC and J. Eckstein, Asynchronous block-iterative primal-dual
decomposition methods for monotone inclusions, Mathemat-
ical Programming, published online 2016-07-05

m Other model of interest: generalized TREX

o T q_] 1
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Applications in high-dimensional stafistics

m The nonconvex generalized TREX problem can be rewritten
as a system of 2p convex problems

minimize X6 2|l +||bll1, where x; = sX;, se {-1,1}.
ber’  alx’ (Xb - z)[9 ‘
X" (Xb—2)>0

m Each subproblem involves the (shifted) perspective function

ly — 2II3

——2_ ifnp>x"z
oy |2 T
7 0, if y=zandn=x"z
400, otherwise

of || - ||7 composed with the linear operator b — (x" Xb, Xb),
and h=||- ]~ =1l

m It can be solved (for instance), by a Douglas-Rachford-like
algorithm.
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Applications in high-dimensional stafistics

B Prox, is the standard soft thresholding operator
m We have prox,ygl(n, Y)

_ et /gy —ap), i G (n—x"2) +elly ~2l§ >0
(%'2,2), if g9 ~'(n—x"2)+olly - 2|7 <0,

where g = (o1 - 1/g*))9 1,

T i .
b= {M(V—Z)a ity #z

0, if y=2z
and fis the unique solution in |0, +o0o[ to the reduced equa-
tion
g, TO-X2) 0y g qly-2_,

+ =5
Yo 0? Y02

Patrick L. Combettes Fonctions Perspectives et Statistique 29/31



Infroduction  Examples Prox  Applications

Applications in high-dimensional stafistics

m Algorithm for the jth generalized TREX subproblem

Ak = Mixk — yi
by = X — Riqk
Cx = /\Ajbk

Z = ProxX,p(2byx — Xk)

fie = Prox, g, ,(2¢k — ¥k)

X1 = X + (2 — bi)
L Vi1 = Yk + pu(fe — Cu).-

B (by)ken CONverges to a solution b to the subproblem.

m See paper for detailed numerical application to sparse re-
gression.
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